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PREFACE.

The present work has been tmdertaken at the request

of many teachers, in order to be placed in the hands of

beginners, and to serve as an introduction to the larger

treatise published by the author ; it is accordingly based

on the earlier chapters of that treatise, but is of a more

elementary character. Great pains have been taken to

render the work intelligible to young students, by the use

of simple language and by copious explanations.

In determining the subjects to be included and the

space to be assigned to each, the author has been guided

by the papers given at the various examinations in ele-

mentary Algebra wliich are now carried on in tliis country.

The book may be said to consist of three parts. The first

part contains the elementary operations in integral and

fractional expressions ; it occupies eighteen chapters. The

second part contains the solution of equations and pro-

blems ; it occupies twelve chapters. The subjects contained

in these two parts constitute nearly the whole of every ex-

anination paper which was consulted, and accordingly they

are treated with ample detail of illustration and exercise.

The third part forms the remainder of the book ; it con-

sists of various subjects which are introduced but rarely

into the examination papers, and which are therefore more

briefly discussed.

The subjects are arranged in what appears to be the

most natitral order. But many teachers find it advan-

tageous to introduce easy equations and problems at a very

early stage, and accordingly provision lias been made for



vi PREFAVE.

Bucli a course. It will be found that Chapters XIX. ana

XXI. may bo taken as soon as a student has proceeded as

far as algebraical multiplication.

Ill accordance with the recommendation of teachers, the

examples for exercise are very numerous. Some of these

have been selected from the College and University exami-

nation papers, and some from the works of Saunderson and

Simpson; many Iiowever are original, and are constructed

with reference to points which have been shewn to be im-

portant by the author's experience as a teacher and an

examiner.

The author has to acknowledge the kiiuluess of itwiwy

distinguished teachers who have examined the sheets of \i\n

woi-k and have given hira raluable sugge.stimi.'*. Any re-

marks on tlie v.ork, and especially the indication of diffi-

culties either in the text or the examples, will be most

thankfullv received.

I. TODHUNTER.
St John's College,

July 1S63.

Four new Cliapters have been added to the present edi-

tion, and also a collection of Miscellaneous Examples which

arc arranged in sets, each set containing ten examples.

These additions have been made at the request of some

eminent teachers, in order to increase the utility of the

work.

July 1867.
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ALGEBRA FOR BEGINNERS.

I. llic Principal Signs^

1. Algebra is the science in which we reason about
numbers, with the aid of letters to denote the numbers
and of certain signs to denote tlie operations performed
on the numbers, and the relations of the numbers to each
other.

2. Numbers may be either known numbers, or num-
bers which hare to be found, and which are therefore

called vvkyiown numbers. It is usual to represent knotcn
numbers by the first letters of the alphabet, a, b, c, &c,
and unknoicn numbers by the last letters a;,y, z; this is

however not a necessary rule, and so need not be strictly

obeyed. Numbers may be either whole or fracti^mal. The
word quantity is often used with the same meaning as

number. The word integer is often used instead of tchola

number,

3. The beginner has to accustom himself to the use of

letters for representing numbers, and to learn the meaning
of the sign.j; we shall begin by explaining the most im-
portant signs and illustrating their use. We shall assume
that the student has a knowledge of tlie elements of Arith-

metic, and that he admits the truth of the common notions

required in all parts of mathematics, such as, if cqttals bt

added to <^uals the wholes are equal, and the Uke.

4. The sign + placed before a mmiber denotes that the
number is to be added. Thus a + b denotes that the num-
ber represented by b is to be added to tho number rcpiO*

i\ A. 1



2 THE PRINCIPAL SIGNS.

sented by a. If a represent 9 and b represent 3, then a + Z»

rcjiresent.j 1 2. The sij^ + ia called the plus sign, and
a + & is reiul tliiis "n jdus h."

5. The sign - placed before a number denotes that the
fmniber is to bo subtracted. Thus a — b denotes that the
number represented by 6 is to be subtnvcted from the
nunilt'jr ry resented by a. If a represent ;j and b rei)re-

sjnt ;i, then i — b represents 6. The sign - is called tlie

minus sign, and a — ^ is read thus ' a minus b."

6. Similarly a + h + c denotes that we are to atld h \ai

a, and then add c to tho result ; a + b-c (knotes tliat wu
are to add b to a, and then subtract c from the resuit;

a-h-^c denotes that wo aro. to subtract b froftn a, and wen
add c to the result ; a — b — c denotes tl^xt we are to sub-
tract b from a, and tlien subtract c from tho result

7. Tho sign ^ denotes that the numbers betwcefl
which it is placed are equal. Thus </-/> denotes that the
Inimber represented by a is equal to tlie number repre-
sented l)y b. And a + b^e denotes that the sum of the
numbers represented by a and b is equal to the number
represented by c; so that if a represent D, and b represent

3, then c must rei)resent 12. The sign = is called tho
sign of equaiity, and a = 6 is read thus "a equals b" or
"a is equal to b."

8. The sign % denotes that the numbers between
wliich it stands are to be multiplied together. Thus
a X b denotes that tho number represented by a is to 1)0

multiplied by thi) number represented by b. Ma repre-
sent y, and b represent 3, then axb represents 27. The
sign X is called the sign of nmlfipli-cafion, a!id n < b is

lea J thus "a int > !)." Similarly a x & x t* demotes tho pro-
tl'.ict of tho nu;nbcrs represented" by a, b, and c.

0. Tho sign of multiplication is however often emitted
fo* tho sike of brevity; thus af> is used instead of a x b,

and has the same meaning; so also abc is used mstoad of

axbxc, and has the same moaiiing.

Tho sign of multijilication must not be omitted whin
numbers are expressed in the ordinary 'way by iiguroa.

fhus 45 cannt^t be used to represent tho produ:?t of 4 and
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5, because a different meaning has already been appro-
priated to 45, namely, Jhrty-jive. We must therefore re-

present the product of 4 and 5 in anotlier way, and 4x6
13 the way which is adopted. Sometimes, however, a
point is used iutttead of the sign x ; thus 4.5 is used in-

stead of 4x5. io prevent any confusion between the
point thus used as a sign of multiplication, aad the point
used in tlie notation for decimal fractions, it is advisable
to place the pomt in the latter case higher up; thua

4"5 may be kept to denote 4 4- — . But in fact the point is

not used instead of the sign x except in cases where there
can be no ambiguity. For example, 1.2.3.4 may be put for
1x2x3x4 because the points here will not be taken for
decimal points.

The point is sometimes placed instead of the sign x
betveen two letters ; »o that a.h \s used instead of a x 6.

But the point is here superfluous, because, as we have
Raid, ab is used instead of a x fe. N or is the point, nor the
sign X necessary between a number expressed in the or-

dinary way by a figure and a number represented by a
letter ; so tliat, for exaniple, 3a is used instead of 3 x a,

and has the same meaning.

10. The sign ~- denotes that the number which pre-

cedes it is to be divided by the number which follows it.

Thus a~h denotes that the number represented by a is to

be divided by the number represented by &. If a repre-

sent 8, and h represent 4, then an-fe represents 2. The
sign -;- is called the sign qf division, and a-f-6 is read
thus "a by b."

There is also another way of denoting that one num-
ber is to be divided by another; the dividend is placed

oyer the divisor with a line between them. Thus t is

used instead of a -^ ft, and has the same meaning.

11. The letters of the alphabet, and the signs which
we have already explained, together with those which may
occur hereafter, are called algebraical symbols, because
they are- used to represent the numbers about which we
may be reasoning, the operations performed on them, and

1-?



4 EXAMPLES, r.

tlio^r rcktifm=! to each other. Any collection of Algebrat('ol

symbols is called an algebraical expr«ssion, or briefly afl

ejcpt'ession.

12. We shall now give somo examples as an exercise

in the use of the sjTiibols which have been explained;

these examples consist in finding the numerical values «if

certain algebraical expressions.

Suppose a = l, h =% c= 3, d^5, e = 6,f=0. Then

7a + 36-2flf+/=7 + 6- 10 + = 13-10 = 8.

2ab + Sbc-ae+ df=i + 4S-6 4-0 = 52-6^40.

*?!?.111^^_1«= I? + 110^?5 = 6 + 8-10== 14-10^4.
b cd ac i 15 3

4C + 5C 12 + 30 42 ..

>. Examples. I.

If a=l,h = 2, c = 3. </=4, e=^!^,f=0, find the numcn
Cal values of the following expressiojis

:

1. 9a + 2& + 3c-2/: 2. 4e~Sa-Sb + tic.

3. 7ae + Sbc + 9d-af. 4. 6abc-bcd+9cde~dc/.

5. abed + abce + abde + acde + &c<fe. 6. -r • — + tj ~ "

b c d r

11.

13.

4ac 8?)C Ccd



FACTOR. COEFFICIENT. POWER. TERMS, 6

II. Factor. Coefficient. Power. Terms.

13. When one number consists of the product of two
or more numbers, each of the latter is called a factor of

the product. Tims, for example, 2 x 3 x 5 = 30 ; and each
of the numbers 2, 3, and 5 is a factor of the product 30.

Or we may regard 30 as the product of the two factors,

2 and 15, or as the product of the two factors 6 and 5,

or as the product of the two factors 3 and 10. And so, also,

we may consider 4ab as the product of the two factors

4 and ah, or as the product of the two factors Aa and b,

or as the product of the two factors 46 and a; or we may
regard it as the product of the three factors 4 and a and b.

14. When a number consists of the product of two
factors, each factor is called the coefficient of the other
factor; so that coefficient is equivalent to cofactor. Thus
considering Aah as the product of 4 and ab, wo call 4
the coeflicient of ah, and (th the coefficient of 4; and
considering 4rt6 as the product of 4«'and b, we call Aa
the coefficient of b, and b the coefficient of Aa. There will

be little occasion to use the word coefficient in pmctice in

any of these cases excei:)t the first, that is the cai-.e in which
4 is regarded as the coefiicient of ah; but for the sake of

distinctness we speak of 4 as t!ie numerical coefficient of

ab in Aab, or briefly as the numerical coefficient. Thus
when a product consists of one factor which is represented
arithmetically, th-at is by a figure or figures, and of an-

other factor tvhich is represented algebraically, that is by
a letter or "etters, the former factor is called the numeri-
cal coefficient.

15. When all the factors of a product are equal, the
product is called a power of that factor. Thus 7 x 7 is

called the second power of 7; 7 x 7 x 7 is called tlie third
poicer of 7; 7x7x7x7 is called the fourth power of 7;
and so on. In lilce manner ax a is exiled the second power
of a; ax ax a l^ called the third power of a; axaxaxa
is called ihcfowth power of a ; and so on. And a itself is

somotimcii called the first power of a.
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16. A power is more briefly denoted thus: insttad of

expressing all the equal factors, we express the factor once,

and pla^e over it the number which indicates how often it

is to be repeated. Thus a* is used to denote ay. a; a' is

used to denote a x tz x « ; a* is used to denote ay. ay. ay. a;

and so on. And a' may be used to denote the first power
of a, that is a itself; so that a^ has the same meaning as a.

17. A number i)laced over another to indicate liow

many times the latter occurs as a factor in a power, ij

called an index of the poicer, or an exponent (/ the jM/icer;

or, briefly, an imkx, or exponent.

Thus, for example, in a' th« exponent is 3 ; in a" the

exponent is «.

18. The student must dietingTiish Tery carefiiHy between

a coefficient and an exponent. Thus 3«r means three times c;

here 3 is a coefficient. But c^ means c times c times c;

here 3 is an exponent. Tnat is

3c = c + c + c,

c* = c X c X c.

19. The second power of a, that is a^ is often called tlic

square of a, or a squared; and the third power of a, that is

a^, is often called the cube of a. or a cnheti. There are no

such words in uso for the higher powers; a* is read thus

*'a to thefourth power," or briefly '" a to thefourth."

20. If an expression contain no parts connected by the

signs + and -, it is called a siniplg expression. If an

expression contain parts connected by the signs + and —
it is called a compound expression, and tJie parts con-

nected by the signs + and — are called terms of the ex-

pression.

Tlius ax. 4hc, and 5aV^ are simple expressions : rt' + ft* - r*

is a compound expression, and a*, P, and c* are its terms.

21. When an expressicm consists of two tenns it is

called a binomial expression : when it ccmsLsts of three

terms it is called a trinomial expression; any expr«A«ion

consisting of several terms may be called a mult i n r*»ial

expression, or a polyni>miai expression.
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Thus 2a + '^h is a biuoiuial expression; a -26 + 5c is a

triLoiiiial expression; and a — b-'rC — d-~e\iVA\ be called s

uiultinoiuiai cxpi'essiou or a polyuoiuial expression.

22. Each of the letters which occur in a term is

called a dimension of the term, and the nuiulxjr of the

letters is called the degree of the term. Thus d'H^c or

axaxb'<b'<bxc is said to be of six dimensions or of

the sixth degree. A numerical coefficient is not counted;
thus ya't* and a^b* arc of the same dimensions, namely
seven dimensions. Thu.s the Avord diniotsiovs refers to

the number of algebraical multiplications involved in the

term; that is, the degree of a term, or the number of Hi
dimensions, is the sum of the exponents of its algebraical

factors, pro\ndod we remember that if no exponent be
expressed the exponent 1 must bo undcratood, as indicated

ill Art. 16.

2.3. An expression is said to be homogeneous when all it«

terms are of the same dimensions. Thus 1a^->rM''bA-Acibc

is homogeneous, for each term is of three dimensions.

We sliall now give some more examples of finding the

eumericid values of algebraical expres.sions.

Suppose ffl=l, ^ = 2, <r = 3, <5?=4, e = 5,/=0. Then

^•^ = 4, l/ = d,. 6*= IS. 6« = 32.

.••,?>''=3x4=12, 5?/* = .T X 8 = 40, O?*" := 9 x 32 = 28S.

<?« ;=;•}! = .1, ^ = 52 = -i.!, e" = 5« = 1 2.''..

(^0^= 1x8 = 8, Wlf'c'^ = a X 4 X 9 = 108.

«P + C' - lab +J'^ = (U 4- !) - U 4- u -= .59.

.3c*-4l--!0 27-12-10 5_^

'f-l-—

'
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EXAMPLES. IL

If a = l, 6 = 2, <? = 3, d = A, e^-),/=Q, find the numerical

values of the followiug expressions:

1. a'' + b'^ + c^ + cP + 6*+f\

2. ^-(P + c^-P + a\

3. abc* + led- - dea? +f\

4.
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III. Remainina ,'Jigus. Brackets,

24. The difference of two numbers is sometimes de-
noted by the sign ~-; tlmsa-*& denotes the difference of

the numbers represented by a and h ; and is equal to a — fe,

or fe — a, according as a is greater tlian 6, or less than h : but
this symbol — is very rarely required.

25. The sijrn > denotes is greater than, and the

sign < deaotcj is less than; thus a>b denotes that the

number represented by a is greater than the number
represented by h, and b<ca denotes that the number re-

presented by is less than tlie number represented by a.

'i'hus in both cases the opening of the angle is turned
towards the greater number.

26. The sign .'. deuotea tJi^ti or therefore; tlie sign *.*

denotes idnce or because.

27. The sqrtare root of any asjsigned number is that
number which has the assigned number for its square or

second potcer. The cube root of any assigned number ia

that number which has the assigned number for its cube or
third jjotcer. Tlio fourth root of any assigned number is

that number ^Yhich has the assigned number for its fourth

power. And so on.

Thus since 49= 7^, the square root of 49 is 7; and so if

rt=&*, the square root of a is b. In like manner, since

125= 5^ the cube root of 125 is 5; and so if a=c2, the cube
root of a is c.

28. The square root of a may be denoted thus \Ja\

but generally it is denoted simply thus ^/a. The cube root

of a is denoted tlius I] a. The fourth root of a is denoted
thus \ja. And so on.

Thus V9=3; 4/8=2.

The sign ji^ is said to be a corruption of the initixQ

letter uf the word radix.
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2ft. When tno or more uumbers are to be treated a«

fornnrig one uumbor tiieV are euclosed withiu braclcett.

Thus, suppose we have to denote that the sum of a and b

is to be multiplied by c; we deuote it thus {a-*-b)-x.c or

{a->rb]y- c, or (simply (a + b) c or [a -^b'jC; here t\"e meau that

the whole of a + b is to be multiplied by c. Now if we omit
the brackets we have a + be, aud this denotes that b only
is t;> be multiplied by c and the result added to a. Simi-

larly, [a + b~c)d denotes that the result expressed by
a + b-c is to 1k) nuiltiplied by d, or that the ic/ude vf

a + b — c is to bv3 multiplied bv d; but if we omit tlie

brackets we have a + ?> — <.•</, and this denotes that c ojiiff

is to bo multiplied by d aud tlie result subtracted from
a+ ':

So also {a-b + c)x{d + e) denotes that the result ex-
pressed bya-6 + cis to be m.iltiplied by the result ex-
pressed hyd + e. This may al o l»e denoted simply thu*
la~b + c){d + e); just as a x'6 is shortened into ab.

So also ^(a + 6 -4- c) denotes that we are to obtain the
result expressed hj a -i-b + c, and then take the square root
of tills result.

So also {ab)* denotes oft x ab ; and (oft)' denotes abx-abx ab.

So also {(i + b-(') — {il + e) denotes that the result ex-

Eressed by a + 6— <r is to be di\ided by the res'dt expressed

y d + e.

30. Sometimes ii^-^tcad of using brackets a line is

dra\vn over the nun^bcs winch are to oe treated as foiTtiing

one number. Thus h -/; +t- x </-»-<? is uschI witli the same
meaning as {a-b +c)y.{d + e). A line us-i>d for this pur-
pose is called a vinniltun. So also {(i + b—<;)^{d + e) may

bo denoted thus —,
; and here the line between

d + e

ti + b -c and d -i-e is really a viticuliim used in a particulaJ"

sense.

31. We have now explained all the signs which are
used in algebi-.i. We may obsen-e that in some cases the
word tiffn is applied spcciallv to the two signs ->- and -

;

thus in the Rule for SuDtractlon we aliall ?peak of cJumgiiiQ
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the signs, measing the signs + and —
; and in multiplicar

tion and division we shall speak (fi the Rule of Signs, mean-
ing a rule relating to the signs + and —

.

32. "We shall now give some more examples of finding

the numerical values of expressions.

Suppose a—\, &=2, <:=3, d=5, «=8. Then

V(2&-l-4c)= ^(4+12)= V(16)=4.

4/(4<;- 26)= 4/( 1 2 - 4)=y .8)= 2.

e^(26+ 4c)-(2c?-6}4/(4c-26)=8x 4-8 X 2=32- 1G= 1G.

V{(«-6)(2«-56}}=-7{(8-2Xl6-10)}= ^;6 x6)= 6.

{(«- <;?)(& + C) - (<^ - '^X*-' + «)}(« + <^= {3 X 5- 2x4}6= 7x 6= 4 2.

=4/(27 + 54 + 36 + 8)^ ^(1 +4-4)= 4/(125)+l=.5.

Examples. Ill,

If a=I, 6=2, c=3, rf=5, ^=8, find the numerlcaJ
values of tli« following exoressions

:

I. a{b + c). 2. b{c + d). a

4 b\a'+ e^-c'). 5. cXe^-b^-c^).

7. ^^^^I?^- 8. V(3M. 9. v/(26 + 4rf+5^).

10. (a + 26 + 3<: + 5« - 4cO(6«- 5<f- 4c - 36 + 2a).

11. (a2 + 6»+ c=X«^-6?''-0- 12. {ScP-1c^\

13. eV(^»-3e) + rfV(^ + 3e).

14. e-{v/(« + l) + 2} + («-^e)v'(«-4).

15. J(o=+ 2a6 + 6^ X ^(a»+ 30-6 + 306* +6^
16. i/{<^-3c'a + ica*-a^-i- J{b* + cl^-2eb). H,
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IV. Change of the order of Termt. Like Term*.

33. When all the terms of an expression are connected
by the sign + it is indifferent in what order they are

placed ; thus 5 + 7 and 7 + 5 give the same result, namely,
12; and so also a + b and b + a give the same result, namely,
the sum of the numbers which are represented by a and b.

We may express this fact algebraically thus,

a + b= b + a.

Similarly, a + b + <T=a + c+b= b + c + a.

34. When an expression consists of some temvs pre-

ceded by the sign + and some terms preceded by the
sign — , we may wTite the former terms first in any order

we please, and the latter terms after them in any order we
please. This is obvious from the common notions of arith-

metic. Thus, for example,

7+8-2-3=8+7-2-3=7+8-3-2=8+7-3-2,
a + b — c— e=b-*-a — c— 4=a + b—e—c=b + a — e — c.

35. In some cases we may change the order of the
terms fui'ther, by mixing up the terms which are precedcHl
by the sign — with tliose which are preceded by tlie sign +.
Thus, for example, suppose that a represents 10, and b re-

presents 6, and c rei^resents 5, then

a+b—c=a-c+b=b—c+a;
for we an-ivo mthout any difficulty at 11 as the result in

all the cases.

Suppose however tliat a represents 2, b represents 6,

and e represents 5, then the expression a-c + b presents a

difficulty, because we are thus apjxirently required to take

a greater number from a les^s, namely, 5 from 2. It mil
be convenient to agree that such an expression aa a — c + b,

when c is greater than a, shall be understood to me:ui the

same thing as a + b — c. At present we shall not use sucl*

an expression as a+b—e except when c is less than a + h:
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so that a + b-c will not cause any difficulty. Similarly, W9
sliall consider — & + a to mean the same thing as a — 6.

36. Thus the numerical value of an expression remains
the same, whatever mviy be the order of the terms which
compose it. This, as we have seen, follows partly from our
uotious of addition and subtraction, and partly from an
agreement as to the nieaiiing which we ascribe to an ex-
pression when our ordinary arithmetical notions are not
strictly applicable. Sucli an agreement is called in algebra
a couceniion, and conventional is the corresponding ad-
jective.

37. f^e shall often, as in Art. 34, have to distinguish

the terris of an expression which are preceded by the sign

f- from the terms which are preceded by the sign — , and
the following delinition is accordingly adopted. The terms
in an expression which are preceded by the sign + are

called posilioe terms, and the terms which are preceded
by the sign — are called negative terms. This definition is

introduced merely for the ^ake of brevity, and no meaning
•8 to be given to tlie m ords positive and negative beyond
Rhat is expressed in the definition.

:^8. It will be seen that a term may occur in an ex-

pression preceded by no sign, namely the first term. Such

a term is rmintcd with the positive terms, that is it i^

treated as if the sign + preceded it. It will be found that

if such a change be mad'e in the order of the terms, as to

bring a term which originally stood first and was preceded

by no sign, into any other place, then it will be preceded by

the sign ^-. For example,

a + ?) — c = & + a — c=6-c-t-a;

here the term a has no sign before it in the firtt expres-

sion, but in the other equivalent expressions it is prcx-eded

Dv the sign -t-. Hence we have the following impci-tant

addition to the definition in Art. 37 ; if a term he preceded

by no sign, the sign + is to be understood.

39. Terms are said to be like when they do not difFer

iit all, or differ only in their numerical coefficients ; other-

wise ther !iro said to be unlika. Thus a, 4a, and la are
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like tenns; a', 5a*, and Oa^ are like terms; d^, a6, and w*

axe unlike terms.

40. An expression which contains like terms may be
eimplificd. For example, considei the expression

6a - a + 36 + 5c - & -t- 3c - 2a
;

by Art. 35 this expression is equivalent to

6a- a - 2« + 36 - 6 + 5c + 3c.

Kow 6a — a— 2a= 3a; for whatever number a mar re-

present, if we subtract a from 6a we have 5a left, and "then

if we subtract 2a from 5a we have 3rt left. .Similarly

Zb — h=1h; and 5c + 3c= 8c. Thus the proposed expression

may be put in the sunpler form

3a + 26 + 8c.

Again; consider the expression a— 36 — 46. This is

equal to a — lb. For it we have first to subtract 36 from
a number a, and then to subtract 46 from the remainder,

we shall obtain the required result in one operation by

subtracting 76 from a; tliis follows fi-om the common no-

tions of Arithmetic. Thus

a — 36— ^6=»a — 76.

41. There will be no difficulty now in giving a mean-
ing to such a statement as the following,

-;}/,-46=»-76.

We cannot subtract 36 from nothing and then subtract

46 from Uk! remainder, so that the statement just given is

not here intelligible in itself, sei>aratcd from the rest of an
algebraical sentence in which it may occur, but it can be
easily explained thus: if in the course of !\.\\ algebraical

operation we have to subtract 36 from a number and then

to subtract 46 from the remainder, we may subtract 76 at

once instead.

As the student advances in tlic subject he may be lod

to conjecture that it is possible to give some mt>aning to

the proposed statement by itself, that is. apart from ;vn;

other algebraical operation, and this conjecture will be

found correct, when a larger treatise on Algebra can be
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cofiiultoil ^vith advantage; but tho explanation which we
lj»vc givon wiU be sufficient for the j)roaciJt.

42. The simphfying of expressiuns by collecting like

teiTMS ia the essential part of tlio processes of Addition and
Stbtraction in Algebra, as wo siiall see in the next two
Chapters.

It may be useful for the beginner to notice that accord-

ing to our definitions the following cxpregsious are all

equivalent to the single symbol a

:

a}, 1 X a, « X 1, -,

+ o'. -*- 1 X a. -*- ax 1, 4- -.

EsTt-Mrt-isa. IV.

If a=«l, h— 1, c=3, tZ= 4, e^'b, tiud the munericaJ

vslues of the following expressions:

1. «-36+4c. 2. a-V^-irfi + <P.

3. {a + h){Jb-¥c)~(b + c){c + d) + {c->t d) {d+e).

4a + 3& 4c + Zd 5</ + 4e

ft + c 6 + </ a + d + e'

6. (a - 26 + 3c)* - (&- 2c + ^df + [c - 2d + Zef.

b'-2hc + c* a* - Aa?c + fia'c' - 4^c^ + c*

a^-2aZ* + 62" 6-»_4^ag^jj^a^a_4^^3+c4'

9. 7a-26-3c-4a + .56 + 4c + 2a.

10. Sa" + 3a& ~^^-ah + 9b^- lah - 7?A

Jl. 3rt'-2<i*-»-5a + a' + a + 9a'-4«'-Ca.

,„ a* + 2fl'?) + ?)2 6» + 2&c4-c* c2 + 2crf+rf*
^2. 7 —

T 4- J .

a+o o+c c+d
13. ^{4<^ + 5(P+ e). 14. ^f{e'^ + d'+ c'-</i^

J6. J^/i^^ + lbl 16. ^(262 + c*- a).

4,
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V. Addition.

43. It is conrenicnt to make three cases in Addition,

namely, I. When the terms are all like terms and have the

same sign; 11. When the terms are all like terms but

have not all the same sign; 111. When the terms arc not

all like terms. We shall take these three ca^es in order.

44. I. To add like terms which have the same sign.

Add the numerical coej/icicnts, pri^fix the common sign,

and annex the common letters.

For example, 6a + 3a + 7a= 16a,

— 26c- 7&C— 9fec=» - lS6c.

In the first example 6a \s equivalent to + (Ja, and 1 Gc;

to +16a. See Art. ;i8.

45. II. To add like terms which have not all tlio

same sign. Add all the p/mtim num.erical coefficients

into one sum, and all the negatice numerical coejficientt

into another; take the difference of these two sums.
prefix the sign of the greater, and atinex the common
letters.

For example,

7a- 3'a + 11 a + a - 5^ - 2a= 19a - 1 0a=9a,

2hc - Ibc -3bc + 4l/c4. i,bc -Gbc^llbc-l 6bc= - ^he.

46. III. To add terms whidh are not all like terms,
Add tor/ether the terms which are like terms hi/ the rnh
in the second case, and put doicn the other terms each
preceded by its proper sign.

For example ; add together

•ia + ab-lc + ^d, .3a - ?) + 2c + .""xf. 9a-2b-c-d,
and —a + :ib + 4c-'^d + e.

It is convenient to arrange the terms in colnmns, so

tliat Mke terms shall stand iii the 8;inu; cnhnnn" thus we
huvo
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4« + 55-7c + 3rf

3a- 6 + 2c + 5d

9a-26- c- rf

-a + 3& + 4c— 3c^+tf

15a + 5b-2c + id + e

Here the terms 4«, 3a, 9a, and - a are all like terms

;

the sum of the positive coefficients is IG; there is one term
mth a negative coefficient, namely — a, of which the co-

efficient is 1. The difference of 16 and 1 is 15; so that
we obtain + 15a from these like teniis; the sign + may
however be ouiitted by Art. 38. Similarly we have
5b-b — 2b + 3b= 5b. And so on.

47. In the following examples the terms are arranged
suitably in colunms

:

4:X^ + 7x'+ x-9 3a'-3a6-76'

-2a^+ a?- 9x+ 8 4a» + 5«6 + 96'

-%3?- «2 + io.r-i a^-Zah-Z}?

9^- x-\ 9a' —c

In the first example we have in the first column
a? + 4a^ - 13^ — 3«^, that is bic^ — bx^, that is, nothing ; this

is usually expressed by saying the terms ichich involve a?

cancel each other.

Similarly, in the second example, the terms which in-

volve ab cancel each other ; and so also do the tonus which
iovx>lve b*.

la^— Zxy + X

Za* - y^+ Zx- y

~2x^ + Axy + by*- x-2y
-Ixy— 1^+ 9x-5f

4d7» +4y'- 2(r

12^- 6^^ + 72^ + lOUT - 8^
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EXAStPLES. V.

Add togetlier

1. 3a-26, 4a.-56, 7(^-1 1ft, o + 9&.

3. 5a + 3ft + c, 3a + 36 4- 3c, a + 36 + 5c

4, 3j?+2y-«, 2jf-2?/ + 2^, -jr + 2«/ + 33

6. 7a-4& + c, Ga+Sft-rjr, -12a + 4c.

6. x — ^a^-h, Zx-vlh, a — x-ijh.

7. a + 6 — c, b + c-a, c + a-h. rt + 6-r.

8. a + 2& + 3c, ^n — h — 2c, h-a-c, c — n — ,\

"9. a-^b + 3c-4d, 'ih-4c + rjd-2a, 5<--G(i + 3a-46,

7rf-4ffl + 5&-4«.

10. x^-4x* + 5a!-3, 2x^-'j''-lA.r+-), - jr" + Ox- + j.- + ii.

11. X*-2x^+ Z.v^, x^ + x^ + x, 4u.-' + 5ur», 2j;-i»-3j:-
4,

-3a;'-2j;-5.

12. o3_ 3^56 + 3^i7,-3_ p^ 2,'i'' + r)i(-7' - Qalr - 1h\

a^-ab* + 2P.

13. ^-2ax'' + a-x + (^, A*+3<»Jr', 2rt-'' - ax^ - 2j*.

14. 2ab - 3a«' + 2<8-^, 1 2(i& + 1 Orto;' - Ga^x,

— Sab + ax^— 5«*jr.

l.'i. a;» + 2^ + ^'', -4x--5z^, 8x*-1y* + l(X^, 6^-6z^

16. 3d;''-4a:y + 2^' + 2j; + 3y-7, 2^^- 4y- + 3x - 5y + S,

lOary + Sl/' + O?/, 5.i;--6j^ + 32/*+7;jr-7y+ll.

17. d:*-4ar''y + 6a.-V-'t-'"?/' + 2/*, 4x^y-l2x^ + J'i>r^-4^,

6a;V- 1 2.T2/'' + Gy*, 4xy^ -4y*, y*.

15. a^+ xy^ + xz'— x-y— xyz—a^z^

3^-\-y^-^yz*-ccy*-y*z-xyz,

s^z + y^x + ^3 — A'j/;: - i' :' - xs*.
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VI. Subtraction.

48. Suppose we have to take 7 + 3 from 1 2 ; the result

is tlie same as if we first take 7 from 12, and then take 2

from the remainder; that is, the result is denoted by
12-7-3.

Thus 12-(7 4-3) = 12-7-3.

Here we enclose 7 + 3 in brackets in the first expression,

because we are to take the whole of 7 + 3 from 12; see

Art. 29.

Similarly 20-(5 + 4 + 2)=20-5-4-2.
In like manner, suppose we have to take b a-c from a

;

the result is the same as if we first take b from a, and
then take c from the remainder; that is, the result i^

denoted hy a ~b-c.

'I'hus a — {b + c) = a— b — c.

Here we enclose 6 + c in brackets in the first expression,

because we are to take the whole oib + c from a.

Similarly a-{b-irC + d)= a-h — c-d.

49. Next suppose we have to take 7 — 3 from 12. If

we take 7 from 12 we obtain 12-7; but we have thus

taken too much from 12. for we had to take, not 7, but 7

diminished by 3. Hence we must increase the result by 3;

and tlius we obtain 12-(7-3)= 12-7 + 3.

Similarly 1 9 - (7 + 3 - 2)= 1 2 - 7 - 3 + 2.

In like manner, suppose we have to take b— c from a.

If wo take b from a wo obtain a — b; but we liave thus

taken too much from a, for we had to take, not ft, but b

diminished by c. Hence we must increase the result by c;

and thus we obtain a— {b~c)=a— b-\-c.

Similarly a~{b + c-d)=a — b — c + d.

50. Consider the example

a- {b -^ c ~ d)- a-h - c ¥ d;

that is, If b + c-d be subtracted from a the result is

2—2
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a — b-c-^d. Here we see that, in the expression to be
subtracted there is a term — d, and in the result there is

the corresponding term +d; al^o in the expression to be
subtracted there is a term -t- c, and in the result there is a
terra - c ; also in the expression to be subtracted there is a

term 6, and in the result there is a term — b.

From considering this example, and the others in the
two preceding Articles we obtain the following rule for

Subtraction : change the signs of all the terms in the ex-

pression to be subtracted, and then collect the terms as in

Addition.

For example ; from \x — Zy-\-1z subtract Zx — y^-z.
Change the signs of all the terms to be subtracted ; thus
we obtain —Zx-vy— z; then collect as in addition; thus

Ax — '?,y + 1z— 7)X-Vy — z = x—1y-\-z.

From ?,xf ^-bjfi-^x'-lx + b take 2ar*- 2^^^ + ox"^ -6x-7.

Change the signs of all the terms to be 8ubt4*acted

and proceed as in addition ; thus we have

3;C*+5^- 6x*-7x+ 5

-2x*+ 2xi^- 5jr2 + 6^+ 7

x* + 1j^-Ux^- ar + 12

The beginner will find it prudent at first to go through
the operation as fully as we have done here ; but he niaj

gradually accustom himself tf) j)utting down the result

without actually changing all the signs, but merely sup-

posing it done.

51. We have seen that

a— {b-c)=a— b + c.

Thus corresponding to the term — r in the expression
to be subtracted we have +c in the result Hence it is

not uncommon to find such an example as the following

prop()8ed for exercise: from a subtract —c; and the result

required is a + c. The beginner may explain this in tl»«

manner of Art. 41, by considering it as having a meaning,
not in itself, but in connexion wiu some other parts of an
algebniical oparation.
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It is usual liowever to ofiFer some remarks which will

jersre to impress results on the attention of the beginner,

and perhaps at tlie same time to suggest reasons for them.

Thus we may say that a = a + c — c, so that if we subtract

— c from a there remains a + c.

Or we may say that + and — denote operations the re-

verse of each other ; thus — c denotes the reverse of + c, and
80 —

( — c) will denote the reverse of the reverse of +c, that

is, — ( — c) is equivalent to + c.

But, as we have implied in Art. 41, tne beginner must
be content to defer until a later period the complete expla-

nation of the meaning of operations performed on negativt

quantities^ that is, on quantities denoted by letters with

the sign — prefixed.

It should be observed that the words addition and
subtraction arc not used in quite the same sense in Algebra
as in Arithmetic. In Arithmetic addition always produces

increase and subtraction decrease; but in Algebra we may
fpeak of adding— 3 to 5, and obtaining the Algebraical

rum 2; or we may speak of subtracting —3 from 5, and
obtaining the Algebraical remaindfr 8.

EXA.MPLES. VI.

1. From la + 146 subtract 4a + lOft.

2. Fi-om Ga-2b-c subtract 2a-2b- 3<;.

3. From '^a-2b + 3c subtract 2a-lb~c-d.

4. From 7ar'-8;r— 1 subtract 5x^-6a; + 3.

5. From 4x*-3.ir'-2j:'-7J: + 9

subtract x* - 2u;^ - 2.c' + 7x-d.

6. From 2^7* - 2ax + 3a' subtract x- —ax+ a'.

7. Prom X* - 3xg -y^ + yz— 2z'

subtract x- + 2xy 4- 5xz - Zy^ — 2z^.

8. From ^^x' + &xy -

1

2xz -4y^ — 7yz- 5z^

subtract -Ix'^ — 7xy + 4xz - Zy^ 4 Gyz— 52^.

9. From «=• - :ia-b + ^ab* - IP subtract -a^^ Za^b - 3 j6* 4- ¥.

10. From l.r^ - 2.r* + 2x + 2 subtract 4x^ - 2x^ -2x-\A,
and from the remainder subtract 2x^~ S,xi^ >>- 4x + 16.
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VII. Brackett.

52. On account of the extensive use which is wade of

brackets in Algebra, it is necessary that the student should
observe very carefully the rules respecting them, and wo
shall state them here distinctly.

When an expression within a pair of brackets is pre-
ceded by the sign + the brackets may be removed.

When an expression teithin a pair of brackets is pre-

ceded by the sign — the brackets may be removed if t/ie

sign of every term within the brackets be chartged.

Thus, for example,

a-b-^-{c — d+e)=a— b + c — d-i-e,

a-b — {c — d+ e) =a-b — c + d-e.

The second nde has already been illustrated in Art. 50

;

it is in fact the 7-ule for Subtraction, The first rule might
be illustrated in a similar manner.

53. In particular the student must notice such state-

ments as the following:

+ (-([)= -d, -{-d)= + d, +( + «)=+«, _( + «) = _«.

These must be assumed as ndes by the stiidcnt, which
ne may to some extent explain, as in Art 41.

54. Expressions may occur with more than one pair of

brackets ; these l)rackcts may be removed in succession by
the preceding rules beginning with the inside pair. Thus,
for example,

a-> '^o + {c-d)}=a + \b+c— d]= a + b-\-c— d,

a + {& - (c - rf)}= a + {6 - c + rf] =a + fc- c + rf,

a—{b + {c-d)] = a-{b + c-d}i = a-b—e+d,
a-{b-{c—d)]=a — xb -c + d}=a-b + c— d.

Similarly,

a-[b-{c-id-e)]]=^a-lb-{c-d + e}]

= a — [b - c + d — e]==a - b + c — d + e.

It will be seen in these examples tliat, to prevent con-

fusion botiveen various pairs of brackets, we use brackcte
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of different shapes; we might distinguish bj' using brackets

of the same shape but of different sizes.

A vinculum is equivalent to a bracket; see Art 3(f.

Thus, for example,

a-\h-{c- {d-e^')}']=a-[b-{c-{d-e ^-JJi]

=a-[1)-{c-d + €-f]]=a-[b-c + d-e+f]
—a-b+c-d+ e -J'.

55. The beginner is recommended always to remove
brackets in the order shewn in the preceding Article;

namely, by remuviiig first the innermost pair, next tlie in-

nermost pair of all which remain, and so on. We may how-
ever varj' the order ; but if we rtinove a pair of brackets
including another bracketed expression within it, we must
truike -no chaitye in the signs of the included c-rpressiun.

In fact such an included expression counts us a single tcna.
Thus, fur example,

a+ (6 + (c-<3?)}=a + ^ 4- (c -</)==« + 1 + c-rf,

a + {b-{c~d)]=a + h-'\c-d) = ai-h-c-^d,

a - [b + {c— d)}=a -b - {c - d)=a - i> - c + d,

a-[b-{c-d}]—a — b + {c —d)=a — b + c-d.

Also, a-[b — {c— {d-e)}]=a — b + {c-{d-t'}'^

= a — b + c — {d — e)=a — b + c— d + t:

And in l.ke manner, a — [b— {c — {d— e~-/)}\

=a-b + {c~{d-e^)}=a-b + c-id-e^
~a—b + c-d + c~f=a— b + c - d + e -/.

h6. It is often convenient to put two or more terms
within brackets; the rules for introducing brackets follow

imu^ediately from those for removing brackets.

Any number of tertns in an expression may he put
within a pair of braclcets and the siyii + plao:d befora
the ichole.

Any number of tor/ns in an expression may be put
uHthin a pair of brackets and (he sign — place,d befire
the whole, prurided the sign nj every term within t'ti

brackets be changed
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Tlius, for example, a — fe + c-c?+«
—a-b + {c-d + e), or =a-b + c + {-d + g\

or =a — {b-c + d-e), or =a-b— {— c + d — e).

In like manner more than one pair of brackets may
be introduced. Thus, for example,

a-b + c — d + e^a-{b-c + d-^}=a— {b--{c— d+e)].

Examples. VII,

Simplify the folloAving expressions by rp;tioTing the
brackets and collecting like terms

:

1. 3a-b-(2a-b). 2. a-b + c-i'a-b-e),

3. l-{l-a) + {\-a + a^)-{l-a-<-a'-a^).

4. a + b + {7a-b)-{2a-Sb)-(5a + 6b).

5. a-b + c-{b-a + c) + {c—a + b) — {a— c + b).

6. 2x-Si/-Sz-{x-y + 2z)-^{x + 4y + 5z)- (a -.T--v>

7. a-{b-c-{d-e)}.

8. 2a-(2b-d)-{a-b-{2€-2d)}.

9. a-{2b-{3c + 2b-a)}. 10. 2a-[b-{a- 26)^.

. 11. 3a-{b + {2a-b)-(a-b)].

12. 7a-[3a-{4a-(5o-2a)}].

13. 3a -[6 -{a + (5 -3a)}].

14. 6a-[4fe-{4a-(6a-4&))].

15. 2a-{3b + 2c)-[5b-{6c-6b) + 5c-{2a-(c + Q;b)]\

16. rt-[26 + {3c-3a-(a + 6)} + {2a-(6 + c)}i

17. 16-{5-2a7-[l-(3-aT)]}.

18. 15a;-{4-[3-5.ar-(3.r-7)]}.

19. 2a - [2a - {2a - (2a - 2a -a)}].

20. l6-x-[lx-{Sx~(9x-Sa:-6x)}].

21. 2x-[3!/-{4x-{5y-e:^^y)}].

22. 2a-[3&+(26-c)-4c + {2a-(3&-c-26))].

» 23. a-[5b-{a-{5c-2c-b-4b) + 2a-^(a-2b + r)\].

« 24. X*- [Ax> - {6j,-» - (4a; - 1)}] - (j;* + 4a-» + 6.c* + ij; -^ 1 ).
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VIII. Multiplication,

57. The student is supposed to know that the product
of any number of factors is the same in whatever order the
factors may be taken ; thus 2x3x5 = 2x5x3 = 3x5x2;
and so on. In like manner abc=acb='bca, and so on.

Thus also c{a + h) and {a + h)c are equal, for each de-
notes the pr«wluct of the same two factors; one factor
being c, and the other factor a + h.

It is convenient to make three cases in Multiplication,

namely, I. Themultiplicationof simple expressions; II. The
multiplication of a compound exprestiion by a simple ex-

ptression; III. The multiplication of compound expres-
sions. We shall take these three cases in order.

58. I. Suppose we have to multiply .3a by 4ft. The
product may be written at full thus 3 x a x 4 x ft, or thus
3 X 4 X a X 6; and it is therefore equal to \2ah. Hence we
liiive the following rule for the multiplication of simple ex-

pressions; multiply together the numerical coefficient$

and put the letters after this product.

Thus fot example,

7a KZhc=2\abe,

4ax5bx 5c=60ahe.

59. TTie powers of the same number are m,idtiplied

together by addmg the exponents.

For example, suppose we have to multiply a' by a\

By Art. 16, a^ = ay.ay.a,

aaid d-=a'Ka;

therefore c^ x d-=a xaxa-x-a xa = a^=a''*'\

Similarly, c^x<^ = cxcxcxcxcxc\c= c^=c**\

In like manner the rule may be seen to bo true in any
otiier case.
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60. IT. Suppose we have to multiply a + 6 by 3. We
have

Similarly, l(a + b)= 7a + Tb.

In the same manner suppose we have to multiply a + 6

by c. We have
c{a + b) =ca + cb.

In the same manner we have

3(a-&)=3a— 3&, 'J{a-b)^7a—'Jb, c{a-b) = ca-cb.

Thus we have the following rule for the multiplicatioi^
of a compound expression by a simple expression; multiply
each term, qf the compound expression by the simple ex-

pression, and put the sign of tlie term before the^esuU;
And collect thes« residts toform the complete producL

'

'

61. III. Suppose we have to multiply a + 6 by c + rf.

As in the second case we have

{a-¥b) {c + d) = a{c + d) + b{e + d);

also a{c + d)-ac-\-ad, b{c + d)-bc + bd;

therefore (a 4- b){c + d) = ac + ad4-bc + bd.

Again ; multiply a—bhjc + d.

{a-bXc + d) = a{c + d)-b(c-^d);

also a{c + d) = ac + ad, b{c-^d) = hc + bd;

therefore

{a~b)ifi-^d) = cifi-^ad-{bc-<rbd)=iae-^ad— bc— hd.

Similarly ; multiply a-^bhy c — d.

(a-^b){c-d) = {c-d)a + b) = c{a + b)-dia*-b)

= ca + cb - {da + db) = ca + cb— da— db.

Lastly; multiply a— b hj c-d.

{a-b){e-d)::;^{c-d)a-{c-d^;

also {c-d)a = ac— ad, {c— d)b-bc—bd;

therefore

(a — bXc— d) = ac- ad — {be — bd) = ac — ad-bc + bd.

Let us now con^der the htst result. By Art. A we
•nay write it thus,

{ + a-b){ + c-d)= +ac— a<i- bc + bd.
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We see that corresponding to the +a which occnrs

in the multiplicand and the + c which occurs in the raulti-'

plier there is a term + ac in the product ; corresponding to

the terms +a and —d there is a term — a^ in the product;
corresponding to the terms —h and +c there is a term
— be in the product ; and corresponding to the terms — &

And — d there is a term + bd in the product.

Similar observations may be made respecting the other
three results ; and these observations are briefly collected

in the following in>portant rule in multiplication : like signs

produce + and unlike signs - . This rule is called the
Rule of Signs, and we shall often refer to it by this nc^e.

62. We can now give the general rule for multiplying

algebraical expressions ; multiply each term of the multi-

plicand by each term of the multiplier ; \f the terms have
the same sign prefix the sign + to the product, if they

have different signs prefix the sign — ; then collect these

restdts to form, the complete product.

For example ; multiply 2a + 36 - 4c by 3a- 46. Here

(2a + 36-4c)(3a-46) = 3a(2a + 36-4c)-46(2a + 36-4<;)

= 6a2 + 9a6 - 12a<;- (8a6 + 1262 - 1 66c)

= 6a» + 9a6-l2ac-8a6- 126' + 166c.

This is the result which the rule will give; we may
simplify the result and reduce it to

6a' + a6-12ac-126*+166c.

We might illustrate the rule by using it to multiply

6 — 3 + 2 by 7 + 3-4; it will be found that on working by
the rule, and collecting the terms, the result is 30, that is

5 X 6, as it should be.

63. The student will soinetimed nnrl such e-xamples as

the following proposed: multiply 2a by —46, or muKiply
— Ac by 3a, or multiply — 4c by — 46v

The results which are required are the following,

^ 2a X -46= - 8a6,^ -4£x 3a = -12ac,

-4tfx-46= 166c.
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The student may attacli a meaning to these operatimis
in the manner we have already explained; see Article 41

Thus the statement — 4cx -Ab = \Qbc may be under-
stood to mean, that if - 4c occur among the terms of a
multiplicand and — 46 occur among the terms of a multi-

pher, there will be a term 166c in the product correspond-
ing to them.

Particular cases of these examples are

2ax-4 = -8a, 2x-4=-8, 2x-l = -2.

64. Since then such examples may be given as those
in the preceding Article, it becomes necessary to take ac-

coimt of them in our rules ; and accordingly the rules for

multipUcation may be conveniently presented thus: r

To multiply simple terms; miUtiply together the nur
mericcd coefficients, put the letters after thi» product and
determine the sign by the Rule of Sig7i».

To multiply expressions; multiply each term in one
expression by each term in the other by the rule for m,id-

tiplying simple terms, and collect tliese partial product* to

form the complete product.

65. We shall new give some examples of multipUcation
airanged in a convenient form.

a +6
a +b
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Consider the last example. We take the first term in

the multiplier, namely a-, and multiply all the terms in the
multiplicand by it, paj-ing attention to the Rule of Signs;
thus we obtain 3<^ - 'Ui^b + 5a*R We take next the second
term of the multiplier, namely — 2a5, and multiply all the
terms in the multiplicand by it, paying attention to the
Rule of Signs; thus we obtain —Qa^b + haW — lOah^.

Then we take the last term of the multiplier, namely 36',

and multiply all the terms in the multiplicand by it,

paving attention to the R}de of Signs; thus we obtain

We arrange the terms which we thus obtain, so that

like ternts may stand in the same column; this is a very

useful arrangement, because it enables us to collect the
terms easily and safely, in order to obtain the final result.

In the present example the final result is

3a*- lOa^ft + 22a»&2_ 22a63 + 155*.

66. The student should obserre that with the view of

bringing like terms of the product into the same column
the terms of the multiplicand and multiplier are arranged
in a certain order. We fix on some letter which occurs in

many of the terms and arrange the terms according to the

powers qf that letter. Thus, taking the last example, we
fix on the letter a ; we put first in the multiphcand the
term 3a^, which contains the highest power of a, namely
the second power ; next we put the term — Aab which con-

tains the next power of a. namely the first power; and last

we put the term bb'-, which does not contain a at all. The
multiplicand is then said to be arranged according to

descending powers of a. We arrange the multiplier in

the same way.

We might also have arranged both multiplicand and
multiplier in^reverse order, in which case they would be
arranged according to ascending powers of a. It is of

no consequence which order we adopt, but we must take

the same order for the multiphcand and the multipUer.

67. Wo shall now give some more examples.

Multiply 1 4- 2X — 3j;* + ;p* bv «*— 2x— 2. Arrange ao
«)rding to descendin.'' powers of x.
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je*-3a^+2x +1

a^-2x -2

x'-3a:^+2x* + x^

-2«* +6a^-4a^-2z

Multiply a' + b^ + c^— ab-bc — cahya + b + e.

Arrange according to descending powers of a.

a'— ab— ac-^b^- bc + c^

a + b + c

c^—c^b— <j?c+ aV- — ahc + ac^

+ a% -ah*-abc +b^-b^c + bc'

+ a-c - abc - (u? +b''c — b<^ + c^

a» -3abe +b' +c*

This example might also be worked with the aid o'

brackets, thus,

a + (6 + c)

a^-a\b + c) + a{b^-bc + c^

-{-a\b + c)-a{b+ c){b + c)-i.(b + c){b'-bc + c^

Then we have rt(&*—bc + c*) - a(b + c)(b + c)

=a{b'-bc + c'-{b + c)(b+c)}

= a{b^-bc-^c*-{b'' + 2bc+ &')}

= a{b*-bc + c--b--2bc~c^= -3abc;

cad (& + c)(&2-fec + c2)=63 + <J.

Thus, as before, the result is a^ ->- b^ + c^— 3dbe.
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Multiply together x-a,x—h,x— c.

X -a
X -h

a?- — ax
— bx + ah

x^~{a + b)x + ab

X —c

a^— {a + b)x' + abx
- cx^ + {a + b)cx— dbc

si^ — {a + h + c)x- -iriab + ac + bc)x— abc

The student should notice Uiat he can make two exer-
cises in multiplication from every example in whioh the
multiplicand and multiplier are different compound ex-

pressions, by changing the original multiplia* into the
nmltiphcand, and the original niuitiplicand into multiplier.

Tb^ result obtained should be the same, which will be a

te*t of the correctness of his work.

Examples. VI 11.

Multiply

1. 2.c3 by Aa^. 2. 3a* by 4«*, 3. 2a»6 by 2ah\

4. 2x^y^z by 5xhf^z\ 5. Ix^y* by 7yV.

6. 4a«-3&by3a&. 7. Sa^-Saft by 30^.

8. Zx^-Ay- + 5z' by 2x''-y

.

9. a^y— y'^z*' + z^aP- by x^y*z*.

10. 2xy''-z^ + ^x^i/z - 5x^yz^ by ixy^z.

11. 2x-y\)y2y + x.

12. 2^3^4:c» + 8.r+16 by aa;--6.

13. ar* 4-cir' + a: - 1 by J? - 1.
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14. l+4jr-10;r='by l-6j? + 3a;».

16. ar'-4«*+lld;-24 by aj' + ix+ S.

16. a;* + 4a:' + 5;r-24 by «2_4^^1j^

17. a^-7a:' + 5.r + l by 2a;'-4;c+l.

la a:* + 6x'+24a; + 60 by a:3_6a;2+12j:+12.

19. a:'-2a;2 4-3.r-4 by 4;c3 + ;5^ + 2a;+l.

20. a*-2.3^->rZ3?-^X->r\\)^ te^^l3^->rZjfl->f7jr-\.

21. a;2 — Sax by ;c + 3a.

22. a2 + 2(M;-a;'by a2 + 2a.r + j^.

23. 262 + 3^5 _ ^2 by 7a- 5&.

24. a^-ah^Wh^a^+ah-h'^.

25. a2_^ + 2&!iby a*+ <i& + 26*.

26. Aj^-'^xy-y^\i^Zx-2y.

27. a^-x^y + xy*— y^h-sx-^y.

28. 2:jr' + 3a;y + 4y''by 3ar' + 4;ry + y«.

29. a;'4-y2_;py + ^ + y_l by or + y — 1.

30. ar* + 2x^y + •ix'if + 8.ry' + i Gy* by .*; - 2y,

31. 81«' + 27.^•*y + 9J;V + 3a:y' + S^by 3x-y,

32. « + 2y-3;j by a;-2y + 3jr.

-33. a^—ax + hx-it¥\ij a + h + x.

« 34. <j('-f6* + c*-6c— ca — a& by a + 6 + <:.

-f 35. a»+ 46.1; + 4.¥a* by a^_ 4J^ + 4/,»jJ

36. a3-2rt6 + 62 4-cMn- a2 + 2<rf> + i/*-c».

Multiply the following expressions together

37. x—a, x + a, a^ + a*.

38. « + a, « + 6, ar + c.

39. x*-ax + a*, x' + oj^ + a', ar* -aV - ••.

40. ar— 2a, « — a, « + a, 9-^2a.



DIVISION. S5

IX. Division.

GS. Division, as in Anthinetic, is the inverse of Multi-

plicatiou. In jMultiplication we determine the product
arising from two given factors; iu Division we have givcu

tlie product and oiij of tlie factors, and we have to deter-

mine the other fictor. The factor to be determined is

called the quotieiit.

The present section therefore is cioseiy c<Minected vvitlt

tho preceding section, as we have now in foct to undo the
operations there performed. It is convenient to ni.ike

three cases in Division, namely, I. The division of one
simple expression by another; II. The division of a com-
pound expressioii by a simple expressioa; III. The divisiua

of one compound expression by another.

69. I. We have already shewn ie Ait. 10 iiow t«

denote that one exiwessiou is to be divided by anuthti

For exu;i![Je, if 5a is to be divided by 2f tlic quoticul. h

indicated thus: 5a-^2c, or more us;ually -^.
2c

It may happen that some of the factors of the divisor

occur in the dividend; in this case the expression for tiiC

quotient can be simplified by a principle already u.-5eu u

Aiitluuetic. Suppose, for example, that loa'^'b is to be
1 5ci^b

divided by Gbc; then the quotient is denoted by ^ .

Here the dividend 150^6-50^ x 3b; mid the divisor

6bc==-2cK-6b; thus the factor 3b occurs in both dividend
and divisor. Then, as in Arithmetic, we may remove

5a*
this common factor, and denote the quotient by -j^;

,, 15arb 5a*
thus --y- = ^ .

6bc 2c

T. .\. S
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It may happen that all the factors which occur in tht

divisor may be removed in this manner. Thus suppose, for

example, that 24.abx is to be divided by Sax :

Sax ~ Sax ~

70. The rule with respect to the sign of the quotient

may bo obtained from an examination of the cases which
occur in SlultipUcatiou.

For example, we haye

therefore . , =3<;, -^—=Aab.
4ab 3c

4abx —3c= — 12abc;

.. . -12abc - -Uabe . ,
therefor© "XS—=-3<^> _ =4aft.

—4abx3c= — l2abc;

XL c -I2abc „ —\2abc ^ ,

therefore r-T-= 3<5> —
:^

= - 4a^.

— 4a&x — 3c=12a5c;

therefore —— , = — 3c, -— = — 4a6,— 4ab ' —3c

Thus it will be seen that the Bitle of Signs hotcJs in

Division as well as in Multiplication.

71. Hence we have the following rule for dividing one
simple expression by another: Write the dimdend ocer
the divisor rcith a line bettccen them; if the expressions
Juive common /actors, remove the common /actors ; prefix

the sign + i/ tfie expressions have the same sign and l/te

sign - i/ they have different signs.

72. One power o/ any number is divided by anvtiier

power o/* the same number, by subtracting the index cf
the liitlcr power/rom the index qf the/ormer.
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For example, suppose we have to divide a' by a'.

By Art. 16, a^= ay.ay.ay.a'Kaf

therefore ^ = =i:a-<a=a?=a^ \
a"^ ax ax a

r,. ., , c' CXCXCXCXCXCXC , -_.
Similarly -1 = -cxcxc = c^= c^ *.

"'c* cxcxcxe

In like manner the rule may be shewn to be true in any
other case.

Or we may shew the truth of the rule thus

:

by Art. 59, c*xc^=:c',

cf <?
therefore li

= '''» ^= **•

73. If any power of a number occurs in the dividend

and a higher power of the same number in the divisor, the

quotient can be simphfled by Arts. 71, and 72. Suppose,

for example, that 4rt6'' is to be divided by 'idf; then the

4rtft*
quotient is denoted by —-jj . The factor IP- occurs in both

dividend and di\isor; this may be removed, and the quo-

tient denoted by ^, ; thus i|, = ^, .

74. II. The rale for dividing a compound expression

by a simple expression will bo obtained from an examina-
tion of the corresponding case in Multiplication.

For example, we have

(a — b) c — ac— bc;

therefore — =a— b.
c

(a - &) X — c - — oc + foe

.

., - -ac+bc ,
therefore =a-o.— c

3—

S
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Hence we have the following rule for dividing a com-
pound expression by a simple expression: divide each term

qf the dimdend by tJie divisor, by the rule in the Jiret

case, and collect Uie residts tofurm the complete quotient.

For example, = 4a2— 3oc + ac.

75. III. To divide one compound expression by
another we must proceed as in the operation called Long
Diviiiion in Arithmetic. The following rule may be given.

Arrange both dividend and divisor according to ascend'
ing powers of sojue common letter, or both according to

descending powers of some common letter. Divide the

Urst term of th'e dividend by the first term of the divisor,

andptti the result for the first term oftlie quotient; mul-
tiply the whole divisor by this term and subtract the

product from tfie dividend. To the remainder join as
many terms of the dividend, taken in order, as may be

required, and repeat the whole operation. Continue the

process until all the terms of the dividend have b€<'n

taken down.

The reason for this rule is the same as that for the
rule of Long Division in Arithmetic, namely, that we may
break the dividend up into parts and find how often the
divisor is contained in each part, and then the aggregate
of these results is the complete quotient.

76. We shall now give some examples of Division

arranged in a convenient form.

a + 6 )a- + 2a6 + &*(^a + & a+ b)a'^-b'^{a-b

a^ + ab a' + ab

ab + l^ -ab-b^
ab + b"^ -ab- 6*

a*-ab o^ + Sj^ ^
ab-b* ~j^-Sx
ab-b' -x'-'Sx
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««_ 2afc+ 3&2j 3a*- 1 Oar^+ 22a2&'- 22a&»+ 1 5** (^3a2- 4ad + 56="

-4a»6 + 13a262_22aJ'

-4a^&+ 8a2&»-12a&"

5a2&»-.i0a*3 + 15&*

Consider the last example. The dividend and divisor

are both arranged according to descendmg powers of a.

The first term in the dividend is 3a* and the first term in

the divisor is a?; dividing the former by the latter vre

obtain 30^ for the first term of the quotient. We then
multiply the whole divisor by ^a?, and place the result so

that each terra comes below the term of the dividend which
contains the same power of a; we subtract, and obtain
— Ad^h + ViuW\ and we bring down the next term of the

dividend, namely, — 22aZ»^. We divide the first term,
— 4a^fc, by the firet term in the divisor, a-; thus we obtain
— 4a& for the next term in the quotient. We then multiply

the whole divisor by — 4a& and place the result in order

under those terms of the dividend with which we are now
occupied; we subtract, and obtain 5a?b*—l(iab^; and we
biing do\vn the next term of the dividend, namely, 156^

We divide 5a%^ by a?, and thus we obtain 5&' for the next
term in the quotient. We then multiply the whole divisor

by 5&-, and place the terms as before; we subtract, and
there is no remainder. As all the terms in the dividend
have been brought down, the operation is completed ; and
the quotient is 3a' - 4a& + 56'.

It is of great importance to arrange both dividend

and divisor according to the same order of some common
letter; and to attend to this order in every part qf the

operation,

77. It may happen, as in Arithmetic, that the division

cannot be exactly performed. Thus, for example, if we
divide d^ + 2tib +• tb'^ by a + 6, we shall obtain, as in the first

example of the preceding Article, a + 6 in the quotient,

and there will then be a remainder ¥. This result is ex-
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pressed in ways similar to those used in Arithmetic; thus
we may say that

=a + 6 + f

;

a+o a+o

that is, there is a quotient a+ ft, and a fructional part —r .

In general, let A and B denote two expressions, and
suppose that when A is divided by B the quotient is q. and
the remainder R ; then this result is expressed algebrai-

cally in the following ways,

A =qB + R, or A-qB=R,

A R A Ror^ = g + ^, or-g-^= -g.

The student will observe that each letter here may re-

present an expression, simple or compound; it is often

ct)nvenient for distinctness and brevity thus to represent

an expression by a single letter.

We shall however consider algebraical fractions in sub-

sequent Chapters, and at present shall confine ourselves to

examples of Division in which the operation can be exactly
performed.

78. We give some more examples

:

Dividea^-5ar* + 7^ + 2x'-6;»-2 by 1 + 2jr - 3j-* + x*.

Arrange both dividend and divisor according to de
Rconding powers of x.

a?-Zj^ + 2x*-ir a^

- 2d^ - 2ar* + 6:c» + 2j^- 6«

~2a^ \-Qa?-Ax'-2x

-2x* +6«*-4a?-2
— 2j?* +6^-4«-l
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Divide a' + &3 + c' - 3a6c by a + 6 + 6.

Arrange the dividend according to descending powiers

of a.

a-hb + c){^ —3abc + b^ + c^{a^-ab-a€+b'^-bc-i-c^

-a'b-

-a*b
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Diride a;'-(a + 6 + c)a;'+ (afe + ac + ft<r>-oic by x-c.

»-cJx^-{a + h + e)x^ + {ab + ac+ be)jc - nbc (^.< »-' o -v 6)ar+ <i4

— (a+ &)«' + {ab -K ac + bc)x- abc

-{a + b)x' + {a + b)ca!

ahx —abc
dbx — abc

Every example of Multiplication, in which the iimlti-

plier and the multiplicand are different expressions, will

fiiniish two exercises in Division ; because if the pr»)tlact

be divided hy either foetor the quotient should be tl>e othir
factor. Thus from the examples given in tlic section on
Multiplication the student can derive exercises in DirisJon.

and test the accuracy of his work. And from any example
of Division, in which the quotient and the divisor are
different expressions, a second exercise may be obtained
by making the quotient a divisor of the dividend, so that
the new quotient ought to be the original divisor.

EXAWPLKS. IX.

Divide

I. 15.x-» by .3.i-l 2. 2-l««by-S«'. .1 l-u^^>f\n Gx^ij.

4. 24rt*6Vby-3a"J'r'. »' 5. 20a*b*xh/\>^ bb(i*y.

._6^ Ax^-Sa?-^\Qx by Ax. 7. 3a*- 1 2rt' + 1 5a» by - 3«i».

8. a^- 3.^V + 4.ry^ by xy.

9. - 15a3&3 _ 3^262 + 1 2rtJ by - dab.

1 0. iiOd'b^c*- 48a»6V + 36a»6V- 20a^>c« by 4abc*.

II. a^-lx-\-l2hy x-Z. 12. ar- + d;-72 by r + ».

13. 2ar«-a:2 + 3ar-9by 2;c-3.

14. 6a:'+14;»'-4ar + 24 by 2j?+ 6.

15. 9x^ + Zx* +x-\\>j^x-\.
16. 7.r''-24j'' + 5ftr-21 l)v Tr 3.
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17. afi-\h^j x-\. 18. a3-2afc« + i»3bya-8i

19. x*-%\ifhYX-'iy.
\ 20. X* — 2a^y + 2x^y^— ocy^ hy x~y.
21. x^-y^hy x-y. 22. a* + 32ft' by « + 2&
23. 2a* + 27afc3 - Sit" by a + 3*.

24. x^+ afh/ + a^y^ + x^y^ + xy* + y'^ hj x^ + y*.

25. a-"^ + 2a;*y + Sa;V -^V - 2>t;2/*- 3^^ hy x'-y^.

26. a;«-5a!3 + ll«2-12;» + 6by a;2-3:c + 3.

27. a;* + ;»3 _ 9^ _ Ig^ _ 4 y^y ,^.3 + 4 j, + ^

28. ar* - ISar* + 36 by .»=' + 5^ + 6.

29. ar^ + 64 by ^» + 4^ + 8.

30. x*+\03s^ + 25x' + 50x + 24hy x* + 5x+ 4.

31. a?-' + a;^-24a7'^-35J? + 57 by j?'^ + 2*-3.

32. l-d?-3dP*-a''by l + Sjr + ar'.

33. ^-2d^+l byar'-2*' + l.

34. a* + 2a^y* + 96* by a^-2^ + 3&».

36. a« - 6« by a^_ 2a-& + 2a&2_ js

36. a:'' + 2x'-4a;*-2^ + 12jr2_2^-l by a;2+2r-L

37. J7* 4- 2j7« + ScT* 4- 2a?'^ 4- 1 by jf* - 2cr3 4 3.^" - 2.y + i.

38. a?"4-A-*'-2bya?*4-a^4-l.

- 39. a^— (a \-h + c)a^ + {ah \- ac + hc) x - ahc
by x^-{a + h)x + €^

40. aV 4- (2ac- 6^) j^a + ^2 j^y ^^2 _ jj^ ^ g_

41. x*— x^y~sy^ + y*hyoi'^ + xy + y*.

42. ^ — 3jFy— y^-1 by a?-?/- 1.

43. 49a;- 4- 2lxy + \2yz - 16z'^ hy Tx + 3y-4z.
44. a^ + 2ab + b'^-c'' hy a + b-c.

45. a3 4-86^4-c3-6a6c by a^+ W' + c^-ac-2ab-2bc.

46. a' 4- 3a-b + 3a¥ + b^ + c^ hy a+b + c

47. a"(b + c) + b'\a- c) + c^{a-b) + ahc by a4-i + c.

48. aT'-2ax^ + (a*+ ab-b^)x-a'b + ab^ by a;-a4-6,

49. {x + y)*-2{x + y)z + z^hy x + y-z.

60. (a;-i-«/)^-^3(a;4-«/)2«4-3(.c + 2/)2- + ;2^

by (.c 4- 2/)" 4- 2 (a; 4- y) « 4- «*.
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X. General Residtg in Multiplication,

79. There are some examples in Multiplication which
occur so often in algebraical operations that they deserve

especial Botice.

The following three examples are of great importance.

a +0
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For example, the result (a + &)(<!—&)= a^-ft^ jg proved
to be true, and is expressed thus by symbols more com-
pactly thaa by words.

A general result thus expressed by symbols is often

called %formula.

81. We may here indicate the meaning of the sign ±
which is made by combining the signs + and — , and which
is called the double sign.

Since (a + 6)2=a2 + 2a6 + &«, and {a-bf=a^-2db-¥l/^,
we may express these results in one formula thus

:

{a±hf= a^^2ah + h\

where ± indicates that we may take either the sign + or
the sign — , keeping throughout the. upper sign or the
lower sign, a^bii read thus, " a 2)1us or minus b."

82. "We shall devote some Articles to explaining the
use that cau be made of the formula; of Art 79. We shall

repeat these fomralfe, and nuvihrr them for the sake of
easy and distinct -ejerence to them,.

{a + by =(^ + 2ab + b^ (1)

(a -6)2 =a^-2ab + b' (2)

(a + 6)(a-6) =«"-&» (3)

83. The formulae will sometimes be of use in Arith-

metical calculations. For example ; required the diflFerence

of the squares of 127 and 123. By the formula (3)

(127)'-(123)»-(127-l-123)(127-123) = 250x4 = 1000.

Thus the required number is obtained more easily than

it would be by squaring 127 and 123, and subtracting the

second result from the first.

Again, by the formula (2)

(29)2 = (30- 1)2 = 900-60 + 1 = 841 ;

qjid thus the square of 29 is found more easily than by
multiplying 29 by 29 directly.

Or suppose we have to multiply 53 by 47.

By the formula (3)

53 X 47 = (50 + 3) (50- 3) = (50)"- 3« = 2500- 9 = 2491.
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84. Suppose that we require the square of 3^ + 2;/.

"We can of course obtain it in the ordinary way, that is by
multipljing 3.c + 2y by ."5^ + 2y. But we can also obtain it

in another way, namely, by employing the formula (1).

The formula is true whatever number a may be, and what-
ever number h may be; so we may put 3j? for a, and 2y
for b. Thus we obtein

(3^ + 2y)» = (3;c;» + 2 {Zx ly) + {^y'f = 9a:* + 12j?/ + Ay\

The beginner will probably think that in such a case he
does not gain any thing by the use of the formula, for

he will believe that ho could have obtained the required
result at least as easily and as safely by common work
as by the use of the formula. This notion may be correct

in this case, but it will be found that in more complex
cases the formula will be of great service.

85. Suppose wc require the square of x-i-y + z. De-
note x-^-yhy a.

Then x + y-^z =a+z; and by the use of (1) we have

=a^-\- 2xy+!t^^-i-2xz + 9.pz + z^.

Thus {x + y + zf = x''-¥ y"^ + z- + Ixy + lyz + Ixz.

Suppose we require the square of p— g + r - s. Doik-i»
p-ghy a and r-s hy b; then p—g+r-s = a + b.

By the use of (1) we have

ia + b)'= a* + 2ab + b^= {p-qj* + 2{p-q){r-$)+(r-»)*.

Then by the use of (2) we express (p-q)* and (f- tf.

Thus {p — q + r — s)-

=p'^— 2pq + q'^ + 2(j)'r—ps — qr + qs) + r' — 2r$-i-i'

=p- + q^ + r' + s* + 2pr + 2qs— 2pq—2ps— 2qr - 2r*.

Suppose we require the product of p — q-^r-i toA
p-q-r + s.

Letp — q = a and r-s= b; then

p-q + r—s=a + b, mid p-g—r-^s~a-b.
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Than by the use of (3) we have

(a + 6)(a-6) = a*-&*=(i?-?)*-(r-»)»;

and by the use of (2) we have

{p — q + r-s){j)—q — r-ira)-p'^— 2pq + q*— {r'—2rs+ f^)

=p^ + q' — r*—s' — 2pq + 2rs.

86. The method exhibited in the preceding Article

is safe, and should therefore be adopted by the beginner;

as he becomes more familiar with the subject he may
dispense with some of the work. Thus in the last example,
he will be able to omit that part relating to a and b, and
simply put down the following process

;

ip-q + r-s){p—q-r + s) = {p-q + {r-s)}{p — q-(r-s)}

-{p — qf— {i— sY~p'^ - 22yq + j- — (r- - 2rs + s^)

=j?' — 2pq + q'— r'^ + 2rs — f^;

or more briefly still,

(p-q + r-s) {p — q— r+ s)={p— qf-{r — s)*

-V- — 2pq + g2 _ /«2 + 2rs — s\

But at first the student wil probably find it prudent to

go through the work fully as vu the preceding Article.

87. The following example wiU employ all the three

formvdae.

Find the product of the four factors a + h+ c, a + b— c,

a — b + c,b-ic — a.

Take the first two factors; by (3) and (1) we obtain

(a + b + c){a + b -c)={a + b)-- c'=a' + 2ab + b^ -c\

Take the last two factors ; by (3) and (2) we obtain

{a-b + c) {b + c-a) = {c + {a-b)}{c-{a-b)]

= c*-(rt-fe)« = c«-a* + 2a6-6».

"We have now to multiply togethw a^ + 2ab + b^~<^ and
C* - a^ + 2aA - &2. We obtain
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= {2a6 + (a«+6»-d2)}{2a6-(a«+6»-fl»)}

= (2ai)2-(a» + &»-<fy

= 4a»&«- {(a» + 62)2- 2 (a^ + 6^) c" + c«}

= 4a»&2_(a2+ 6a)8+ 2(a2 + 62)c2_c4

= 4a^b^~a*- ^a^V" -b*-\- 2aV + ih-c--C
= 2a-&^ + 2&2c» + 2aV_ ^4 ^ ^4 _ ^_

88. There are other results in Multiplication which are
of less importance than tlie three formulae given in Art. 82,

but which are deserving of attention. We place them here
in order that the student may be able to refer to them
when they are wanted; they can be easily verified by
actual multiplication.

(a + 6)(a»-a6 + &»)=a3 + 63,

(a-6)(a'+aJ + 62)=a»-fc^

{a + bf = {a + b) {a? + lab + b'-') = a» + 3a-b + 3a&» + b^,

{a-bf= {a-b) {a' -^ab + b'^^a?- 3a-b + 3ab* - b^,

{a+b + cy = a^ + 3a\b + c)+3a{b + cy- + ib + cf,

=a? + Za\b + c) + 3a(6* + 26c + c-) +¥ + Z¥c + 36c» + c^

= aS+ 63 + c3 + 3^2(5 4. c) + 3j2(a + c) + 3c2(a + 6) + eaftc.

89. Useful exercises in Multiplication are formed by
requiring the student to shew that two expressions agree ia

giving the same result For example, shew that

{a-b){b-c){c-a) = d-{c-b)->rl>^(a-c)->,-c^(fi-a).

If we multiply «— 6 by 6— c we obtain

ab — br— ac + bc;

tlien by multipljing this result by c— a we obtain

cab - c6*— ac^ + 6c* — a-b + db^+ c*c - abc,

that is a2(c-6) + 6'(a-c)+ c^(6-a).

Again ; shew that (a - 6)^ + (6 - c)* + (c- a)*

= 2(c-6)(c-a) + 2(6-a)(6-c) + 2(a-6)0i-f).
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By uaing formula f2) of Art. 82 we obtain

{a-hf + {b-cf + {,c-af

=a2_2aJ + 62 4.j2_2&c + c2 + c*-2ac+a'

= 2{a*-^h^ + (?-ab-ac-hc).

And {c—b){c—a) = <?-ca-cb + ab,

{b—a){b-c) = b'^-ba-bc + ac,

{a— b){a—c) = a'-ab— ac+ bc;

therefore (c—b) {c-a) + {b- a) (b-c) + {a— b) {a - c)

= (^+ b' + c'—ab—ac— bc;

therefore (a- ft)' + (& - c)'+ (c - a)'

= 2(c-ft)(c-a) + 2(6-a)(6-c) + 2(a-6)(a-c)

EXAMPIiES. X.

Apply the formulse of Art. 82 to the following sixteen
exajuples in multiplication

:

1. (15a; + 142/)2. 2. {la^-5yy.

3. (a;* + 2^ -2)=. 4. (a^-5x + 7)*.

5. (2^-3^-4)'. 6. {a: + 2i/ + 3zf.

7. (iB*+xy + y'){x' + xy-y').

8. {x*+ xy + y*){x'-xy + y^).

9. {x* + xy + y'){x*-xy-y').

10. {x* + xy-y'^){x^— xy + i/).

»11. (a:3 + 2.c' + 3.r+l)(a;3-2Jr'+•3.^•-l).

12. (a;-3)»(a^ + 6a;+9). 13. > (a + 6)»(rt»-2aft-J»X

14. (ar+ 32/)" (4:»» + 1 2jr?/ - 9y»).

^ 15. {ax+ by)(aa:-by){a\r' + ^y^).

1 6. (a.c +byj^{ax- by/.
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Shew that the following results are true

:

17. (a»+ 6«)(c" + cP) = (ac4 6rf)' + (a<3?-6c)».

18. (a + 6 + c)'' + o' + 6«+<;2=(« + 6)» + (6+c)» + (<;+a)«.

19. {a-b)lp-<:){c-<i) = hc{c-h) + ca{a-c) + <ib{b-a).

•20. {a-hf + V-a'=-iab{h-a\

*21. (a + 6 + c)2-a(Z> + c-a)-*(« + c-^)-c(a + &-c)

•22. (<r' + a6 + 6*}''-(a«-a6-f-6'')*=4a*(«*+ fc'').

23. {fl,-\-b + cf-a*-l/—c'='i{a + b){Tb-\-c){c-k-a).

24 (« + fc -f-c)(a6 + 6c + ca) = (a + 6)(d+ <;)(<; + a) + a6c.

25. (« + 6)(^+<;-a)(c + a-?')

26. (a + & + c)3-(& + <:-a)3-(<z-6+c)3-(a+6-<;)»
= 24a6c.

27. (a + 6 +c)» + (« + &-<;)'' + (a-6+c)'+(6 +<;-«)'
= 4(a» + 6» + c*).

28. (a+6)«+2(a»-6») + (<i-6)»=(2a)«.

29. {a-bf + {b-cf + {c-af = Zi(i-h){h-c){fi-a\

30. («-6)3 + (a+i))3+3(a-6)*(a + ft) + a(ft + ft)»(<j-6)

= ,2a)».

31. (« + 6)*(6+<;-a)(c + a-d) + (a-&)*(a + 6+«X«+''-c)

32. «(6 + <:)(Z;* + <:*-a«) + 6(c+ a);c«+ a''-6')

+ c(a + &)(a* + 6'-r')=2a6c(a + 6 + c).

33. (a-6)(«-a)(;»-6) + (&-c)(a:-6)(jr-c)
+ (<:-«) (jc-c) («— c) = (a— 6) (6— c)(a-f).

34. (a+&)a+(a+c)2 + (a+rf)» + (6+<;)* + (6 + t/)»-t-(c+<f/

= (a + & + c + cf)- + 2(a- + ft-+«* + rf-).

35 . ((<ur + byf + (ay- l^T] {[aj: + fcy)» - (ay + bx)']

= {a*-b*)(x*-y*).

M. {ciy - bay + {az -cxf + (!«•- <7?/^' + {cus + ft// + C2 )-

-(<*'- + i»-+<'2)(^ + y^4 z*).
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XI. Factort.

90. In the preceding Chapter we have noticed sonic

general results in Multiplication ; these results may also be

regarded in connexion with Division, because every ex-

ample in Multiplication furnishes an exani])lc or examples
in L»ivision. We shall now apply some of these results

to find what expressions will divide a given expression, or

in other words to rcsolro expressions into their/actors.

91. For example, by the use of fomiula (3) of Art. 82

we have

a*-6« = (a2+&^)(a'-6-)-(a- + 62)(rt + &)(a-6);

a*- &8= (a* + 6*) {a* - 6*) = {a* + b*) (a^+ h"') (« + b){a-b).

ITence we see that a' — 6* is the product of the four

factors a* + b*, «- + ?>-, a + b, and a — b. Thus a^ — b^ is

divisible by any of these factors, or by the product of any
two of them, or by the product of any three of them.

Again,

(«- + ab + 6') (a' -ab + b-) = {a^+ b'- + ab) {a- + 6^ _ ah)

= {a- +by- {<ib)- = a* + 2a'b^- + b*- a-b- = a* + a?b'' + b\

Thus a*+ a°b'' + b^ is the product of the two factors

a'-' + ah-i-b'^ and a -ah-^-b-, and is therefore divisible by
either of them.

Besides the results which we have already given, we
shall now place a few more before the 8tu<lcnt.

92. The following examples in division may be easily

verified.

x-y
x^-if

x-y -^ ^'

=x^-hx'y + xy'i-j/',x-y ^ ' ^

'

and 80 on.

T. A.
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Also

2- = x-y.

x-\-y

x + y
' x^ - x*y + x'^y"-- a;V +^ - y*»

and so on.

Also

:c + y '

jr + y " *'

x + y
-X* - x^y + a,'''^,?/' - '^Z* - .V*,

and so oa

The student can curry on tlioac operations as far m
he pleases, and he will thus gain confidence in the truth ol

the statcntents which wo shall now make, and which are
strictly demonstrated in tho higlicr parts of larger works
on xVlgebra. The follo^^ing are the statements

:

a;" — y" is divisible hj x—y li n be any whole number

;

x' — y' is divisible hj x + y ii ti be any even whole nmuber;

x' + y" is divisible by a + y iSnhe any odd whole number.

Wo might also put into words a statement of tho forms
of the quotient in tho three cases; but tho student ^nU
most readily learn these forms by looking ut the above
exarapJcs and, if necessary, carrying the operations still

farther.

Wo may add that x" + y" is never divisible by j: 4 y or

x-y, when n is an eccn whole number.

93. The student will be assisted in remembering tho
tosults of the preceding Article by noticing the simplest
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case in each of the four results, and referring other cases

to it. For example, suppose we wish to consider whether
3^— if is divisihle by x-y or by x^y\ the index 7 is an

odd whiile nunil)er, and the simplest cise of this kind is

x— y, which is divisible by x~y, but not by jo-^y, so we
infer that x' -y'' is divisible by x-y and not by x + y.

Again, take j^ — y^; the index S is an er?€n whole number,
and the simplest case of this kind is a^— y'^. which is

divisible both by x — y and x + y; so wo infer {ha.tx^—y^

is divisible both hy x-y and u +y.

94. The following are additional exaanples of resolving

expressions into factors.

a^--y^ = {a^ + y^) (x^-y^)

^{x + y){x--xy + y^{x-y){ai^-¥xy^y^:

86*- 27c» = (26)2 - (3c)3 = (26 - 3c) {(26)2 + 26 x .'ic + {Zcf]

= v26 - 3c) (462 + 66c + 9^2)

.

4{a6+ cdf - {a^ ^h^-c^- d'-f =

{2{ab + cd) + {a* + b'-c^-d*)){2{abA-cd)-{a* + b'-c'-d')

= {2ab + 2cd + a'^ + b^-c^-d-^}{2ab + 2cd-a^-b-+-c^ + d^]

= {(a + 6)' - (c - df} {{c + df - (a - 6)^}

= (a + 6 + c-cf)(a + 6— <; + rf)(a-6 + c + rf)(6 + c + flJ— a).

/ +
95. Suppose that {a^- bxy + 6y^ (a;- 4> .3 to be divid-

ed by a^— 7xy+l2y'. We might multiply x*— 5xy+6v*
hy x—4y, and then divide the result by X'-lxy+\2y^.
But the form of the question suggests to us to try if

a?— 4y is not a factor of 3t^—lxy + l2y^; and we shall find

i\iii.ix*-'lxy-irl2y-= {x-'iy){x-Ay). Then

{x^— 5xy -f 6.V*) (x - Ay) _ x^ - 5xy + 6y^
_

{x-3y){,x-4y) ~ x-3y '

and by division we find that

x^ — 5xy + dy^
„ ^x-2y.

x-iy

4r-Q
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96. The student with a little practice will be able to

resolve certain trinomials into two binomial factors.

For we have generally

{x + a){x-¥h) = 3c*-\-{a->rh)x-\-ab;

suppose then we wish to know if it be possible to resolve

a;'- + 7a; + 12 into two binomial factors; we must find, if

possible, two numbers such tliat their sum is 7 and their

product is 12 ; and we see that 3 and 4 are such numbers.
Thus

ar*+ 7^ + 1 2 = (a- + 3) (a; + 4).

Similarly, by the aid of the formula

{x ^ a){x -h) = a^— {a + h) X ¥ ab,

we can resolve aj"— 7^; + 12 into the factors {x - 3) (« - 4).

And, by the aid of the formula

{x + a){x-b) = x^ + {a-b)x-ab,

we can resolve a;^+ a;- 12 into the factoi-s {x + 4) (a: - 3).

We shall now give for exercise some misccllaccoua
examples in the preceding Chapters.

'^ii Examples. XI.

Add together the following expressions:

1. a(o+ 6-c), 6(& + c— a), c{a + e — b).

2. a(a-6+c), &(6— c + a), c(c-a + &).

3. a(a— 6 + c+rf), h{a-\-b-c->-d\ cia + b + c-d),

d{-a + b+c-^d).

4. 3o-(46-7c), 3&-(4<;-7a), 3c -{4a -lb).

6. 9a-(56 + 2c), 9&-(5c + 2a), 9c - (.i(7 + 26).

6. (a +&).r + (« + <•)?/, (b-c)x + {b-c)y,

{c-a)x + {b-a}y.
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7. (i;-a;)(a + 6) + (ar-y)(a-6), ix-k-y)a'^{x + z)h,

{y-z)a + {x-y)b.

8. {a-h)x+Q)-c)y-ir{c-a)z,

a{y + z) + b{z + x)-hc{x + y), ax + by ^- cz.

9. 2(a + 6-c)a; + (a + 6)y + 2az,

ft(a + c-&)a; + (a + c)j/ + 2&5r, 2(& + c-a)* + (6 + c)y + 2c3r.

10. a*-(a-6 + c)(a + &-c), &*-(&-a + c)(& + a-c),

c'-(c-a + 6)(c + a-6).

Simplify the following expressiona

:

11. a-2(6 + 3a)-3{6 + 2(a-&)}.

12. (a + 6)(6 + c)-(c + c0(rf + a)-(a + c)(&-ff).

13. Aa~[2a-{2b{x + y)-'2b{x-y)]\

14. (a;+&)(a: + c)-(a + 6 + c)(a?+ &) + a' + a*+ 6* + 3<M!.

15. a-[56-{a-3(c-6) + 2c-(a-26-c)}].

16. 5a-7(&-c)-[6a-(3& + 2c) + 4c-{2a-(6 + c-a)}].

17. (a; + 3)»-3(a; + 2)* + 3(a; + l)''-a:».

18. {x -f y)» + (a; + y)V + {x + if)y*- {3xV + 5y*;c + 2y^

19. (l + a;)» + (l+a;)V + (l + «)2y^ + y*

- {3ii?(a; + 1) 4- y (y + 1) + 2j;y + 1}.

20. a{b + cf+b{a + cf+c{a + bf + {a-b){a + c){fi~c)

~(a + b){a-c){b-c)-{a-b){a-c){b + c).

oi (« + &)(«4-c)-(6 + rf)(rf4-c)

a-d

g'-3a&4-26» a*-7(0)+ 12b*
' a-26 ~ a-36

3a3-7a2j_5aji + 5^ 6a»-26o*64-40a5*-206»
Zo. — r 4" r •

a+6 a—b

18 {bc' + ca' + ab^- 12 ih*c + c*a + a*b)-l9abe

2a-3b
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Divide

25. :c^ -(• y" - 'Jjc^y^ by («- y)\

26. a:'' + 2/« + 2a:'2/'by(ar + y)».

27. (a» - 3a=& + 5rti'- 3&») (a- 2&) by a«- :^ah -i- 25«.

28. {x^- 9x'y + 23ar?/*- 1 5y') (./• - 7y) by j^ - "u^ + 7y».

29. «» -^ a^i^* -I- Z/" by (a- - a6 + 6^) (a« + a^> + b').

< 30. a"- fc« + a'&' {a* - Z/^) by (a* -ab + b') (a* + ai> + h'].

31. 4a-&' + 2(3a* - 26^) -rti(5a«- 116*) by (3a-i;)(a + 6).

. 32. {a^-3x + 2){x-3)hyx^-5x + 6.

3:i. (;r' - 3a; + 2) (.c + 4) by a;- + ;c- 2.

34. {a' + ax + x- (
a' + ;r^ by a^ + aV + a?*.

35. (a* + «"(!/' + 6'») (a + 6) by o» + aft + V.

36. 6(a:3 + a») + aa:(df^-a2) + rt'(ar + a)by (a + 6)(;r + aV

Resolve the following expressiouj into factors:

37. sc^ + ^x-^-lO. 38. x2 + 1 1X + 30.

3J. aT'-15j- + 50. 40. ;r2_2o.c+100.

41. a?->rX-V\1. 42. x--7j;-44.

^ 4a J:*-S1. 44, ar»+125.

^45. ;r»-2.j6. 46. a^-G4.

47. a' + 9a6 + 2062, 48. A'"" - 1 :;ar/ f 42y*.

^ 49. (a + 6)*-llc(a + &)+ 30<:*.

1/50. 2(j; + y)'-7(jr + y)(a + 6) + 3(rt+6)*.

Shew that the following results .ire tnie

:

61. (a + 2J) a» - (ft + 2a)6' = (a - /') (<i + 6)».

62. a (rt - 2/-)' - b (b - 'Zaf - (a -&)(« + 1^.
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XII. Greatest Common Measure.

97. In Arithmetic a whole number which divides

.another whole number exactly is said to be a measure of

it, or to jneasnre it; a whole number which divides two
or more whole numbers exactly is said to be a com,mon
measure of them.

In Algebra an expression which divides another ex-

pression exactly is said to be a measure of it, or to measure
it; an expression which divides two or more expressions
exactly is said to be a common measure of them.

rs. In Arithmetic the greatest common measure of

two or more whole numbers is the greatest whole number
which will measure thfem all. The term greatest common
measure is also used in Algebra, but here it is not very
appropriate, because the terms greater and less are sel-

elora applicable to those algebraical expressions in which
definite numerical values have not been assigned to the
various letters which occur. It would be better to speak
of the highest comvion measure, or of the highest common
divisor; but in conformity with established usage we
sliall retain the term greatest com,mon measure.

The letters g.c. m. will often be used for shortness

instead of this term.

We have now to explain in what sense the term is used
in Algebra.

99. It is usual to say, that by the greatest common
measure of two or more simple expressions is meant the
greatest expression irhich tcill measure them, all; but
this definition will not he fully understood until we have
given and exemplified tlio rule for finding the greatest

common measure of simple expressions.

The following is the Rule for finding the q.c.m. of

simple expressions. Find hy Arithmetic the G.c. M. o/
the numerical coefficients; after this number put every
letter which is comanon to all the expressions, and give
to each letter respectively the least index which it ftas

in the e.vpressions.
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100. For example; required the g.c.m. of 16a*&^c and
1\)d*h\i. Here the numerical coefficients are 16 and 20,

and their g,c. m. is 4. The letters common to both the

expressions are a and h ; the least index of a is 3, and
the least index of h is 2. Thus we obtain 4

a '6- as the re-

quired O.C.M.

Again; required the g.c.m. of SaWc^a^t/z^, l2a*bcx\i/\

and \(ia^(fix-y\ Here the numerical coefficients are 8,

\-2, and Hi; and their g.c.m. is 4. The letters common to

all the expressions are a, c, x, and y ; and tlieir least indices

are respectively 2, 1, 2, and 1. Thus we obtain Ad-cx^ ii»

the required g.c.m.

101. The following statement gives the best practical

notion of what is meant by tlie term greatest common
measure, in Algebra, as it shews the sense of the word
greatest here. When two or more expreseions are dicided
by their (jrcntest annmon measure, the quotients liave no
common measure.

Tiike the first example of Art. 100, and dinde the ex-

j»ressions by their g.c.m ; the quotients are Aac and bhd,

and these quotients have no common measure.

Again, take the second example of Art. 100, and
divide tlie expressions by their g.c.m,; the (luotients are
"ili^rx^z^, ;Ja'/>//'-. and -iac'y*, and these ijuotients have no
common measure.

102. The notion which is siqiplied by the precedini*

,\ilicle, with the aid of the Cluipter on Factors, will enable
t!ie student to determine in many cases the g.cm. of com-
fund e.rpression^. For example; required the g.c.m. of
•i(i*{a + b)'' and (\ab{a^-b*). Hero 2^ is tlie g.c.m. of the
fictors 4a-' and iiab; and a + b is a factor of (a + b)* and
iif d^ — b-, and is the only common factor. Tlie product
'2u{a + b) is then the o.c.m. of the given expressions.

But this method cannot bo applied to complex ex-
amples, because t!ic general theory of the resolution ol

expressions into factors is beyond the present 8t;ige of
he studeut's knowledge; it is therefore necessary to adopt
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another method, and we shall now give the usual definition

and rule.

103. The following may be given as the definition of

the greatest common measure of compound expressions.

Let two or more compound expressions contain powers

qf some common letter; then the factor <>f highest di-

mensions in that letter wliich ditides all the expressions
is called their greatest com,mon measure.

104. The following is the Rule for finding the greatest
common measure of two compound expressions.

Let A and B denote the two expressions ; let them
be arranged according to descending powers of some
common letter, and suppose the index of the highest

power of that letter in A not less than the index of the

highest power <f tliat letter in B. Divide A by B

;

then make the remainder a divisor and B the dividend.
Again make the new remainder a divisor and the pre-
ceding divisor the dividend. Proceed in this rcay until

there is no remainder; then the last divisor is the

greatest common measure required.

105. For example; required the o.c.M. of a?*-4« + 3
and 4jr3_9^2_i5^+13,

a>2-4a; + 3^ 4a;3- Qx^-lbx+\S (^'ix-^7

4a^- 160^ + 1 2a;

lx^-21x + \^

7ar2-28^ + 21

X- 3

x^-Zx

-a? + 3

-a; + 3

1'hus a;~S is the g.c.m. required.
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106. The rule which is given in Art. 104 depends od
the following two principles.

(1) If P measure A, it will measure mA. For lot

a denote the quotient when A is divided by P; then
A=aP; therefore inA—maP; therefore P measures
inA.

(2) If P measure A and B, it mil measure mAJi^nB.
For, since P measures A and B, we may suppose A = aP,
and B—bP; therefore inA=i^nB={ina^nb)P; therefore

P measures viA ± nB,

107. We can now demonstrate the rule which is given
in Art. 104.

Let A and D denote the two ex- B) A ( p
press.ions. Divide A by B; let p pB
denote the quotient, and C the re-

maindcr. Divide B by C; let q de- C) B ^t;

note the quotient, and Z> the remain- gC
der. Divide C by D, and suppose
that tliere is no remainder, and let r D) C {''

denote the quotient. rZ>

Thus we have the following results

:

A=pB+C, B = gC^-D, C=rD.

We shall first shew that D 'm a common measure of

A and B. Because C-rD, therefore D measures 6';

therefore, by Art. 106, D measures ^07, and also gC+D;
tliat is, D measures B. Again, since Z> measures B and C\

it measures pB + C; that is, D mciisures A. Thus I)

measui-cs A and B.

We have thus shewn that D is a common measure of

A and B; wo shall now shew that it is their greater

common measure.

By Art. 106 every common njctisuro of A and B mea-

sures .4 -pi?, that is C; thus every common measure of

A and .5 is a common measure of B and C. feimilarly,

every common nica-sure of B and (7 is a common measui-o



GREATEST COMMON MEASURE. 59

of C and D. Therefore every common measure of A and
Z) is a measure of D. But no expression of higher dimen-
sions than D can di\ide D. Therefore D is the greutest

common measure of A and B,

108. It ia obvious that, every measure cf a commrm
measure of two or more exjjressions is a common measure
of tliose expressions.

109. It is shewn in Art. 107 that erery common
nic:isure oi A and B measures Z>; that is, every common
measure of two c.r2n'essio)is measures their greatest com--

m,on m.easure.

110. We shall now state and exemplify a rule which
is adopted in order to avoid fractions in the quotient ; by
the use of the rule tlie work is simplified. We refer to the
Chapter on the Gp^atcst Common Measure in the larger

Algebra, for the deiuoustration of the rule.

ouioro placing a fresh term in any qiiotieut, tee may
divide the divisor, or tlie dividend, by any expression
which has no factor which is common to the expressions
whose greatest common measure is required; or, we
may multiply the dividend at such a stage hy any ex-

pression tcliii li /"ix II n factor til at occurs in the divitor.

111. For example; required the g.c.m. of 2.r--7.r-<-5

and Zx^-lx^-A. Here we take i.v'^-'ix + b as divisor;
but if we divide Zx"- by 2x' the quotient is a fraction ; to
avoid tliis we multiply the dividend by 2, and then divide.

'2x--lx + b-) Q3fi-\Ax+ S (,3

(ix--2\x+ 15

If we now make 7.C-7 a divisor and 23?^— 7a; + 5 the
dividend, tiic first term of the quotient will be fractional;
but th\) factor 7 occurs in every term of the proposed
'I i visor, and wc remove tliis, and then divide.
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x-\) la^-lx + b (,2a!-6

23^ -2x

-5ar+ 5

Thus we obtain ar — 1 as the q.c.m. required.

Here it will be seen tliat we used the second part of

the rule of Art. 110, at the beginning of the process, and
the first part of the rule later. The first part of the rule

should be used if possible ; and if not, the second part. We
have used the word expression in stating the rule, but in

the examples which the student wdl have to solve, the

factors introduced or removed will be almost always nu-

mericalfactors, as they are in the preceding example.

We will now give another example; required the q.c.m.

of 2«*— 7.«*-4^ +;c-4 and 'ix^-Wj^ -2j^-Ax-\Q.

Multiply the latter expression by 2 and then take it for

dividend.

Zur* - 7«*- 4«* + a:- A) Qx* - 22.t-' - 4x'- - 8* - 32 (3

Qx*~2\3^--\2x^-^Zx-\2

- «»+ 8a:*-lla!-20

Wo may multiply every term of this remainder by -

1

before using it as a new divisor ; that is, we may change
the sign of every term.

(r»-8«' + ll<r+20^ 2a;«- la?~ 4x» + a;-4 (2x + 9

2ar* - 1 ear* + 22;r= + 40x

93^-16x^- 39«- 4

9jJ»-72jr»+ 99a? +180

46x»- 138^-184

Here 46 is a factor of every term of the remainder; wo
rainove it before using the remainder as a new divisor.
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a^-Zx^- Ax

-6;r'+ 15^ + 20

Thus a;*— 3af-4 is the g.c.m. required.

112. Suppose the original expressions to contain a
common factor F, which is obvious on inspection ; let

A = aF and B ^ hF. Then, by Art. 109, F will be a factor

of the G.C.M. Find the g.c.m. of a and h, and multiply it

by F\ the product will be the g.c.m. of A and B.

113. We now proceed to the g.c.m. of more than two
compound expressions. Suppose we require the g.c.m. of

three expressions A, B, C. Find the g.c.m. of any two of

them, say of ^4 and B; let X> denote this g.c.m.; then the
g.c.m. of D and C ^vill be the required g.c.m. of A, B, and 6'.

For, by Art. 108, every common measure of D and C is

a common measure of A. B, and C; avid by Art. 109 every
common measure of A , B, and C is a connuon measure of

D and C. Therefore the g.c.m. of D and C is the G.c.sf

of^, i?, and a

114. In a similar manner we may find the g.c.m. of

fou7~ expressions. Or we may find the g.c.m. of two of

the given expressions, and also the g.c.m. of the other two

;

then the g.c.m, of the two results thus obtained will bo
the G.&M. of the four given expressions

Examples. XTL

Find the greatest common measure in the followiiig

examples

:

^1. 15;?;^, 18««. 2. leaW, iOa-b'-.

' 3. ^.vYA '^Sa^y'z*. S 4 35a'^u;V, i9a^b*x*^^.

6. 4:{x + lf, 6(aj*-l). 6. 6 (a; +1)3, 9(«*-l).
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7. 12(a« + 6Vi 8(a«-n 8. ii^-y\ JB"—^

9. X- + 8a; + 1 5, X' + 9./' + 20.

10. A'- - 9a; + 14, a:' - 11 a- + 28.

11. aP + ix-UQ, x^-lx-Sa.

12. 0?*- 15a; 4- 36, a--=-9ar-36.

13.
^s + Gaj'+lS-r+PZ, x'' + 7x- + 16a;+ 16.

14. j;3-9a;' + 23a;-12, or^- 10.i'- + 2Sa;- 16.

15. a;3- 29a; + 42, sfi + .c- - 35a; + 49.

16. aP-ilx-m, or* - lla;= + 2.5.r + 25.

17. «»+ 7«»+17x + >5, aP-\-Sx*+v:ix-\-\2.

' 18. a;3-10ar' + 26a;-8, a;» - Sar" + 23a; - 12.

» 19. 4(ar'-a;-»- I), 3(a;* + a;* + l).

30. 5(x''-a; + l), 4(j;«-l).

21. %x'^ + x-2, 9ar» + 48a;' + 52a;+I6.

2-2. a;»-4ar' + 2x + 3, 2a;*-9a;' + 12a;*-7.

23. a;* + a;*-6, a;*-3a;"4-2.

^4 ar»-2a;^ + 3a;-6, a;* - a;^_ ^^ _ 2^.,

25. a^-l, 3a;' + 2«* + 4a;3 + 2a;-' + .i-.

- 26. a;* -93;* -30a; -25, a;* + a;^- 7a--* + 5.c.

27. 35ar'+ 47a;*+13a? + l, 42a;* + 41a:3_9jv2_9j;_i^

28. a;®-3ar' + 6a;*-7a!3+ 6a;--3a; + l,

a;^- a;* + 2ar* - a.-' + 2.C- - .r 4- 1.

29. 2a;*-6a;3 + 3a;»-3a;+l, ar'-3a«-i-a*-4a^+ 1;2-^-4.

30. x^-\, x^'> + a^-¥3C^ + 2jF + 2x' + '2x^ + x^ + s-¥l.

31. a;2-3a;-70, a^-Z^x^rlO, a;^-48a;4-7.

• 32. a;^-a;y-12y», a;- + 5«iy+ 6y'.

'* 3a 2a;* + Sao; + a', 3a;- + 2aa;- a*.

c 34. a;*— 3<t'a;-2a*, a;^ - rto;*— 4rt'.

Sfi. 3«'-3a;*y4-a-y*-jr'. 4a;*jr-.5a;y«+y*
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XIIL Letut Common MidtipU.

116. In Arithmetic a whole number which is measured
hj another whole number is said to be a multiple of it ; a
whole number which is measured by two or mere whole
numbers is said to be a common multiple of them.

116. In Arithmetic the least common multiple of two
or more whole numbers is the least whole number which
is measured by them all. The term least common multiple
is also used in Algebra, but here it is not very appropriate;
see Art. 98. The letters l.c.m. will often be used for

shortness instead of this term.

We have now to explain in what sense the term is used
in Algebra.

117. It is usual to say, that by the least common mul-
tiple of two or more simple expressions, is meant the least

ej-pression which it mcasttred hi/ them all; b;;t this defi-

nition will not be fully nnderetood until wc liave given n.nd

exemplified the rule for finding the lea.st common multlpla
of simple expressions.

The follo\\ing is the Rule for finding tlie l.c.m. of
simple expressions. Find by Arithmetic the l.c.m. of the
numerical coefficients; after this number put every letter

ichich occurs in the expressions, and give to each letter

respectively the greatest index which it has in the ex-
pressions. '

11& For example; required the l.c.m. of \Qa*bc and
lOa^b'^d. Here the numerical coefficients are 16 and 20,
and their li.o.M. is 80. The letters which occur in the ex-
pressions are a, b, e, and d; and their greatest indices are
respectively 4, 3, 1, and 1. Thus we obtain 80a*b^cd as the
required L.O.M.

Again ; required the uc.m. of Sd^lh-jfyz', 12a*bcx'y^,

and IGa^c^x^. Here the l.c.m. of the numerical coefficients

is 48. The letters which occur in the expressions are
a, h, c, X, y, and z ; and their greatest indices are respec-
tively 4, 3, 3, 5, 4, and 3. Thus we obtain 'k^*b^<?a^y*z^ as

the requii-ed L.O.M.
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119. The following statement gives the best practical

notion of what is meant by the term least common multiple

in Algebra, as it sliow? the sense of tiie word least hero.

When the least common ?nuliiple of two or more express-

tiions is diinded by those expressions tJte qimtients have no
common measure.

Take the first example of Art. 118, and diAide the l.c..m

Dy the expressions ; the quotients are db^d and 4ac, and
these quotients have no common measure.

Again ; take the second example of Art. 118, and divide

tlie L.c.M. by the expressions; the quotients are 6ah-y*,

4b'-c-.i-^i/z^, and '.iaiPar'z^, and these quotients have no com-
mon measure.

120. The notion which is supplied by the preceding
Article, with the aid of the Chapter on Fiictors, will enal)le

the student to determine in many cases the l.c..m. of com-
pound expressions. For example, rctiuired the l.c.m. of

Aa*{a + bf and Q>ab{d--¥). The L.e..M. of 4a* and (:a!> is

\2d-b. Also {a-hbf and a--b- have the common factor

a + b, so that (a + b){a + b'^ (a -b) is a multiple of (a -^ ft)*

and of a- - b'^ ; and on dividing this by (« + b)* and a' - (>* we
obtain the quotients a — b and a + b, wliich have no common
measure. Thus we obtain \-2a-h(a ->-b)*{a—b) as the re-

quired L.C.M.

121. The following may bo given as the definition of the

L.C.M. of two(li>- more compound expressions. Let two
or more compound expressions contain powers of somo
common letter; then the expression of lowest dimension.^

in that letter which is measured by each of these expres-

sions is called their least common multiple.

122. Wo shall now shew how to find the L.C.M. of two
compound expressions. The demonstration however will

not be fully understood at the present stage of the student's

knowledge.

Let A and B denote the two expressions, and T) their

greatest common measure. Suppose A - aD, and B = bD.
Then from the nature of the iirciitest conjnion mc:isuro. <>
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and b have no common factor, and therefore their least

common multiple is db. Hence the expression of lowest

dimensions which is measured by aD and bD is abD. And

abD = Ab =Ba^~ .

Hence we have the following Rule for finding the L.C.M.

of two compound expressions. Divide Oie pr<Hiuct of llis

expressions by their g.cm. Or we may give the rule thus:

Divide one of the expressions by their g.c.m^ aud tnui-

tiply the quotient by the other expression.

123. For example; required the L.C.M. of a^—Ax-\-%
and Aa^ — 9x^ — 15.r + 1 S.

The G.c.M. is x—'i; see Art. 105. Divide ;c^— 4a; + 3

by « — 3; the quotient is x — l. Therefore the l.c.m. is

(.c-l)(4i?'-9jc*-15;B+I8); and this gives, by multiplying

out, Ax*-\:^x:^- Gx^ + 33;*?- 18.

It is however often convenient to have the l.cm.

expressed in factors, rather than multiplied out. We
know that the g.cm., whicn is «— 3, will measure the ex-

pression 4ar^-9A-^— 15«+18; by division we obtain the

quotient. Hence the l.c.m. is

{x-t){x-\)[4:l^-\rZx-%).

For another example, suppose we require tbo l.c.m. <#f

2x' -lx + 5 and 3^;^ -7^ + 4.

The G.CM. is ;c- 1 : see Art. 111.

Also {2x^-7x+ 5)^{.ic-l) = 2x-&,
and (3^2_7a.+ 4)j-',_i)^3a;-4.

Hence the L.CM. is

(«-1)(2jc-5)(;U-4).

Again; required the L.C.M. of 2x*-7x^—4a:^ +x- 4,

aud 3^-llA-*-2.<,-='-4;i;-lG.

Theo.c.M. is ^'-So:— 4: see Art. lU.

Also

(2«*-7jc3-4.«* + x-4)-=-(x=-3x-4) ^2x'-x+l,
and

(;kr*-ll«»-2ar»-4x-16)^(jc'-3x-4) = ^c"-2d! + 4.

T. A. S
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Hence the l.c.m. is

(a;3 _ 3j;_ 4) (2.^2 - a?+ 1 ) (3ar3- 2« + 4).

124. It is obyious that, every multiple of a common
multiple of two or more expressions is a common mtdtipU
of those expressiont.

125. Every common multiple of tico expressions is a
nmlliple of their least common multiple.

Let A and B denote the two expressions, M their

L.C.M.; and let iV denote any other common multipla Sup-
pose, if possible, that when N is divided by M there is a
remainder R;\et q denote the quotient. Thus B—N—qM.
IS'ow A and B measure M and N, and therefore they mea-
sure R (Art. 106). But by the nature of division R is of
lower dimensions than M ; ajid thus there is a common
multiple of A and B wliich is of lower dimensions than
their 'l.g.u. This is absurd. Therefore there can be no
remainder R ; that is, iV is a multiple of M.

126. Suppose now that we require the l.cji. of three
compound expressions, A, B, C. Find the l.c.m. of any
two of them, say of A and B ; let M denote this L.C.M.

;

then the l.c.m. of M and G ^vill be the required uc.m. of

A, B, and C.

For every common multiple of 3f and C is a common
multiple of A, B, and C, by Art. 124. And every common
multiple of A and B is a multiple of M, by Art. 125 ; honce
every common multiple ofM aiod (7 is a ct>mmon niultijile

of A, B, and C. Tlierefore the ii.c.M. of M and C \i^ the
L.C.M. of A, B, and C.

127. In a similar manner wo may find the L.C.M. of four

expressions.

]'28. The theories of the greatest common measure and
of the least common nmltiplo ai"e not necessary for the
subsequent Chapters of tlie present w<irk. and any ditfi-

culties which the student may find in tliem may l>o post-

poned until he ha^ read the Theory of Equations. The
o.\.. iiplcs however attached to the preceding Chapter and
to the nreseni Chapter should be carefully worked, on :i>^-

count of the exercise which they afford in all the funda-
mental processes of Algebra.
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Examples. XI II.

Find the least common multiple in the following ex-

amples :

1. ^a% 6ab\ 2. 12a^b% I8ah^<^.

3. 8aVy, 12JV2/'. 4. {a-bf, a'-h\

5. 4a (a + 6), Qhia^ + W). * 6. a^-¥, a^-b^.

7. a^-Sx—i, ar'-Jc-U.

8. a?' + 5ar*+7^ + 2, x'^ + Gx + S.

9. 12d?2 + 5j.-3, 6^'' + a"--«.

10. ^^-Gjr' + l 1.^-6, ai^-Qx^ + 26s-2i.

11. .a;3-7ir-6, «'' + S^^+ ITj^' + IO.

• 12. x* + x^+2x'' + x+l, x*-l.

13. x*-2x^-3x^ + 8x—4, x^- 5x' + 20x-l$.

14. «*4-aV + a'*, JT*— od?'— a^a^ + a*.

15. 4aW'C, GaPc\ 18a-6cl

16. 8(a»-6'), 12 (« + &)«, 20 (a -6)=.

17. 4(a+&), 6{a^-¥), 8(a»-i-&»).

IS. ISCa'fr-a?/), 21(rt3-a6*), 35(a6» + 6»).

19. «--l, ar'+l, :i;'-l.

20. x'-l, ar'+l, ar«+l, a;^-!.

21. x^'-l, a^+l, ar^-l, «5+l.

22. x' + 3x + 2, x^ + 4x + 3, x' + Sx + e.

23. .•r- + 2ar-3, x^ + 3x^-x-3, x^ + 4x^ + a!-6.

24. ar' + 5« + 10, ;ir^- 19a;-30, «'-15^-50.

5—-2



68 FRACTIONS.

XIV. Fractiotu.

129. In this Chapter and the following' four Chaptera
we shall treat of Fractions; and the student will find that
the rules and demonstrations closely resemble rtiose with
which he is already familiar in Arithmetic.

130. By the expression t we indicate that a unit ia

to be divided into b equal parts, and that a of such parts

are to be taken. Here r is called a fraction; a is called

the numerator, and b is called the denominator. Thus
the denominator indicates into how many equal parts the
unit is to be divided, and the numerator indicates how
many of those parts are to be taken.

Every integer or integral expression may be considered
as a fraction with imity for its denominator; that is, for

a . b4-c
example, « = t » o + c =—— .

131. In Algebra, aa in Arithmetic, it is usual to give

the following Rule for expressing a fraction as a mixed
quantity: Divide the nmnerator by the denominator, as

far as possible, and annex to tfie quotient a fraction
having tlie remainderfur numerator, and the dicitor for
denominator.

-, ,
24a „ 3a

Examples. -=- = 3a + y

.

a* + 3a6 2>ib

a+b a+b

a!»-6a:+14 „ -aj+2
a;'^-^x + 4 x*-Sx+ 4

.r-2
or =j;+ 3--5 „ —-:.«*-3x+4
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The student is recommended to pay parUcidar atten-

tion to the last step ; it is really an example of the use of

brackets, namely, + ( — j? + 2) = - (j? - 2).

132. Rule for multiplying a fraction by an integer.

Either multiply the numerator hy that integer, or divide
the denom,inator by that integer.

Let f denote any fraction, and c any integer; then

mil £ xc= -7- . For in each of the fractions t and t- the
o t> t>

unit is divided into b equal parts, and c times as many
^ , . ac . a , ac . ,. a

parts are taken m ,- as m , ; hence ^^ is c times r-

.

This demonstrates the first form of the Rule.

Again; let r- denote any fraction, and c any integer;

then will i- x c = , . For in each of the fractions ,
-

be b be

a
and . the same nmuber of parts is taken, but each part

in , is c times as large as each part in j~ , because in

T- the imit is divided into c times as many parts as in

a , a . ^. a
, : hence , is e times , .

b b be

This demonstrates the second form of the Rule. ^'

133. Rule for dividing a fraction by an integer. Either
multiply t le denominator by that integer, or divide the

numerator by that integer.

Let 7 denote any fraction, and e any integer ; then

will ,-^c=i-. For , is c times j-, by Art. 132; and
b be b be' ''

therefore r is -th of f .

be e »

This demonstrates the first form of the Rule.
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Again; let -r- denote any fraction, and c any integer

then will ,,-^c=e. For -=- vi c times ?, by Art. 132;

and therefore r is -th oft .he
This demonstrates the second form of the Rule.

134. If the numerator and denominator ofanyfrac-
tion he multiplied by the same integer, the value of the

fraction is not altered.

For if the numerator of a fraction be multiplied by any
integer, the fraction will be Tutdtiplied by that integer;
and the result vrill be divided by that integer if its de-
nominator be multiplied by that integer. But if we ra\iltiply

any number by an integer, and then divide the result by
the same integer, the number is not altered.

The result may also be stated thus : if the nun^erator

and denominator of any fraction be divided by the same
integer, the value of the fraction is not altered.

Both these veibal statements are included in the alge-

braical statement i = r- •

h be

This result is of very great importance ; many of the

operations in Fractions depend on it, as we shall see in the

next two Chapters.

135. The demonstrations given in this Chapter are

satisfactory only when every letter denotes some positive

icltnle number ; but the results are assumed to be true

wliatftver the letters denote. For the grounds of tlu.«

assumption the student may hcrgafter consult the lart,'e'.

Algebra. The result contained in Art. 134 is the mos
important ; the student will theVcfore observe that iwsnce-

forth we assume that it is always true in Algebra oi*

=
J- , whatever a, &, and c may denote.

For example, if we put — 1 for c we have ,
= —,
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So also

In like manner, by assaming that t x c is always equal

to ,- we obtain such results as the following

:

Examples. XIV.

Express th« following fractions as mixed quantities

:

I. -Z-. 2. . 3. —T-— . 4. — i.
7 9 4a 6;!?

x2 + 3* + 2 - 2i^-6x-l

x—2a '
' «*—x+ l"

9. ^^. 10. —— .

Multiply

11. g-^by3&. 12. ^-i-^by3(a-6X

3(«-&) K.,./., .^.7,«N ,. «^
E3 by4(o»-<T& + 6''). 14. ___byar+L

Divide

15. ^h^2x. 16. ?^!ni^by3a-26.
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XV. Reduction of Fractions.

138. Tlie result contained in Art. 134 will now he
applied to two important oper^ons, the reduction of r\

fniction to its lowest terms, anirllic reduction of fractions

to a common denominator

137. Rule for reducintr a fraction to its lowest terms.
Divide the numerator and denominator <•/ the fraction
hy their greatest common measure.

For example; reduce ^^ ...

,

to its lowest terms.

The G.O.M. of the numerator and the denominator is

iaPlr'; dividing both numerator and denon»inator by 4a^b*,

we obtain for the required result —-.. That is, -, , is
:)Ul bbd

equal to ^^ ,,. , , but it is expressed in a moi-c simple

form ; and it is said to be in tlie lowest terms, becanso it

cannot be further simplified by the aid of Art. 134.

Again ; reduce ^J^g^J^g^^^3 to its lowest tenna

The G.c.M. of the numerator and the denominator is

*— 3; dividing both numerator and denominator by j; —

3

we obtain for the required result —3—^
;;

.

4Jr + dx~b

In some examples we may perceive that the numerator
and denominator iiave a common factor, without u&iug tJio

rule for finding the g.c.m. Thus, for example,

{a~b)*-c* _ {a-b + c){a-b-c) _ a-b + e

a'-ip+ c)*
~

{a + b + c){a-b-c)~ a + b + c'
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138. Rule for reducing fractions to a common denomi-
nator. Multiply the numerator of each fraction by
all the denominators except its own, for the numerator
corresponding to that fraction; and multiply all the
denominators togetherfor the common denominator.

For example ; reduce jr , -,, and ^ to a common de-

nominator.

a _ adf e _ £^ e _ ebd

h~hdf' d~ dbf f~fbd'

Thus , j-% , 3^, and ts-^ are fractions of the same
oaf abf fod

value respectively as -r
, j , and rfi ^^^ they have the

common denominator "bdf.

The Rule given in this Article will always reduce frac-

tions to a common denominator, but not always to the
lowest common denominator; it is therefore often con-

venient to employ another Rule which we shall now give.

139. Rule for reducing fractions to their lowest com-
mon denominator. Find the least common multiple of
the denominators, and take this for the common denomi-
nator; then for the new num,erat»r corresponding to any
of the proposed fraHinns, multiply the numerator of that

fraction by the quotient which is obtained by diciding

the least common mtiltiple by the denominator of that

fraction.

For example: reduce —
, — , — to the lowest coni-^ yz' zx xy

mon denominator. The least common multiple of the de-

nominators is xyz; and

a ax
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BXAMPLKS. XV.

Reduce the following fractions to their lowest terms:

1.

21.

lSa-6'y* ' lab ' ' d-—ab

lOa^x ^ 4 (a + 6)2 ^ a^ + fts

6.
5a^x—15ay^' ' 5 (a-- 6-)' * a^—b-'

a^ + Sx+ 2 . a;^4-l 0a;4-21

a;- + 6;» + 6' ' a^~2x — l5'

2:1-2- 19a; + 35* • j^ + (a + c) x + ac'

a^-ia + b)x + ab 3^'j-23^-^36

a^+{c—a)x-ac' ' i^ + S3x-27'

{x+ af-(b + cf a^ + 5x + Q

ix + b)'-{a + cy' a.-^ + a; + 10'

«3-46x-2r z^ + la^+iij^S'

d;' + a;-42 6.t'-11j-^.'>

«3-10:j;' + 21.c + 18* '
:ix-^ - iJ'-

1

'

20a;2+ «-12 „^ j^-2a:r + a'
20 — —

l2;c3_5^ + 5^_6"
"

x^-2ax^+ 2a:-x-

2jTS-5d?--8;r-16 ,^ x^-3a^x->-2a'

2.f'+ll.f^4-Uij;+ 16'
2a,-* + ajr' + a*j;-4a'

"• x* -7x^ + 1' x* + a«aJ»Ta**

ar»-a>»-7a; + 3 3j:* - 14^ ftr + *2

ar'H 2a'' + 2u?-1' 2j!*-9jc»-14^ + 3
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Reduce the following fractious to their lowest common
denominator

:

a X a' ax
*°" ^^' ^^' P*^^" ?^^*

36

37.

38.

1x34
*-l' r*-!)" « + l' (j; + l)2' ^-1*

a a+* ax

»—a* x*+ax + a" o^^a*'

1 1 a^

^ ^^'
ifl-ax+ a^' a^ + ax + a^' x^ + d'x^-t^'

^-{a+b)x + ab' x"- - [a + c) x + ac*

1

«*-(&+c)# + &<;'
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XVI. Addition or Subtraction of Fractions.

140. Rule for the addition or subtraction of frac-
tions. Reduce the fractions to a commnn denominatnr^
then add or subtract the numerators and retain tlie com-
mon denominator.

Examples. Add —:— to —;— .

Here the fractions have already a common denominator,
and therefore do not require reducing;

a + c a-c _a-^c + a^c _'laT '^~r W b'

„ 4a-3b ^ , 3a~4b
From — take .

c c

4a-3fe _ 3a-4b _ 4a-Zb-i3a-4b)

c c ~ c

_4ffl-3&-3a-f 46 _ rt + &~
c c '

The student is recommended to put do\ni the work at

full, as we have done in ttiis example, in order to ensure
accuracy.

Add —.to -^.a+o a—b

Here the common denominator will be the product of

a + b and a— b, that is d-—b:

c _ c{a-b) ^ c c[a + b)

a + b~ a^-b' ' a-b~ ~d^¥''

Therefore ^^ _l_,^<:(fl-b]±£^)
a+b a—b a— b*

ca — cb + ca + cb 2ra

a^-V a*-ft«'
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„ a+b . , a-h
From ; take ;

.

a— o a + b

The common denominator Is a* -ft*.

a + 6 _ (a + b)'
_ a-b _ («-6)*

a-b'a^'-b^' a + b~a'-b^'

Therefore <L^ ^11^ i£±^I±d^
a— b a + b a'—b'

a''+2ab + ¥-{a^-2ab + b-) 4ab

a^-b' "a2-&«'

-, x+l ^ ,
4x'^ — Sx+2

From -s—: take
a^-ix + 3 4x^-i)x--l5j! + l8'

Bj Art. 123 the t.o.M. of the denominators is

(x-1){x-5){4j;" + 3x-§);

x + 1 _ (a; + l)(4a;* + 3.r-6)

ar*-4ar+ 3~(a;-l)(j;-3)(4j,' + 3a;-6)»

4a;g-3a;4-2 ^ (4a;- -3.c + 2)(j--l)

4a;3_9a;a_l&c+ 18~(a?-l)(j;-3)(4jr' + 3.»-6)'

Therefore
a^-4x + 3 4jr*-9j;2-15a; + 18

_ {x + l){4x* + Sx-6)-{4:J^-3x + 2){x~l)~
{x-l){x--S){'Lc'.+ 3x-6)

4j^ + ';x^-Sx-6--{4x^-7x* + 5x-2)
""

(ar-l)(a;-3)(4x2 + 3:c-6)

14a^-8x-4
(a?-l)(a;-3)(4.c''- + 3j;-6)'
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141. We have sometimes to reduce a mixed quantity
to a fraction; this is a simple case of addifion or sub-
traciion effractions.

•c , h a b ac h ac + b
Examples, a-*--— - + - =—1-=

.

c 1 c c <; c

.
2ab a 2ab a(a+ b) 2ab a*+3a6
a+h I tt + h a + & a+h a + h

x-f. « + 3 x-2
cs + Z—s — ^

X--ZX + 4: 1 a:2-3a; + 4

a;2-3^ + 4 ar«-3«+ 4

_ ar^-5.r+12-(;g-2) _ a:^-5a;+12-J-'+2 _a:^-6^-f 14
~ ;i-*-3^ + 4 ~ X'— Zx-^^ ~ **— 3jr+4

142. Expressions may occur involving both additioa

and giibtraotion. Thus, for example, simplify

a ah a'
+

a + 6 a'-6» a«+ 6»"

The L.G.M. of the denominators is (a-— &^(a- + t^
that is a* - h\

a+b~ a*-&* ~ a*-b* '

ab _ ab{a* + b*) _ a'6 + aft'

a' + y-" a^-t-* a*-b*
'

ab a^
Thcrefiore

a* - a^b + a-b- -c^ + a^b + ab^ — {a* -aW)
'' '^^¥

a" - a^b +aW- ah^ + a^b + ab^~a* + aHi^ _ Za'f^
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„, a b c
Mmplify _^^-^—-^

+
(^ _ c) (6 _ a)

+
(c- a) (c - &)

"

The beginner should pay particular attention to this

example. He is very liaole to take the pi'oduct of tlio

denominators for the common denominator, and thus to

render the operations extremely laborious.

The second fraction contains the factor b— a in its de-

nominator, and tliis fsictor differs from the factor a- b^

wln'cli occurs in the denominator of the first fraction, only

in the sign of each term ; and by Ai't. 135,

b
_^

b

(b-c)(b-a) {b-c){a-b)'

Also the denominator of the third fraction can be put
in a form which is more convenient for our object; for by
the Rule of Signs we have

{c— a){c-b) = {a— c){b — c).

Hence the proposed expression may be put in the form

a b c

(a-b){a-c)
~

'{Jb-c){a-V) ^ {a-c){b-c) '

and in this fonn we see at once that the L.C.M. of the dtv
nominators is {a— b) {a — c){b — c).

By reducing the fractions to the lowest common deno-
minator the proposed expression becomes

a (b—c)— b{a—c) + c(a — b)

(a-b){a-c){b-<:) '

., , . ab — ac — ab+bc + ac— bc ,, , .

that IS —
-. T—

^

^-pr r— that is 0.
{a~b){a-c){b-c) '

143. In this Chapter we have shewn how to cambine
two or more fi-actions into a single fraction; on the other
liand we may, if we please, breaTc up a single fraction into
two or more fract-ion.s. For example,

3bc—4ac + 5a6 3bc 4ac [)ab _3 4 5

ulc abc aJbc ahc a h o'
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Examples. XVL

Find the value of

3a-56 la-b-c a4-6-»-c

a—o a-^b

^ -A- + -A
a—0 a+o

4. a—h a+6*,111
5. r + — T

DC ac ao

x + y «^-jr

l + 3;c 1-3JF

r^3« l+3r*

xifl—x) a(a—s)*

a b

2a-2b 2b-2a'

a 3ffl 2ax
10. +

a—x a + x a^— x*'

a-2b _ &-3c 4ab + 3bc

^ 2a 6ac '

a—b 2a a^+a^b

~b"^a^ a-'b-V''

2b-a b-2a 3x{a- b)
*^' x-b * x + b x'^^

3 5 _ 2j:-7
*^

a: 2;r-l 'Lc'-l*

12.



EXAMPLES, XVJ, gj

*5. -—^ — +x-2 x + 2 {x-i-2)*'

a-b a+b a'-&*

17
^"^^ a-« _«»-«=»

18. -1^--^-^-^

.

«+! a?+ 2 a; + 3

19. _? 2^
. ^

x~l a?+l a;-2'

20. l^_^-y
I

a?+ y
y a; + y a:-y'

a;-l ar + l'

%22. x-—A.-^
ar + 1 a;-l

23. ^+-i-_?
«—a a?+ a a;

24 -^ +-^ + ^'^',
^* a—b a + b a*-b*'

25. -^4--^ + _^
«"-l «-l «+!

26.
"

+ ^ ^^^
a-x a + x a'+ ar""

27 3
1 x+lO

2x-4 x + 2 2a;2 + S'

28. ~ - .

^~'^
+ ^

29.

^ + 4 x*-4x+16 x'+64'

1.1 1

T.A-
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^ 31,
^+.V'__ *' J/''

xy ary + y^ afl + xy'

,^2
Jri'-2j;4-3

^ jp-2 1

33.

34.

1 2 1

(a;-3)(x-4)""(A-2)(^-4)'^(jf-2)(jp-8)'

1 2.r-3 1

l-2jr JT+l 1
35. r-r-Ti —T + Z-T-J—^ +

3(jr-dr+l) 2(jr'+l) 6(x + lV

36. —^ ^, + + ^
x'^'— xy-Vy'' ' x + y ' x^ + y'^'

x — y ar + xy + y* sfi — y'

a?^ + cr+l .r'^-jf + l ar^ + jH+l

. 39 « + ^
^ «-^ ^ 2(a'x+F-y)

ax + by ax—by a^x'^ + b*^

40. — r 5 ; + zi T'
x* —x+l x^ — x-^l jr + x+l

1 2 3^

„ 1 1 4n 2a
42. +-3 i-3-7—1-* + a JF—a j^— a" ar + a^

J 1_ _ 2ft 45"

a-«» rt + 6 a« + &«""«« 4. &«•

.4* -L,-^. V ' '
«— 3tt « + 3a * + a jp—a
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45.
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XVII. Multiplication of Fractions.

( 144. Rule for the multiplication of fractions. Multi-
ply togelher the numerators for a new numerator, and
the denominatorsfor a new denominator.

^^145. Tlie following is the usual demonstration of the

Rule. Let -r and -, be two fractious which are to be
d

~

a c
multiplied together

;
put^=^, and ^=2/; therefore

therefore

divide by hd, thus

But i

therefore

a
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Multiply - by -
.

y y

X X _xy. X _!tr
^

V y~y^y~y''

thus
\y)

~y^'

Multiply "ghyf^.

3a 8c _ 3ax8c _ 2cx 12rt _ 2tf

46 ^ 9a ~ 4&x9a ~ 3& x 12a ~ 36

'

Multiply j^^^hj--^.

_3^ 4(a*- 6*) ^ 4a(a-6)x3a (a + 6) _ 4a (a -6)
{a+ b)'^ So* 6(a+6)x3a(a+ 6)

~ 6(a+6)
'

Multiply
J
4-^+1 by^ + ^-l.

? ? i_^ ^ q& a* + &'+ a6

6 a ~a6 a6 a6 a6 '

a 6 a* 6- a6 _ g^ + 6^ — a6

6 a ~a6 ai a6 aS '

a'-K6»4a6 g^i+ 6^ - a6 _ (a^ + b- + ab) (a- + &'

-

ab)

db ab arb^

d'¥ " a?b-

Or we may proceed thus

;

^j
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therefore

{a b \(a b ,\ a^ „ 6^ , a" &' -

\b a J\b a J b- a^ ¥ a'

The two results agree, for r, + —; + 1 = sr^ .

b' a- a-b*

Multiply together ,— , ^ , ',, and6+, .

We might multiply together the first two factors, and

then multiply the product separately by 6 and by , and

add the results ; but it ia more convenient to reduce the

mixed quantity b + - to a single fraction. Thus

. ab _b{l—a) + ab _ b

1 —a ~ 1-a ~ 1-a*
Then

b + b'
^ a^-a^^ l-a 6(l + 6)a(l+a)(l-a) a '

147. As we have already done in former Chapters, wo
must here give some results which the student must os-

tume to be capable of explanation, and which lie inu«t use

AS rules in working examples which may be proposed Seo
Arts. 63 and 135.

Multiply ^by -^.
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Examples. XVIl.

Find the value of the
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XVIII. Division of Fractions.

148. Rule for dividing one fraction by another. Invert
the divisor and proceed as in Multiplication.

.^^49. Tho following is the usual demonstration of the

Rule. Suppose we have to divide r by -3; put r = .ar,

»nd j=y; therefore

a=bx, aiidc= dy;

therefore ad = bdx, zxidbc^-bdj/i

. ad bdx X
tliereforo .- = Try = - •

be bdy y

D * ^ a c
But _^^y=_-.-.

refore £
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151. Complex fractional expressions may be simplified

by the aid of some or all of the rules respecting fractions

which have now been given. The following are examples.

„. ,.- (a-¥h a-6) (a + h a-h}
Simpbfy 1^-^ + --^1 ^ |—-^

- —^1

.

a + h a-b^ {a + by+ja-b)'' ^ 2a^ + 2b'^

a-b^a +b~ {a-b){a + b) ~ a^-V '

+ 5 a-b {a + bf-{a-bY 4a&

a-b a + b {a~b){a + b) a'-b'^'

i(f + 2b'^ . 4ab 2a^ + 2b^ a^-b^_(f + b^

a'— b'' a^ — b'^ d^— b'^ Aab 2ab

In this example the factors a— b and a + b are rmdti'
plied together, and the result c^— b"^ is used instead of
(a + 6) («—&); in general however the student will find it

advisable not to multiply the factors together in the
Course of the operation, because an opportunity may occur
of striking but a common factor from the numerator and
denominator of his result

Simplify

g + l

'6 —

a

a + l _Z-a a+1 _3— a-t-g + l 4
3-a'~3-a 3 -a 3—a "" 3-a'

i__l 3-a_ 3-a
3-a"l "^

4 ~ 4 '

,3-a 4a 3-a 3 + 3a

, 3 + 3a 1 ^ ^

4 1 3 + 3a 3 + 3a*
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Find the value of ( r^ r |
— £ when a?= r.

\2.c — 3/ o — x a + h

2ab a _2ab— a{a + b) ab—a^
2a;-a-

2x-b-

Therefore

a+6 1 a+6 a+6 '

2(0) _b _ 2ab-b{a + b) _ ab-b^
a+b I a+b ~ a+b

2x — a _ ab-a^ ^^~^^ _ (ib-a? a + b

2x-b'~ a + b ' a + b
~ a + b ab-^

_ ab — a* a{b — a) a

^ab-b'~bia-br &'

therefore (^^y=(^-fj=f^.
a ab a(a+ b)—ab a*

Again, a—x= ~
7 = r = ——, ;* ' 1 a + b a + b a + b

h _ ^ _ ^^ _ ^ (^it + &) ~ Q^ _ &*

1 a + b~ a+ b a + b'

„,, - a-x rt' 5' a* a + b a*
Therefore r— = — , + , = —n; '< 15- = fi •

b— x a + b a + b a+b (r 6"

_,, . f2x-a\ a-x a* a*
Therefore [^^^)

" ^^ = ji " ^ - 0.

152. The results given in Art. 147 must be givcb

again here in connexion with Division of Fraction*.

-,. a c ac ^ a c ac
Since^x-^^-^-^, and-^x^=-^;

, ac c a , a^ c a
we have -^^-^=^, and -^-^^-^=-^,

... a c ac .

Also smce -i^ — ^=i:^» we have
b a bd

ac c a

bd^~d~~h'
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EXAMBLES. XVIII.

Divide

3. -2 -, by .

a*— Ax* . d^ — lax
a' + 4ajc ax + 4x^'

8x^
,

4x'

a^-y^ a^ + xy + y'

,, „ a^ + ^a-x + 3ax^ + cc^ , {a-t-x)*
V 7 „— by -s-^^

^^—5.

j:^4-(a-f- c)ar+ ae , x'— a*

(?' + ?;' 4- 2ab - c' , rt + 6 + c

(^-a^-b* + '2ab ^ b + c-a'
\ 9

10.
x' + xy + y- , x'^-y^

x^ + y^ '' x"--xy + y'*'

,2. (l+*V,--)by-,^,.

13. 5x--lbvx + ^. 14. a'-ral^ya-l"
y 5 a t»

l^- —J - ::* by .

rt^ X* a X
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16. 8a + —s- by df -.
a or X

17. -5 - - by -J + - + -

.

.„ jp' , a' , a? , a
iS. -i + l + Za by-^l+-.

,9. ,J'iz£)\j,.(i=^)\
\a + xj ' \a + xj

* 20. -3+-^-3\-i*-—0) + - + - by-

Simplify the following expressions:

3« x—1 , 6— H « — iH

21. -J 2 . 22. £^.
-(:. + l)---2i ^-2^^

23. -i--i£:LL. 24. '^ ,.x+l ^ X 1 y^x-b){x-c)
X- + - — ^ • X

2 2 x + a

25. 1 i-. 26. 1+ ^
1 '^j.-

1 + - \+X-¥-i^
X \-X

27. —^-. 28. ^:^

1 i- 1 +
1 '2r*1+i i+^<-r^

\x-y x + yj \x^+y'^ x^-y'J

Va^ + y ar-y x^-y'J \x + y x-~yy
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1

S]
y
1 y{xyz-\:x-^z)'

y+-
z

' \a+b ^ a-b) ' W+T' a*-&7*

Find the values of the following expressions:

„„ a-a; ab
33. -, when x= r.

b—x a+b

„, x-a x-b . a^
34. —

T

when x= 7.
b a a-b

35. - + T r when X- , ,\ ~.
a b-a a + b b{b+a)

36. - "^ when a = - and b = ~.
x + y 3 3

37. -^-+-^--^,whent,=?.
a; + ?/ .t'-y x'-if 4

-„ a?4-2a ar— 2rt \ab , 06
38. -t;

—- + ^-L- -. , .,
— when x= j-

/a?-aV _ *^""

'

\x—h) x+t
^39. |-~)-::^J^hen^-=^,

at.-2& 2

^/^ ar + w-l , a + 1 . aft + a
40. —-—- when x= ,

, , and y = -y—^,

.

x-y + 1 ab + l' " ab + 1
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XIX. Simple Equationa.

If53. When two algebraical expressions are connected
by the sign of equality the whole is called an equation.

The expressions thus connected are called sides of the

equation or members of the equation. The expression to

the left of the sign of equality is called the first side, and
the expression to the right is called the second side.

154. An identical equation is one in which the two
sides are equal whatever numbers the letters represent;

for example, the following are identical equations,

Ix + a){x — a)—x-~a\

{x + af = a;"

+

2xa + a',

{x + a){x^—xa + a-) = x^ + a^
;

that is, these algebraical statements are true whatever
numbers x and a may represent. The student will see
that up to the present point he has been almost exclusively

occupied with results of this kind, that is, with identical

equations.

An identical equation is called briefly an ideiUity.

1.55. An equation of condition is one which is not true

whatever numbers the letters rcpi-oscnt, but only when
the letters rei)resent some particular number or numbers.
For example, x+\ = l cannot be true unless or = 6. An
equation of condition is called briefly an equation.

156. A letter to which a particular value or values

must bo given in order that the statement contained in an
equation may be true, is called an unknown quantit i/. Such
particular value of the unknown quantity is said to satis/r/

the equation, and is called a root of the equatiuri. To
solce an equation is to find the root or roots.

157. An equation involving one unknown quantity is

said to bo of as many dimensions as the index of the
highest power of tlie unknown quantity. Thus, if x denote
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the unknown quantity, the equatJon is said to be of one
dimension when x occurs only in the first power ; such an
equation is also called a simple equation, or an equation of

the first degree. If a? occurs, and no higher power of x,

the equation is said to be of two dimensions ; such an
equation is also called a quadratic equation, or an equation

of the second degree. If x^ occurs, and no higher power
of X, the equation is said to be of three dimensions ; such

an equation is also called a cidnc equation, or an equation
of the third degree. And so on.

It must be observed that these definitions suppose both
members of the equation to be integral expressions to Jar
as relates to x.

158. In the present Chapter we shall shew how to solve

simple equations. We have first to indicate some opera-

tions which may be perlormed on an equation without

destroying the equality which it expresses.

159. If every term on each side oj an equation b«

multiplied by the same number the results are equal.

The truth of tliis statement follows from the obrioua
principle, that if equals be multiplied by the same number
the results are equal ; and the use of thi^ atatement will bo
seen immediately.

Likewise if every term, on each side of an equation
be divided by the same number the results are equal.

160. The principal use of Art 159 is to clear an equa-
tipn of fractions ; this is eflFected by multipljang every
term by the product of all the denominators of the frac-

tions, or, if we please, by the least common multiple of those
denominators. Suppose, for example, that

X X X ^

Multiply every term by 3 x 4 x 6 ; thus

4x6 xaf + 3 X 6xx+ 3x 4 xa;- 3x4x6x9,
that is, 24dT+18a: + 12ar-648;

divide every term by 6 ; thus



96 SIMPLE EQUATIONS.

Instead of multiplying every term by 3 x 4 x 6, we mat
multiply every terra loy 12, which is the L-CM. of the dena
minators 3, 4, and 6 ; we should then obtain at once

4j; + 3d;:+2dJ=-108;

that is, 9d;=^108;

divide both sides by 9 ; therefore

;r =—= 12.

Thus 12 is the root of the proposed equation. We may
verify this by putting 12 for a- in the original equation
The first side becomes

12 12 12
-r- + -J- + -;r . thct 13 4 + 3 + 2, tliat is 9 ;
3 4

which agrees with the second side.

161. Any term may he transposed from on4 tide q/
an equation to the other side by changing its sign.

Suppose, for example, that x— a = h — y.

Add a to each side ; then

x— a + a^b-y-^-Of

that is ir = b — y+a.

Subtract b from each side ; thus

x— b = b + a—y — b = a — y.

Here we sec that —a has been removed from one side
of the equation, and appears as +fi on the other side ; and
•f 6 has been removed from one side and appears as —6 on
the other side.

162. If the sign qf every term, of an equation b4

changed the equality still holda.

This follows from Art. 161, by Uimsposing ever)' tenu.

Thus suppose, for example, that ie—a= b—j/.
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By transposition y — b~a—x,

tbat is, a — x = y— bi

jund this result is what we shall obtain if w© change tlw

sign of every term in the ongiual eqiiation.

163. We can now give a Rule for the solution of any
aimple equation with one unknown quantity. Clear the

equation oj fractions, if necessary ; transpose all the

terms which ine<>lce the unknown quantity to one side of
the equati'in, and Hie known quantities to the otlier side;

divide both sides by the coefficient, or the sum of the co-

efficients, of the unknawn quantity, tmd the root required
is obtained.

164. We shall now give some examples.

Solve 7.a; + 25 = 35 + 5.y.

Here tltere are no ftuctions ; by transposing w^ have

7.*— 5^= 35 — 25;

that 18, 2x= l0;

divide by 2 ; therefore «= -— = 5.

We may verify this result by putting T, for x in th**

original equation ; then each side is equal t<i 60.

165. Solve 4(3j;-2)-2(4;r-3)-3(4-;c) = 0.

Perform the niuiti plications indicated; thus

12jc-8-(8«-6)-(12-3a;) = 0.

Remove the brackets; thus

12«-8-8:e + 6-12 + 3j?='0;

collect the terms, 7^ - 14 = ;

tmnspose, 7x= 14

;

14
divide by 7, a; =y = 2.

The student will find it a useful exercise to verify the

0(jrrectnes3 of his solutions. Tims in tluj above cxarnpK
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If we put 2 for x in the original equation we sball obtain
IG - 10— 6, that is 0, as it should be.

166. Bolve a;-2-(2aj-3)=^^^.

Remove the brackets; thus

^ c ^ 3;i; + l
at-2~2x->tZ= —

,

that is, 1 —»=

—

—
;

multiply by 2, 2 - 2a?= 3j;+ 1,

transpose, 2 — \ = 2x-^Zx;

that is, 1 = &c, or 5a?=> 1

;

therefore «=-.
o

167. Solve — ^=6| ~
.

28
fi| = — ; the ii.o.M. of the denominators is 10 ; multiply

by 10;

thus 5(5a; + 4)-(7a;+ 6)= 28x2-5(ar-l);
that is, 25a! + 20-7a;-5 = 56-5a; + 5;

transpose^ 25;j;— 7a?+ 5;c= 66 + 5-20 + 6;

that is, 23;c= 46;

46
therefore a?=— = 2.

The beginner is recommended to put down all tlie work
at full, as in this example, in order to ensure accuracy.

Mistakes with respect to the signs are often made in desir-

ing an equation of fractions, in tlie above equation the
^x + 5

fraction —^——- has to be multiplied by 10, and it is ad-

visable to put the result first in the form — (7:J: + 5), and
aftenvards in the form —7*— 6, in order to secure attcu-

tiou to the Ngns.
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168. Solve ^(5a?+ 3)-J(16-5a;) = 37-4«.

By Art. 146 this is the same as

5a; + 3 16— 5a? „_ ,-3 ^=37-4^.

Multiply by 21 ; thus 7(5a;+ 3) -3(16- 5;r) = 21(37 -4ar),

that is, 35.» + 21-48+15ar = 777-84.»;

transpose, 35a;+15:c + 84;r= 777-21+48;

thatia, 134a;= 804;

*u t 804
therefore x= r^— = 6.

134

169. Solye^^-?^ = ^-^7
11 7 6

Multiply by the product of 11, 7, and 5 ; thus

35(6a;+15)-55(8a?-10) = 77(4a?-7),

that is, 210a; + 525- 440ar+ 550 = 30Sa;- 539;

transpose, 2 10a; -440a;- 308a;= -539-525-550;

change the signs, 440a;+ 308a;-210af= 639 + 525+ 650,

that is, 638a;=16I4;

therefore x

=

-—- = 3,

Examples. XIX.

1. 5a;+50= 4a; + 56. 2. 16a;-ll = 7a7 + 70.

3. 24a?-49 = 19a;-14. 4. 3a; + 23 = 78- 2a;.

5. 7(a;-18)= 3(aj-14). 6. 16a: = 38 -3 (4 -a;).

7. 7(a;-3) = 9(a;+l)-38. 8. 5(a;-7) + 63 = 9.r.

9. 59 (a»- 7) = 61 (9 -a;)-2. 10. 72 (a;-5) = 63 (5 -.»).

IL 28^3; + 9)= 27(46—«). 12. a; + f + f=ll.

7—2
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X X \ X 1 ix
" 1-4*6 = 8*12- '* T*^^= ^^*«-

15.
f
+
f=«-'-

-16. se-'^-s.

"• f*^=if*»- '^ t*-f*^

.,. 5S-f =48-f . .^. |-4 = 2.-|.

4 D 2 7

27. 4(.r-3)-7(jr-4)= 6-a;.

,28. ^-^-?+U^_l-f + i.
3 3 44 5 6 66

29. l+1-^ = -T—^
X 2x 3x
2~y

„„ „ 19-2^; 2x-n
30. 2.. _=-__.
„, x + 1 3x—l
31. ^ H-=*-2.

32. ;.-.?£:z?=4-^^^.

„„ 10a;+ 3 6.r-7 ,^
33. 3 g-^^'^-l^'^

5ar — 7 2x + l
34. —— - =^ =3a;- 14.

, x—2 x-Z -
36. JC-1 ^H-—-=a
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^. a; + 3 x-¥A x + 5
»0. — + --+-^ = 16.

38.

4 9 •

3^-4 6;r-5_ 3a;—

1

2 ~8
16 '

-„ 2a;-5 6a?-3 „„ ^
39. -^ ^ + 2| = 0.

.- a?-3 a;-5 a;-l
J/ 40. —-— = + .> 4 6 9

41. 5Z_l_^r3 + ^Z_5^4 42. *_* + *Il?-.'•2 4^6^ *^ 3 4 ^^6^-*

^„ 7:r + 5 $x + 6 8-5*
40. r = .

6 4 12

.. x+ 4 x-4: „ 3a:-l

^_ ar-1 2a?+7 ^+2 „
'*'• -2-^-3 9- = ^-

,^ a?-l .r-2 a;-3 2
^^' —2 a-'^-^s-
._ 2x-5 6a?+ 3 , ,„,
47. —y- +—^ = 5ar-17^

a? 5a? + 8 2.^-9
^^- 4 6~ = ~1~-

^„ 3a? + 5 2ar + 7 ,„ 3aj ^
49. - ^ + lo--=0.

60. ,_ (3a;- 4) + -(5a; + 3) = 43 -5a;.

? + ^_^4.^-76 52 ?_«-2 a; + 3 2



102 EXAMPLES. XIX.

5-2x ,5x_3 3 -5a;

^^' "!"* 3" -2 3~*

X bo. 5x-[Sx-3{16-6x-{'i-5x)}] = ^

l-2a; 4-5;e 13 „

d 4 (>

^„ 5a;- 1 9:r-5 9a;-

7

^^ j;+ 3 a;-2 3a;-5 1

^^•-2---3-=-l2-^4'

^„ 3a;- 1 13-a; Ix 1 1 , _,

„„ 2a;- 1 6a;- 4 7a-+12
63. __4.-y-=-^^.

., 7a;-4 „„ 4-7.» 7

• ^*- -8-+'^^+-4-='^-r2-

^, 2-a; 3-0* 4-a; 5-j* 3

-- 6a;-3 9-.?; 5a; 19 ,,
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XX. Simple Equationg, continued.

170. We sliall now g\\Q some examples of tlie solution
of simple equations, which are a little more difhciilt than
those in the pi-eceding Chapter. The student will see that
it is sometimes advantageous to clear of fractions par-
tially, and then to effect some reductions, before we re

move tjie remaining fractions.

,_, „ , a? + 6 2X--18 2^ + 3 ^, 3.r + 4
ni. Solve -^^

__ + __.5j+-^.

Here we may conveniently multiply by 12; thus,

*-^j^-4(2*-18) + 3(2.r + 3)=yxl2 + 3a?+ 4,

that is, ^^^^^^-8a; + 72 + 6JT + 9-G4 4-3.c + 4,

By transposition and reduction we obtain

Multiply by 1 1

;

thus 12 (« + 6) = 1 1 ,5x-- 13),

that is, 1 2j;+ 72 = 55j;- 143

;

by transposition, 72 + 1 43 = 55a;— 12a?,

that is, 43.r = 215;

therefore x— —— = 5.
4.3

-« o, 6^--13A „ 16.t--15 ^. 20|-8a?
172. Solve 1-532^ + 2^+ ~^^ -^^ V" '

Here we may conveniently multiply by 24 ; thus

241

"15
~i.+ 48a:+16.c- 15 = 24 kJ^-s(~-8;?;V,
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that is,

ili£z|?P 4-

4

8a- + 1 6ar- 1 5 = 1 54 - ) p-) -t- 64*
15—2^

By transposition and reduction

144^-320_
J;>-2a;

""*'

multiply by 15-2.i'; tl)U3

144a;-320= 4(15-2r) = 60-Sx;

therefore 1 44.c + S.r = 320 + 60,

that is, 152.i; = 380;

therefore '"'^2^ ^^^*2 " ^^•

173. Solve^ =:^.

Muhiply W {x-^){x + ^)^, thtis

(or + 9) (.r - 5) = (a;- 7) (a: + 3),

that ia, a:- + 4^-45 = a;*-4j;-21

;

aubti'act a?' from each side of the equation, thua

4x-45= -4jr-21;

transpose, 4.r ^- 4j: = 45 — 2 1

,

is, 8jr=^24;

It will be seen that in tliis example x' is found on hoth

sides of the equation, after we liave cleared of fractions
;

accordingly it can be removed by subtraction, and so the

e<juatLou I'cnuuns a sitnplc eqiialioii.
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Here it is convenient to multiply by 4« ->- 4, that is by
4(^ + 1);

thus 4(2;r + 3) = 4.. + 5 +^^^i-il^^^

12(:» + 1)2
therefore &a; + 12— 4a;-5:

3x + l

,. ..
_, , 12(a;+ l)a

tnat 18, 4a? + 7 = —^r r^ .^ 3« + l

Multiply by 3a?+l ; thus (3;c + l)(4.i; + 7)=12(a?+l)2;

that is, 12.r2^25a; + 7 = 12a-2 + 24a;+12.

Subtract 12ar^ from each side, and transpose ; thus

25a; -24a; = 12-7,

that is, a;= 5.

i^K Q 1 ^-1 ^~2 a;-4 x-o
175. Solve ^ ~ =

.x-2 x— Z x—5 x—6

We have
x-l x-2 ^ {x-l){x-S)-{x-2'^
x-2 x-S~ {x-2){x-i)

x^-4x + S-{:^-4x + 4)_ 1

And

{x-2){x-3) {x-2){x-S)

x-4 x-5 _ ix-4)(x-6)-ix-5f
x-5 x-6~ {x—5)(x-6)

^ a;«-10a;+ 24-(a;^-10a; + 25) ^ 1

{x-5j{x-6) ~ {x-5)ix-6y

Thus the proposed equation becomes

1 1

(a;-2)(«-3)^ {x-5)(x-6y
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1 1
Change the sigus ; thus , „s , „» ^, r

.

Clear of fractions ; thus (a?— 6) (j?- 6) = (ar- 2) (;f— 3)

;

that is, a:*-lla?+30=a^-6a: + 6;

therefore — 1 l;r+ 6a?= 6 - 30
;

that is, — 6.t;= — 24;

therefore 6a;=24;

therefore a; = 4.

176. Solve 'Sar+ = — —

.

To ensure accuracy it is advisable to express al' <'>«

decimals as common fi-actions ; thus

5x 10 /455 _ ^\ _10 12_10/3^_6\
10''"6\100 100/2*^10 '9 VIO 10/"

o. ^^t « 5 f^x 3\ ^ fx 2\
Sunphfying,

2 "^
3 (20

"
i) =^-U "

sj
'

.... a; 3a; 5 ^ aj 2
that.^ - + ---=6-- + -.

Multiply by 12, 6a;+ 9a?-15= 72-4a; + 8 ;

transpose, 19a?=72 + 8+ 15= 95

;

95
therefore a; =— = 5.

177. Equations may be proposed in which letters are
used to represent kno\v-n quantities ; we sliall continue 10
represent the unkno\^ii quantity by ar, and any other letter

will be supposed to represent a known quantity. We will

solve thrive such equations.



SIMPLE EQUATIONS* 107

17a Solve - + -=&
a b

Multiply by ab ; thus hx+ax= dbc ;

that is, (a+ 6)a?=a&c;

divide by a + &: thus «=—7,

179. Solve (a + a;)(& + ^)=a(6 + c) +^ + .'»3

Here a6-»-a« + 6a; + «^= a6 + «<;+ -7—hA*';

therefore ax-¥hx = aG ¥ —r-
;

6

h

that IS, (a + 6)a! = atf 1 1 + i j
= —^-r— %

divide by a + & ; thus ^= 77 •

180. Solve ^j = ^(^^:ijp.

Clear of fractions ; thus

(ar-a)(2aT-&)»=(«-&)(2j;-a)8;

that is, {x- a) {^x^- 4a:b + 6«)= (a; - 6) (4a-2- 4axi + o^).

Multiplying out we obtain

4x' - 4^:2 (a

+

b) +x{4ab + b^)- db^

= 4:X^ - 4x' {a + b)+x (4a5 + a^) -

,

therefore xb^ — ab^ = xa^ - a-6
;

therefore x{a'^ — ¥)^a^b-ab^= aJ){a-b)\

^, » ab{a— b) ab
thercforo x =—5—5-5-^ = - 7.
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181. Although the following equation does not strictly

belong to the present Chapter we gi\e it as there will be

no difficulty in following the steps of the solution, and it

will serve as a model for similar examples. The equation
resembles those already solved, in the circumstance that

we obtain only a single value of the unknown quantity.

Solve ^/:B + ^/(^-16)= 8.

By transposition, ^/(.r— 16) = 8-^/ar;

square both sides ; thus x—lQ — {S—sJxf= QA-\QJx + X',

therefore -16 = 64-16^/.?:;

transpose, 16 ^/a?= 64 + 16= 60

;

therefore Jx

—

5

;

therefore a? =25,

r Examples. XX.

, 12 1 29 „ 42 35

X 12JJ 24 x-l X-Z

128 216 ^ 45 67
4.

3.r-4 5J.--6* 2;» + 3 4.r-5'

3a; — 1 Ix-b x-% X

\x-Z \x-\^ ^_^ j^_^



109

+ 1A.

3^-8 3x-7

15. x-3-(S-x){x+l) = x{x-3) + 8.

16. 3-x-2{x-l){x + 2) = {x-3){5-2x).

17. "^^-l+^^lx. 18. {x + 7)ix+ l)^ix + 3)K
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29
x— 4: a— 5 _ ic— 7 x — 8

x-d" x-6 ' x-8~ x-9'

X x-d x+l x—S
30. ^+ - = - + ;;.x—2 x— 1 x— 1 x—6

1-2^ -Ix-l 'J-16x+ 4^'

i + x _^ + ^ _ 1+^ _

,

' 3-x 2-x T^~ '

„„ x-^ X- + 6 x^-2 x^-x+l „

34. {x + l){x+ 2){x + S)

= ix-l){x-2)ix-3) + 3{4x-2)[x + l).

35. {x-9){x-'J){x-6){x-l)

= (a;-2)(a;-4)(a;-6) (a:- 10).

36. {8x-d)Hx-l) = {4x-lf{4x-5).

„„ x^-x + l x'^ + x + l „
37. 7—+ TT— = 2*.

x-1 x+1

38. •5a;-2= -25a;+ -2jj-l.

39. -5^?+ -64? --8 = -755; + -25.

•135;c--225 -36 •09.r--18
40. 'IS^r-f-- 6

a-x ,b+x
41. a—T =x.

a

x^—a' __ a—x _ 2« _ a
6a? b ~ b x'

44. x{x-a) + x{x-b) = 2{x-a){x-b).

45. {x-a){x-b){x + 2a + 2b)

= {x + 2a) {x + 2b) {x-a-b).
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46. {x-a){x-'b)*{x-a-bf.

a b _ a—h
x — a x — h x— c'

47

a b _ a+b
x + a X + b~ x+c'

49.

60.

61

_1 1 ^ a-b
x—a x—b~x^—aib'

JL L_:=__2 L_
x—a x—a+c x—h—c x—b'

mx—a— h tnx~a—c
nx—c — d nx— b—d'

52. {a-b){x-c)-{b-c){,x-a)-{<;-a){x-b)=%

x—a x + a _ 2ax

a—b a+b~ d^—b^'

54. {a—x){b—x)=(p + x){q + x).

x-a x—a-1 x—b x-b—1
55. r — = -, r , ' V »x—a—\ x—a— 2 x—b—\ x—o—%-

56. (a?+ a)(2a? + 6 + c)2 = («+ 6)(2a; + a + c)'.

67. {x-\-2a){x-af= {x+ 2b){x-hf.

68. {x-af{x + a-2b)= {x-bf{jx-^+ b\

69. J(4a;) + V(4«-7) = 7.

60. V(.'»+14)+V(«-14)= 14.

61. ;^(« + ll) + ^/(«-9) = 10.

62. ^y(9«+ 4)+^/(9^-^)=3.

63. ^y(a; + 4a6) = 2a-^/«.

64. V(«-«)+N/(a»-&)->;(« -6).
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XXI. Problems.

182. We shall now apply the methods explained in the
preceding two Chapters to tlie 3ol'itior. of some proWems,
and thus exhibit to the student specimens of the use of

Algebra; In these problems certain quantities are given

and another, which has some assigned relations to these,

has to be found ; the quantity which has to be found is

called the unknmcn quantity. The relations are usually

expressed in ordinary language in the enunciation of the

problem, and the method of solving the problem may be

thus described in general terms : denote the unknown
quantity by the letter x, and express in algebraical

lanffuage the relations which hold between tJie unknmcn
quantity and the given quantities; an equation will thus

be obtained/rotn which the value qf the unknown quantity

may befound.

183. The sum of two numbers is 85, and their differ-

ence is 27 : find the numbers.

Let x denote the less number ; then, since the differ-

ence of the numbers is 27, the greater number will be
denoted by a; + 27 ; and since the sum of the muubers is 85
we have
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The whole number of 8hillin;5s is 50 ; therefora

x + x + b + 2x + ") = 50
;

that is, 4a; +10 = 50;

therefore 4;z; = 50- 10 = 40;

thei-efore x = \Q.

Thus ^'s share is 10 shillings, Z?'8 share is 15 shilling's,

and Cs share is 25 shillings.

1S5. A certain sum of money was divided between
A, B, and C ; A and B together received .£17. 15*.; A
and C together received £\5. 15s. ; B and C together
received .£12. 10«. : find the sum received by each.

Let X denote the number of pounds which A received,

then B received ll'i — x pounds, because A and B
together received 17| pounds; and C received 15|-j?
pounds, because A and C together received 15| pounds.
Also B and C together received 12f pounds; therefore

that is, 12i = 33^-2a;;

therefore 2.it= 33^- 1 2i= 2 1

:

21
therefore x= ~ = \C\.

Thus A received £10. 10-?., B received £l. 5s., and G
received £!5. 5s.

186. A grocer has some tea worth 2s. a lb., and soma
worth 3s. Qd. a lb. : how many lbs. must he take of each
sort to produce 100 lbs. of a mixture worth 2s. Qd. a lb. ?

Le*- X denote the number of lbs. of the first sort ; theu
1 00 — .r will denote the number of lbs. of the second soi*t

The valuo of the x lbs. ia Zx shillings ; and the value of tho

1. i. 8
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7
100— A- lbs. IS -(lOO-ar) shillings. And the whole valua

5
is to be - X 100 shillings ; theroforo

~xlOO = 2^+2(100-«)5

multiply by 2, thus 500 = 4.r + 700- *]x \

therefore 1x-\x= 700- 500

;

that is, 3^ = 200;

therefore a;=-r- = 66|.

Thus there must be GG^bs. of the first sort, and
33j lbs. of the second sort.

187. A line is 2 feet 4 inches long; it is required to

divide it into two parts, such that one part may be three-

fourths of the other part

Let X denote the number of inches in the larger part

;

^x
then — wll denote the number of inches in the other part.

The number of inches in tiie whole line is 28 ; therefore

a;4- — = 28;

therefore 4a- + 3.^•= 1 12

;

that is, 7^ = 112;

therefore a;= 16.

Thus one part is 16 inches long, and the other part 13

inches long.

188. A person had £1000, part of which he lent »t

4 per cent., and the rest at 5 per cent. ; the wnole annual

interest received was £\\ : how much was lent at 4 \ier

otuL 1
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Let .1' denote the number of pounds lent at 1 per cent.

;

then 1000— .c \\-ill denote the number of pounds lent at

5 per cent. The annual interest obtained from the former

is Y^ , and from the latter -^y^^^^ ;

4:X 5(1000-;r)
therefore ^^ = i^o+ 100

'

therefore 4400 = 4.^4-5 (1000-;c)

;

that is, 4400 = 4a; + 5000 - ox
;

therefore a;= 5000 -4400 = 600.

Thus X600 was lent at 4 per cent.

189. The student ^^^ll find that the only diflBculty la

solving a problem consists in translating statements ex-
pressed in ordinary language hito Algebraical language

;

and he should not be cUscouraged, if he is sometimes a
little perplexed, since nothing but practice can give hua
readiness and certainty in this process. One remark may
be made, which is very important for beginners ; what is

called the unknown quantity ia really an unknown number,
and this should be distinctly noticed in fonuing the equa-
tion. Thu.9, for example, in the second problem which we
have solved, we begin by saying, let x denote the number
of shillings in .^'s share; beginners often say, let x — A's
money, which is not definite, because A's, money may be
expressed in various ways, in pounds, or in shillings, or as

a fraction of the whole sum. Again, in the fifth probleni

which we have solved, we begin by saying, let x denote
the nimiber of inches in the longer part ; beginnere often
say, let x= the longer part, or, let ;r= a part, and to these
phrases the same objection applies as to that already
noticed.

, 190. Beginners often find a difliculty in translating a
problem from ordinary language into Algebraical language,
because they do not understand what is meant by the
ordinary language. If no consistent meaning can be as-

signed to the words, it is of course impossible to translate

them; but it often happens that the words are not ab-
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golutely unintelligible, but appear to be susceptible of more
tlian one meaning. The student should then select one
meaning, express that meaning in Algebraical sj-nibols, and
deduce from it the result to which it will lead. If the

result be inadmissible, or absurd, the student should try

another meaning of the words. But if the result is satis-

fiictory he may infer that he has prol>ably understood tho
words correctly ; though it may still be interesting to try

the other possible meanings, in order to see if the enun-
ciation reaUy is susceptible of more than one meaning.

191. A student in solving the problems which aro
given for exercise, may find some which he can readily solve

by Arithmetic, or )ty a process of guess and trial ; and ho
may be thus inclined to undervalue the power of Algebra,
and look on its aid as unnecessary. But we may remark
that by Algebra the student is enabled to solve '/// these

problems, without any uncertixinty ; and moreover, he \s\\\

find as he procced.s, that hy Algebra he can solve pro-

blems which would be extremely difficult or altogether

impracticable, if he relied on Arithmetic alona

Examples. XXI.

1. Find the number which exceeds its fifth part by 24.

A father is 30 years old, and his son is 2 years old

:

in how many years will the father be eight times as old i s

the son ?

3. Tho difference of two numbers is 7, and their sua
is 33 : find the numbers.

4. The sum of .£l.'55 was raised by ^, B. and C toge-
ther; B contributed £\ii more than A, and C £'20 more
than B: how nuuli ilitl ea(;h contribute ?

5. The difference of two numbers is 14, and their sum
is 48 : find the numbers.

6. A is twice as old as B, and seven years ago their

united ages amounted to as miuiy years as now represent
the age of A ; find the ages of A r,nd /i
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7. If 56 be added to a certain number, the result ia

treble that number : find the number.

8. A child is bom in November, and on the tenth day
of December he is as many days old as the month was on
the day of his birth : when was he boni ?

9. Find that number the double of which increased by
24 exceeds 80 as mucli as the number itself is below 100.

10. There is a certain fish, the head of which is 9

inches loig; the tail is as long as the head and half the
back ; and tlie back is as long as the head and tail toge>
ther : what is the length of the back and of the tail ?

11. Divide tiie number 84 into two parts such that

three times one part may be equal to four times the other.

12. The sum of £7(5 was raised by A, B, and C toge-

ther; i? contributed as much as A and £10 more, and C
as much as A and B together : how much did each con-
tribute ?

13. Divide the number 60 into two parts such that a
seventh of one part may be equal to an eighth of the other
part.

14. After .34 gallons had been drawn out of one of
two equal casks, and SO gallons out of the other, there
remained just three times as much in one cask as in the
other : what did each cask contain when lull ?

15. Divide the number 75 into two parts such that

8 times the greater may exceed 7 times ihe less by 15.

16. A person distributes 20 shillings among 20 per-
sons, giving sixpence each to some, and sixteen pence each
to the rest: bow many persons received sixpence each ?

17. Divide the number 20 into two parts such that
the sum of three times one part, and five tinies the other
part, may be 84.

18. The price of a work which comes out in parts is

£'2. 16s. M. ; but if the price of each part were 13 pence
more than it is, the price of the work would be £3. Is. 6d,:

liow many parts were there ?

19. Divide 45 into two parts such that the first divided
by 2 shall be equal to the second multiplied l^y Z.
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50. A fiitlier is three times as old as his son ; four

years ago the father was four times as old as hia son thoa
was : what is the age of each ?

21. Divide 188 into two parts such that the fourth of

one part may exceed the eighth of the other by 14.

22. A person meeting a company of beggars gave four

pence to each, and h.ad sixteen pence left ; he found that

he should have required a sliilling more to enable him to

give the beggars sixpence eacli : how many beggars were
there 1

23. Divide 100 into two p.irts such that if a third of

one part be subtracted from a fourth of the other the re-

maiuder may be 11.

24. Two persons. A and B, engage at play; A has
£1-2 and B has £b-l when they begin, and after a certain

number of games have been won and lost between them,
A has three times as mucli money as B : how much did A
win?

2.5. Divide 60 into two parts such that the difference

between the greater and 64 may be equal to twice the
diflfcrence between the less and 33.

26. The sum of £-216 was raised by A, B. and Ctogc-
tl>er: B contributed twice as niKcli as ^4 and j£12mure,
aiK.l G three times as mucli as I> and i;i2 more: how much
did each contribute ?

27. Find a number such that the sum of its fifth and
its seventh shall exceed the sum of its eighth and it'*

twelfth by 11:5.

25. An army in a defeat loses one-sixth of its number
in killed and woimded, and 4000 prisoners ; it is reinforced

by 3000 men, but retreats, losing one-fourth <;f its number
in doing so ; there remain ISOOO men : what was the ori-

ginal force ] t

29. Find a number such that the sum of its fiftli and
its seventh sliall exceed the difference of its fourth and its

seventli by 9;).

Zo. One-half of a certain number of persons received

cighteen-pcnce each, one-third received two shillings c:vch.

and the rest received half a crown each ; the whole sum
dii.tributed was >.'2. -Is. : Imw m:iny peiYons were tlu re .
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31. A person had ;£900 ;
part of it he lent at the rate

ef 4 per cent., and part at the rate of 5 per cent., and he
received equal sums as interest from the two parts : how
much did he lend at 4 per cent. ?

32. A father has six sons, each of whom is four years
older than his nest yoimger brother: and the eldest is

three times as old as the youngest: find their respective
ages.

3.3. Divide the number 92 into four such parts thnt
tlie first may exceed the second by 10, the third by 18, and
the fourth by 2 ^

34. A gentleman left £.550 to be divided among four
servants A, B, C, D ; of whom B was to have twice a.s

much as ^, C as much as A and B together, and £> as

much as C and B together : how much had each if

3 ). Find two consecutive numbers such that the half

and the fifth of the first taken togetlrer shull be equal to
the third ar^d the fourth of the second taken together.

36. A sum of money is to be distributed among three
persons A, B, and C; the shares of A and B together
amount to ^£60 ; those of ^ and (7 to £80; and those of B
and C to £92 : find the share of each person.

37. Two persons A and B are travelling together ; A
has £100, ana B has £4S; they are met by robbers who
take t-Rice as much from A as from B, and leave to A
three times as much as to B : how much was taken from
iach i

38. The sum of £500 was divided among four persons,

so that the first and secoiul together received £280, the
first and third together £260, and the first and fourth

together £220 : find the share of each.

39. After A has received £10 from B he has as much
money as B and £6 more ; and between them they have
£40: what money had each at first ?

40. A Avine merchant has two sorts of wines, one sort

worth 2 shillings a quart, and the other worth Zs. id. a

quart; from these he wants to make a mixture of 100
quarts worth 2s. Ad. a qu.art: how many quarts must he
take from each sort 1
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41. In a mixture of \vine and water the wine coniposc<l

25 gallons more than half of the mixture, and the waie!
5 gjxllons less than a third of the mixture : how many gal-

lons were there of each ?

42. In a lottery consisting of 10000 tickets, half tlie

number of prizes added to one-third the number of blanks
was 3500 : how many prizes were there m tlve lottery ?

43. In a certain weight of gunpowder the saltpetre

composed 6 lbs. more than a half of the weight, the sulphur
5 lbs. less than a third, and the charcoal 3 lbs. less than a

Iburth : how many lbs. were there of each of the three
ingredients 1

44. A general, after having lost a battle, found that

he had left fit for action 3600 men more than half of his

unny ; 600 men more than one-eighth of his army were
wounded ; and the remainder, forming one-fifth of tlie

army, were slain, taken prisoners, or missing : what was
the number of the army ?

45. How many sheep must a person buy at £1 each

that after paying one sliilling a score for folding them at

night lie may gain 179. \Gs. by selling them at £% each ?

46. A certain sura of money was shared among five

persons A, B, C, D, and E; B received £10 less than A
;

(' received .£16 more than B ; D received £f> less than C;
and ^received £15 more than D\ and it was found that

E received as much as A and B together : iiow much did

tach receive ?

47. A tradesman starts with a certain sum of money :

at the end of tiie first year he had doubled his original

stock, all but £100 ; also at the end of the second year he

li;ul doubled the stock at the beginning of the second year,

all but £10U; also in like manner at the end of the tliird

year ; and at the end of the third year he was three times

as rich :i8 at first : find his original stock.

48. A person went to a tavern with a certain sum of

money ; there he borrowed ;V3 much as he had al)out him,

and spent a shilling out of the whole : witli the rcmaindei
he went to a sccimd tavern, where he bdrrowcd as much as

he had left, and also spent a shilling ; and he tlien went to

a third tavern, borrowing and spending ;^s before, after

which he had notlr'nsr loft: how mncit liad lie at firct ?
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XXII. Problems, continued.

102. We shall now give some examples in which the
process of translation from ordinary language to algebi'ui-

oal language is rather more difBcult than in tlie examples
3f the preceding Chapter.

1 93. It is required to divide the number SO into lonr

fuch parts, that the fiist increased by 3, the second dimi
nishea by 3, the third multiplied % 3, and the fourth

divided by 3 may all be equal.

Let the number x denote the first part ; then if it be

increased by 3 we obtain .cC + 3, and this is to be equal to

the second part diminished by 3, so that the second part

must be JT + 6 ; again, ;r + 3 is to be equal to the third part

^ + 3
multiplied by 3, so that the third part must be ——— ; and

o

x + 'i h to be equal to the fourth part divided by 3, so that

the fourth part must be Z{x + Z). And the sum of the parts

Is to be equal to 80.

Therefore j- 4-x + 6+ -^^ + 3(j: + 3) = 80,
o

that Is, 2x + 6-t-"^^- + 3a; + 9 = 80,

that is, 5x +^ * = SO - 1 5 = 65 i

multiply by 3 ; thus \5x + x + Z = 195,

that is, lGa; = 192;

iy2
therefore x = -r^ = 12.

16

Thu3 the parts are 12, lb, 5, 4r).
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194. A alone can perform a piece of work in 9 days,

atid B alone can perform it in 12 days : in what time will

they perform it if they work together ?

Let X denote the required number of days. In one day

A can perform - th of the work ; therefore in x days he can

X
porform ths of the work. In one day B can perfonn

.^th of the work; therefore in x days he can perform

- - ths of the work. And since in x days A and B to-

gether jierform the whole work, the sum of the fructiont
of the work must be equal to unity ; that b,

X X
9^12 = ^-

Multiply by 36 ; thus 4jr + 3x = 36,

that is, Tar= 36;

therefore a;=V = 5^.

1 95. A cistern could be filled with water by means of

one pipe alone in 6 hours, and by means of anotlier pipe
alone in 8 hours ; aud it could be emptieil by a Uip in r2

hours if the two pipes were closed : in what time will the

cistern be filled if the pipes and the tap arc all open ]

Let X denote the required number of hours. In one

hour the first pipe fills - th of the cistern ; therefore in x
6

houi-s it fills ths of the cistern. In one hour the second
6

pipe fills - th of the cistern ; therefore in .r hours it fills
o

.r 1
ths of the ci.^tem. in one hour the t;ij> empties ^ th
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of the cistern; therefore in x hours it empties -^ths of

tiie cistern. And since in os hoiu-s the whole cistern is

filled, we have
X £ _ x^_,

6 ^ 8~ 12^

Multiply by 24 ; thus Ax + 2x- 2x = 24,

that is, bx — 24
;

therefore ^~~k~ "^s •

o

196. It is sometimes convenient to denote by x, not
the unknown quantity which is explicitly rcijuired, but
some other quantity from which that can be easily deduced;
this will be ilkLsti-ated in the next two problems.

197. A colonel on attempting to draw up his regiment
in the form of a solid square finds that he has 31 mea
over, and that he would require 2-1: men more in his regi-

ment in order to increase the side of the square by oi.e

man : how many men were there in the regiment I

Let X denote the number of men in the side of the first

square ; then the number of men in the square is .r- and
tlie numljer of men in the regiment is ar' + Sl. If thero
were x + \ men in a side of the square, the number of men
in the square would be (x+ 1)- ; thus the number of men
in the regiment is {x+ 1)^— 24.

Therefore {x + 1)^ - 24 = ^c^ + 31,

that is, ^-- + 2^;+ 1 — 24 = a;^ + 31.

From these two equal expressions wo can reraovo x- which
occurs in both ; thus

2,r+l-24 = 31
;

therefore 2jf = 3 1 — 1 + 24 = 54
;

54
therefore

'^'^"o
~--~

Hence the number of men in the reginieut is (<V;--^;il

tluit is, 729 + 31, that is, 7()0.
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198. A starts fi'om a certain place, and travels at the
rate of 7 miles in 5 hours ; B starts from the same place

8 hours after A, and travels in the same direction at the
rate of 5 miles in 3 hours: how far will A travel before he
Is overtaken by B ?

Let X represent the number of hours wliich A travels

before he is overtaken; therefore B travels a;— 8 hours.

Now since A trarcls 7 miles in 5 hours, he travels - of a
.5

mile in one hour ; and therefore in x hours he travels —
5

miles. Similarly B travels - of a niilo in one hour, and
o

tlicrefore in x-% hours he travels - (^-S) miles. And

when B overt.okes A they have travelled the ."ame num-
ber of miles. Tliei efure

|(.-s)=V^

multiply by 15; thus 23(jr-8) = 21x,

that is, 25.r-200 = 21.r;

therefore 2.1c-21j;=-200,

that is, 4^ = 200;

therefore « = ^::^^- -- 50.
4

It 7
'I'lierefore — = x 50 = 70 ; so that A travelled 70 miles

iK^lnre lie was overtaken.

lii.). Trohlems are sometimes given which supix^se the
pfudent to hive obtained from .\r'^hiiietie a knowlodge of
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the meaning of proportion ; this will be ilhistrateJ in the
next two problems. After them wc shall conclude tlis

Cliapter with three problems of a more difficult cha.ra.cLef

than those hitherto given.

200. It is required to divide the number SC into two
parts such that one may be to the other as 3 to 4.

Let the number x denote the first part ; then the other
part most be S6 -x; and since ar is to be to 56 — or as 3 to 4
we have

X 3

56-a;~4'

Clear of fractions; thus

4.r= 3(56-ar);

that is, 4a; = 168 -3a;;

therefore 7a;=168;

1 fi^

therefore x = -— = 24.

Thus the first part is 24 and the other part is 56 - 24,

that i.s 32,

The preceding method of solution is the most natural
for a beginner ; the following however is much shorter.

Lot the number 3a; denote the first part ; then the
second part must be Ax, because the first part is to the
second as 3 to 4. Then the sum of the two parts is equal
to o6 ; thus
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201. A cask, A, contains 12 gallons of wine and 13
^•;il!ons of water ; aTid another cask, B, contains 9 gallons
f.f mnc and 3 gallons of water: how many gallons must bo
drawn from each cask so as to produce by their mixtui-e

7 gallons of wine and 7 gallons of water ?

Let X denote the number of gallons to be drawn from
A; then since the mixture is to consist of 14 gallons.

\^ — x will denote the number of gallons to be drawn from
B. Now the number of gallons in A is 30, of which 12 are

wine ; that is, the wine is — of the whole. Therefore the

X gallons drawn from A contain —— gaiions of wine.

J*( 14 — aO
Similarly the 14 -.^ gallons drawn from J5 con isi': - ^— -

—

-

gallons of mne. And the mixture is t<j contain 7 gallons

of wine; therefore
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sliort hand is 10 divisions in advance of the long hand; so

that iu the x minutes the long hand must pass over lu

more divisions than the short hand; therefore

^=^ + 10;

therefore J2.f = ;r + 120;

therefore 1 1 .r = 1 20

;

120
therefore a?=— = 1 0^^.

203. A h;ire takes four leaps to a gTeyhound's three,

but two of the greyhound's leaps are equivalent to three of

the hare's; the hare has a start of fifty leaps: how many
leaps must the greyhound take to catch the hare ?

Suppose that Zx denote the number of leaps taken hj
the greyhound ; then Ax will denote the number of leaps

taken by the hare in the same time. Let a denote the num-
ber of inches in one leap of the hare; then 3a denotes the

number of inches in three leaps of the hare, and therefore

also the number of inches in two leaps of the greyhound;

therefore - denotes the number of inches in one leap of

the greyhound. Then 3.r leaps of the greyhound will con-

tain 3a; X — inches. And 50 + Ax leaps of the hare v.'ill

contain (50 + 4a;)a inches; therefore

- = (50 + 4a;)a,

9x
Divide by a; thus —=50 + 4a;;

therefore 9a; = 1 00 + 8a;

;

therefore a; =100.

Thus the greyhound must take 300 leaps.

The student will see that we have introduced an aTjxj-

liary symbol a, to enable us to fonn tlie equation easily;

and that we can remove it by di%ision when the equation itj

formed.
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204. Four gamesters, A, B, C, D, each with a difTeroni
stock of money, sit dow-n to play ; A wiiis half of i>'s first

Btock, B wins a third part of C'8, C wins a fourth part of
/>'s, and I) \nns a fifth part of A'&; and then each of the
gamesters has ^'23. Find the stock of each at first.

Let X denote the number of pounds which D won from
A\ then bx will denote the number in A& first stock.
Thus 4;r, together with what A won from B, make up 23

;

therefore 23 — 4^ denotes the number of pounds which A
won from B. And, since A won Iialf of ^'s stock, 23 — Ax
also denotes what was left with B after his loss to A.

Again, 23-4.r, together with what B won from C,

make up 23 ; therefore 4.x denotes the number of pounds
which B won from G. And, since B won a third of 6"s

first stock, \2x denotes C's first stock; and therefore Sx
denotes what was left with C after his loss to B.

Again, 8x, together with what C won from D, make up
23 ; therefore 23 — 8x denotes the number of pounds which
G won from D. And, since C won a fourth of D's first

stock, 4 (23 — Sx) denotes D's first stock ; and therefore

3 (23 — 8x) denotes what was left with D after his loss to C.

Finally, 3 (23 - 8.c), together with x, wliichD won from
A, make up 23 ; thus

23=3(23-8x) + x;

therefore 23x=46;

therefore x=2.

Thus the stocks at fii-st were 10, 30, 24, 2a

Examples. XXIL
1. A privateer running at the rate of 10 miles an hour

discovers a ship 18 miles off, running at the rate of 8 miles

an hour : how many miles can the ship run before it is

overtaken?

2. Divide the number 50 into two parts such that if

three-fourths of one part be added to five- sixths of the

other part the sura may be 40.
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3. Suppose the distance between London and Edin-
burgh is ."JGO miles, and that one traveller starts from
Edinburgh and travels at the rate of 10 miles an hour,

while another starts at the same time from London and
travels at the rate of 8 miles an hour : it is required to

know where they will meet.

4. Find two numbers whose difference is 4, and the
difference of their squares 112.

5. A sum of 24 shillings is received from 24 people

;

some contribute 9<f. each, and some 13^. each : 1k»«- many
contributors were there of each kind ?

6. Divide the number 48 into two parts such that the

excess of one part over 20 may be three times the excess

of 20 over the other part

^ 7. A person has £98 ;
part of it he lent at the rate erf"

5 per cent, simple interest, and the rest at the rate Of

6 per cent, simple interest ; and the interest of the whole
in 15 years amounted to £81 : how much was lent at 5

per cent.?

8. A person lent a certain sum of money at G per cenl
simple interest ; in 10 years the interest aniounte<l to £\i
iess than the sum lent : what was the sum lent ?

9. A person rents 25 acres of land fm* £1. 12*". ; tlie

land consists of two sorts, the better sort Uc rents at s«.

per aa-e,and the worse at bs. per acre: how many acres iiie

there ofeacli sort?

10. A cistern could be filled in 12 minutes by two

i)ipes which run into it; audit would be filled in 20 minutct^

)y one alone : iu what time could it be filled by the other

alone ?

11. Divide the number 90 into four parts such that

the first increased by 2, the second diminished by 2, the
third multiplied by 2, and the fourth divided by 2 may all

be equal.

12. A person bought 30 lbs. of sugar of tuo ditrcrcnt

sorts, and paid for the whole 19s. ; tlio better sort cost

lOrf. per lb., and the worse Id. per Wi. : how many ll)s.

were there cf cuch sort }
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13. Divide the number 88 into four parts such that
the first increased by 2, the second diminished by 3, the
tliird multiplied by 4, and the fourth divided by 5,* may all

be equal.

14. If 20 men, 40 women, and 50 children receive ^.50

among them for a week's work, and 2 men receive as much
as 3 women or .t children, what docs c.ich woman receive

for a week's work ?

15. Divide 100 into two parts such that the difference

of their squares may be 1000.

16. I'here are two places 154 miles apart, from which
two persons start at the same time with a design to meet

;

one travels at the rate of 3 miles in two hours, and the
other at the rate of 5 miles in four hours : when ^vill they
meet ?

17. Divide 44 into two parts such that the greater in-

creased by 5 may be to the less iucreased by 7, as 4 is

to 3.

18. A can do half as much work s^a B, B can do half

as much as C, and together they can complete a piece of

work in 24 days : in what time could each aluuc complete
the work ?

10. Divide the number 90 into four p.arrs .such that if

the first be increased by 5, the second diuiini.siicd by 4, the
third nuiltiiUicd by 3, and the fourth divided by 2, tlie

results shall all be equal,

21). Three persons can together complete a piece of

work in fiO days ; and it is found tli.it the first does threc-

foiirths of what the second does, and the second four-fifths

of what the third does : in what time could each one alone
complete the work ?

21. Divide the mmiber 36 into two part^ such that one
part may be five-sevenths of the other.

22. A general on attempting to draw up his army in

the form of a solid square finds that he has 60 men over,

and that he would require 41 men more in his army in

i>rder to increase the side of the square by one man : how
many men were there in the army ?



EXAMPLES. XXII. 131

23. Divide the ntiraber 90 into two parts such that one
part may be two-thirds of the other.

24. A person bought a certain number of eggs, half of

them at 2 a penny, and half of them at 3 a penny ; he sold

them aj^ain at the rate of 5 for two pence, and lost a penny
by the bargain : what was the number of eggs ?

25. A and B are at present of the same age; if ^'s
age be increused by 36 years, and iJ's by 52 years, their

ages will be as 3 to 4 : what is the present age of each ?

26. For 1 lb. of tea and 9 lbs. of sugar the charge is

8*. %d. ; for 1 lb. of tea and 15 lbs. of sugar the charge is

12s. 6fl?. ; what is the price of 1 lb. of sugar ?

27. A prize of £2000 was divided between A and B,
80 that then' shares were in the proportion of 7 to 9 : what
was the share of each \

28. A workman was hired for 40 days at 3*. ^d. per
day, for every day he worked ; hut with this condition that
for every day he did not work he was to forfeit 1*. 4rf. ; and
on the whole he had .£3. 3*. \dL to receive ; how many days
out of the 40 did he work 1

29. A at play first won £b from B, and had then as
much money as B ; but B, on winning back his own money
and £b more, hud five times as much money as A : what
money had each at first 1

30. Divide 100 into two parts, such that the square of
their difference may exceed the square of twice the less
part by 2000.

31. A cistern has two supply pipes, which will singly
fill it in 4J hours and 6 hours res^pectively; and it has also
a leak by which it would be emptied in"5 hours: in how
many hours will it be filled when all are working together?

32. A farmer would mix wheat at 4«. a bushel with
rye at 2s. dd. a bushel, so that the whole mixture may con-
sist of 90 bushels, and be worth 3«. 2d. a bushel: how
many bushels must be taken of each ?

9—2



13S p.XAMPLBs. XXn.
33. A bill of £',',. Is. {id. was paid in half-crowus, and

florins, and the wliule nunitier of coins was 28: how many
coins weie there of eacli kind \

34. A grocer with 56 lbs. of fine tea at 5«. a lb. would
mix :i coarser sort at 3s. 6rf. a lb., so as to sell the wlmle
togellier at 4s. Qd. a lb. : what <iuantity of tho latter sort

must he take ]

35. A person hired a labourer to do a certain work
on tiie agreement that for every day he worked he should
receive 'Is., but that for every day he was absent he should

lose 'dd. ; he worked twice as many days as he was absent,

and on the whole received £\. 19«. : find how many days
he worked.

36. A regiment was drawn up in a solid sqtrare ; when
some time after iC was again drawn up in a solid square

it was found that there were 5 men fewer in a side ; in the

interval -295 men had been removed from the field: what
was the original number of men in the regiment ?

37. A sum of money was divided between A and />,

so that the share of A was to that of .fl as 5 to 3 ; also the

share of A exceeded five-ninths of the whole sum by £50

;

what wjis the share of each person I

38. A gentleman left his whole estate among his four

sons. The share of the eldest was i,'8U0 less than half of

the estate; the sluire of the second was i,'l20 more than

one-fourth of the estate; the third had half as much as

the eldest ; and the youngest had two-thirds of what the

second had. How nmch did each son receive?

38. A and B began to play together witii equal sums
of money; A first won £20, but afterward.s lust li;df of all

he then had, and then his money was half as uiucli as that

of B : what money had each at first ?

40. A lady gave a guinea in charity among a innnber
of poor, ci)usisting of men, women, and chiMren ; each ukui

had 12rf., each wuniiin 6</., and each cliild '?,d. Tin. number
of women w;i8 two less than twice the numiicr of men; and
the number of children four less than three times tiie

number of women. How many periiuus were tlicie re-

lieved?
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41. A draper bouglit a piece of cloth at os. 2d. per
yard. ITe sulci one-third of it at 4s. per yard, one-f<mrth of

it at 'is. 8d. i»er yard, and the remainder at 'is. 4f/. per
yard; and his grain on the whole was 145. 2d. How many
yards did the piece contain ?

42. A grazier spent £33. 7s. 6d. in bujing sheep of

different sorts. For the first sort, which formed one-tnird

of the whole, he paid 9s. 6d. eacli. For the second sort,

which formed one-fourth of the whole, he paid lis. each.

For the rest he paid I2s. 6d. each. What number of sheep
did he buy ?

43. A market woman bougrht a certain number of eggs,
at the rate of 5 for twopence; she sold half of them at

2 a penny, and half of them at 3 a penny, and gained 4a?.

by so doing : what was tlie number of eggs ?

44. A pudding consists of 2 parts of fiour, 3 parts of

raisins, and 4 parts of suet ; flour costs Sd. a lb., raisins, 6d^
and suet Sd. Find the cost of the several ingredients of

tlie pudding, when the whole cost is 2s. 4tZ.

45. Two persons, A and B, were employed together

for 50 days, at 5s. per day each. During this time A. by
spending 6d. per day less than B, saved twice as much as

B, bo-sidcs the expenses of two days over. How much did
A spend per day ?

46. Two ])ersons, A and B, have the same income. A
lays by one-fifth of his ; but B by spending £G0 jier ammra
mure than A, at the end of three years finds himself £100
in debt What is the income of each ?

47. A and B shoot by turns at a target. A puts 7

bullets out of 12 into the bull's eye, and B puts in 9 out of

12; between them they put in 32 bullets. How many
shots did each fire ?

4"^. Two cfii^ks, A and B, contain mixtures of wine
and water; in yi the quantity of wine is to the quai:tity of

water as 4 to 3 ; in B the like proportion is that of 2 to 3.

If ^ contain 84 gallons, what must B contarn, so that when
tlie two are put together, the new mixture may be half

wine and half water?
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49. The squire of a parish bequeaths a sum equal to

one-liundredth part of bis estate towards the restoration

of the church ; £200 less than this towards the endow-
ment of the school ; and £200 less than this latter sum
towards the County Hospital. After deducting these legji-

39
cies, — of the estate remain to the heir. What was the

value of the estate ?

50. How many minutes does it want to 4 o'clock, if

three-quarters of an hour ago it was twice as many minutes
past two o'clock ?

51. Two casks, A and B, are filled with two kinds of

sherry, mixed in the cask A in the proportion of 2 to 7,

and in the cask B in the proportion of 2 to 5 : what quan-
tity must be taken from eacli -to form a mixture which
shall consist of 2 gallons of the first kind and 6 of the
second kind ?

52. An oflScer can form the men of his regiment into

a hollow square 12 deep. The number of men in the

regiment is 1296. Find the number of men in the front of

the hollow square.

53. A person buys a piece of land at £30 an acre, and
by selling it in allotments finds the value increased three-

fold, so that he clears £150, and retains 25 acres for him-
self: how many acres were there?

54. The national debt of a country was increased liy

one-fourth in a time of war. Durmg a long peace which
followed £25000000 was paid oflf, and at the end of that

time the rate of interest was reduced from 4^ to 4 per
cent. It was then found that the amount of annual in-

terest was the same as before the war. What was the

amount of the debt before the war \

55. A and B play at a game, agreeing that the loser

shall always pay to the winner one shilling less than half

the money the loser has ; they commence with equal quan-
tities of money, and c'lfter B has lost tlie first game and
won the second, he has two shillmgs more than A : how
much had cacli at the conuMonccmeiit'
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DG. A clock has two bauds tui-ning on the same centre;

the swifter makes a revolution every twelve hours, and the

blower every sixteen hours: in what time will the swifter

^riiu just one complete revolution on the slower?

57. At what time between 3 o'clock and 4 o'clock is

one hand of a watcli exactly in the direction of the other

hand produced ]

58. The hands of a watch are at right angles to each
other at 3 o'clock : when are they next at right angles 1

59. A certain sum of money lent at simple interest

amountctl to ^297. \'2s. in eight months; and in seven more
months it amomited to £30G : what was the sum ?

60. A watch gains as much as a clock loses; and 1799
hours by the clock are equivalent to 1801 hours by the

watch : find how much the watch gains and the clock loses

per hour.

61. It is between 11 and 12 o'cloclv, and it is observed
that the number of minute spaces between the hands is

two-thirds of whnt it was ten minutes previously: find the
time.

62. A and B made a joint stock of £500 by which
they gained £160, of which A had for his share £32 more
than B: what did each contribute to the stock?

63. A distiller has 51 gallons of French brandy, which
cost him 8 shillings a gallon ; he wishes to buy some En-
ghsh brandy at 3 shillings a gallon to mix with the French,
and sell the whole at 9 chillings a gallon. How many gal-
lons of the English must he take, so that he may gain
30 per cent, on what he gave for the brandy of both
kinds ?

64. Au otticer can form his men into a hollow square
4 deep, and also into a hollow square S deep; tlie front in
the latter formation contains 16 men few.i- than in the
f«n2ior formation : find the uumber of nuni.
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XXIII. Simuttcmeottt equations of the,first degree -xitfh

two unknoicii quantities.

205. Suppose vre have un e<jii;itioi> cf>ritaining two tiT>-

Jno\vn quantities x and y, for example 'ix — Zy = ii. Yoi
every value whieb r/e please to assign to one of the
nuknown quantities we can detennine the coiTcsponding
value of t"he other ; r^nd thus we can find as nianv pairs

of values as .ve please which satisfy tlie given cqnatidtk.

Thus, for example, U y — \ we find ."Jx^^lo, uikI therefore

a — 5; if y= 2 we find 3.» = 22, and tberefoi'e a; = 7^; and
so on.

Also, suppose that tlicre is another equation of the
same kind, as for example 2js + 5y = 4A; tljcn we can also

find as many pairs of values as we please which satisfy this

equation.

But suppose v.'o a.sk for values of .r and y which satisfy

both equations; we shall find that there is only one valuo

of ar and one vaiue of y. For multiply the first equatioo
by 5; thus

'i^.r-35y = 40;

and multiply the second equation liy 7 ; th;L<«

14^ + :}.5^ = 30S.

Therefore, by addition,

15;r- 35// + Mr -f 35y =^ 40 + 308

;

that i», 29ar = 34S;

<u 348 ,„
therefore ue— — =12.

Thus \{both equations are to be satisfied a; must equal 12.

hut this value of x in either of the two given equations,

for example in the second ; thus we obtain

24 + 5y = 44 ;

therefore 5y= 20;

tbereforA y-= 4.
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206. Two or more equations which are to be satisfied

by the same values of the unknown quantities are called

iimiUtan eoiis equations. In the present Chapter we treat

of simultaneous equations involving two unknown quanti-

ties, where each unknown quantity occurs only in the first

degree, and the product of the unknown quantities does
not occur.

207. There are three methods which are usually given
for solving these equations. There is one principle com-
mon to all the methods; namely, from two given equations
containing tico unknown quantities a single equation is de-
duced containing only one of the unknown quantities. By
this process we are said to eliminate tlie unknown quan-
tity which does not apjjear in the single equation. The
single equation containing only one unknown quantity can be
solved by the method of Chapter XIX ; and when the value

of one of the unknown quantities has thus been determined,
we can substitute this value in either of the given equations,

and then determine the value of the other unknown quantity.

208. First method. Multiply the equations by such
aumbers as will make the coefficient of one of the icn~

known quantities tlie same in the resulting equations

;

then by addition or .'subtraction we can form an equation
containing only the other unknown quantity.

This method we uned in Art. 205 ; for another example,
suppose

&r + 72^ = 100,

12.r-.5?/ = 88.

If we wish to eliminate y we multiply the first equation
by 5, which is the coefficient of y in the second equation,
and we multiply the second equation by 7, which is the
coefficient of y in the first equation. Thus we obtain

40.V + 35y = 500,

8ix~3f)y = G\6;

therefore, by addition,

40.r + 84a; = 500 4-616i
*

that is, 124j-=1116;

therefore a: = 9,
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Then put this value of x in either of the given equations,

for example in the second ; thus

108-5^= 88;

therefore 20 = 5y;

therefore y= 4.

Suppose, however, that in solving these equations we wish
to bet^in by eliminating x. If we multiply the first equa-
tion by 12, and the second by 8, we obtain

96a; + 84y- 1200,

96j;-40y = 704.

Therefore, hy subtraction,

84y 4- 40?/= 1200 -704;

that is, 124y= 496;

therefore 2/ = 4.

Or we may render the process more simple ; for we may
multiply the first equation by 3, and the second by 2;
thus

24a; + 21t/= 300,

24a;-10y = 176.

Therefore, by subtraction,

21y + 10y = 300-l76;

that is, 31j/ = 124;

therefore 2/ = 4.

209. Second method. Express one of the unknown
quantities in terms of the otherfrom either equation, and
substitute this value in the other equati<yn.

Thus, taking the example given in the preceding Arti-

cle, wo have froui the first equation

8^=l00-7y;

., f
100 -7y

therefore x — :

—

- ,
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Substitute this value of arin the second equation, and we
obtain

12(100-7?/) ^ „„
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_,, . 100-7?/ 88 + 5.V
Therefore -^_- = --^- .

Clear effractions, by multiplying by 24; thus

3(100- 7y) = 2(8S-<-5y);

that is, 300-21y=176+ lOy;

therefore 300-176 = 211/ + IGj/;

tliiitis, 31yr=124;

therefore y = 4.

Then, as before, we can deduce a; =9.

Or thus: from the first equation ?/= — , and

2 9^ eg
from the second equation y = ^^—-

; therefore
5

].00-8j- _ 12^-88

7 ~ 5 *

From this equation we shall obtain a; = 9 ; and then, as

before, we can deduce y = 4.

211. Solve 19.?;-21y=100, 21.i-- 19//= 140.

These oquations may be solved by the methods already
explained ; we shall use them however to shew that these
inetiiods may be sometimes abbreviated.

Here, by addition, we obtain

1 9.r - 2 1 // + 2 1 .; - 1 <)//= 1 00 + 140

;

that is, 4(1.; -40// = 240;

therefore ar-y = 6.

Again, from the original equations, by subtraction, we
-obtain

21x-19j/-19ar + 21y=140-100;

t! Kit is, 2x + 2.v = 40;

tiicitifyre x + u ^ 20.
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Then since x— y = Q and x + y = 20, wc obtain by addi-

tion 2x = 26, and by subtraction 2i/=14;

therefore x — l^, and y-1.

212. The student will find as he proceeds that in all

parts of Algebra, particular examples may be treated by
methods which are shorter than the general rules; butsucli

al)breviations can only be suggested by experience and
piuctice, and the beginner should not waste his time in

seeking for them.

12 8 27 12
213. Solve -+ =8, --- = 3.

X y K y

If we cleared these equations of fractions they would
involve the product xy of the unknown quantities ; and
thus strictly they do not belong to the present Chapter.
But tliey may be solved by the methods already given, as

we si. all now shew. For multiply the first equation by 3

and the cucoud by 2, and add ; thus

36 24 54 24 „^ ^— + — + = 24 + 6:
x y X y

that is,
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214. Solve a^x + ¥y=d^, ax + bt/=e.

Here x and y are supposed to denote unknoien qnantf-

ties, while the other letters are supposed to denote knotcn
quantities.

Multiply the second equation by b, and subtract it from
the first; thus

a?x-^Vh/—abx—h''-y=c'-hc;

that is, a{a— h)x= c{c—h);

therefore x = —, n •

a{a~b)

Substitute this value of x in the second equation; thus

ac{c— h)

a{a— b)
+ by^c;

^, , , c(c— b) c(a—b)—c(c-b) c(a— c)
therefore by = c—^^—5-^ = ^ —i:^^ - -^—r^ ;" a-b a — b a-b

c{a-c) c{c- a)
therefore y = v-7 7 \ = ttt \ •^ b{a—b) b(b— a)

Or the value of y might be found in tlic same way u
that of X was found.

Examples. XXIII.

1. 3a; -4.7/ = 2, 7.v-9y=^7.

7.r-5(/ = 24, 4.c-3// = ll.

:i.r + 2// = 32, 20.1;-3y=l.

ll;c-7y = 37, Sx + 9y = 4l.

7.r + 5?/=:60, 13.i:-lly=10.

Gx -ly- 42, 7.C - 6y = 75.

10a; + 9y = 290, 12j;-lly = 130.

a :ix-'Ay=\S, 3.r + 2y = 0.

9. 4a;-^-ll, 2x-3z/ = 0.
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11. 6x--5?/=l, 7;c-4y=8|.

12. '2^ +L=21, 42/+-—= 39.
o

13. j|+ 5y= 13, 2x-^^= 3i.

7 14

£+2/ y-^_ X x + y
^^-

3 "^ 2 ~^' 2^ 9 -^•

3j: 2.V ,
7;jr 52/_

17. ^+^=15, ^+^/=a.

•'^-
6 3""^*' 8 ^ 4 ~ 8

^^''•

2.i- 3?/_ 3ar 2y_
^^'

3
"^2-^^" 2"~3'^*-'^-

„, a; — 1 V— 2 ^ 2v-.j
21. -^- + ^^ = 2, 2.r +^V— = 21.

5 i> D 4

„, 1-3* 3y-l „ Zx + y

,25. 2(2.r + 3?/) = 3(2a;-3?/) + 10,

T 4j;-3i/ = 4(6?/-2a-) + 3.
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26. 3«+9</ = 2 4, •21«'--06-.v = -03.

27. 3«' + -l2.5«/ = ^,-(i, 3a' --jy- 28 --Soy.

28. •08.r--21y--33, •12.i + 7^ = 3-54.

29. ^-i = l, L8,^0
9c y ^ X n

• '' 3y 10 5«/ •

.,, ;r+l x.~\ 6

y-\ y y'
^

^2. 4^+y = n, y=7^y_!!
^ 5« 3j: 15

1/

it- - o 6 4

34. -+f = 2, hx-ay = Q.

35. x + y=^a + b, bx + ay = 2ab,

37. (« + c)a;— 6y = ?^, x + y-a-i-k

38. -+f=<:, ,---^=0.ah b a

o9. x + y-c, ax— by = c{a—b),

40. a(a;+ y) + 6(«-y) = l, a(a;-y) + 6(x+ y)r=l.

41. iLz_« + yz_^o,
^-^y-^

^-^-y^^o.

42. {a + b)x-{a~b)y = 4ab,

{a-b)x + {a + b)y = 2a^- 2b\

a + 6 a-b 2<K> a- + 6*

44. (a+ A)x + (6-A)y=«, Q> + k}x+ia-k)y^9



SIMULTANEOUS SIMPLE EQUATIONS. 145

XXIV. Simultaneous equations of the fint degree with
more than two unknown quantities.

215. If there be three simple equations containinij

three unknown quantities, we can deduce from two of the

equations an equation which contains only two of the un-

known quantities, by the methods of the preceding Chap-
ter; theu from the third given equation, and either of tlie

former two, we can deduce another equation which con-

tains the same two unkuo^vn quantities. We have thus

two equations containing two unknown quantities, and
tlierefore the values of these unknown quantities may be
found by tlie methods of the preceding Chapter. By sub-

stituting these values in one of the given equations, the

value of the remaining unknown quantity may be found.

216. Solve 7^ + 32^-2^ = 16 (1),

2^ + 5jr-h3^ = 39 (2),

bx- y + bzr=2l (3).

For convenience of reference the equations are num-
bered (1), (2\ (3) ; and this numbering is continued as we
proceed with the solution.

Multiply (1) by 3, and multiply (2) by 2 , thus

21^+ 9y-6z = 4S,

4:r4-10y + 6^ = 78;

therefore, by addition,

25.c-»-19y=126 (4).

Multiply (1) by 5, and multiply (3) by 2 ; thus

35a; + 15y- 10^ = 80,

10a?- 2y+10z = 62;

Uierefore, by addition,

45d;+13y=142 (5).

10
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We have now to find the values of x and y from (4)

und (5).

Multiply (4) by 9, and multiply (5) by 5 ; thus

225i-+ 171^ = 1134,

225^+ 652/= "1^;

therefore, by subtraction,

10f;2/ = 424;

therefore ?/ = 4.

Substitute the value of y iu (4) ; thus

25;r + 76 = 126;

therefore 25x= 1 2S - 7 G = 50

;

therefore * .r-2.

Substitute the values of .i- and y in (1) ; th>i3

14-t- 12-2^=16;

thei-efore 10 = 2^;

therefore « = 5.

an. Solve ^+?-?= I (IX
X y z

'+^ + ^ = 24 (2),X y z

^-^%^ = 14 (3).
X y z

Ntultiply (1) by 2, and add the result to (2); thea

2^^_!+^n«=2-.24;
X y z .r y z

that is, I-»-;=2G C-tX
Si y
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Multiply (1) by 3, and add the result to (3) ; thus

X y z X y z

that is, 1^_? = 17 (5).
X y

Multiply (5) by 4, and add the result to (4) ; fchua

^_?^_^8 = 68 + 26;
X y X y

that is.
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218. Solve

M=' ('^

fn=' «'

X z
+ =4 (3).

a <•

Subtract (1) from (2) ; thus

+ '' = 5 — 3 •

6 c a 6 '

that is. -_? = 2 (4).
c a

By subtracting (4) from (3) we obtain

therefore = 1 ; therefore a; = a.
a

By adding (4) to (3) we obtain

therefore =3: tlierefore z= Zc.
c

By substituting the vahie of j- in (1) we find that .v^-2ft

219. In a similar manner we may proceed if the num-
ber of equations and unknown quantities should exceed
three.
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Examples. XXIV.

1. a? + 3y+ 2«=ll, 2ir + y + 35r=14, 3;j;+ 2y + «=ii

8. 5a;-6y + 44r=15, 7a; + 4jr - 85^ = 1 9, 2.p+ y + 6^ = 46.

3. 4;r-5?/ + ^ = 6, lx-\\y-\-'2z-'d, x + y-\-^z=\2.

4. 7a:-3y= 30, 92/-5^:-34, a; + y + «=33.

6. 3a;-y + 2;=17, 5a;+ 3y-2i:=10, 'Jx + 4p-5z = 3,

6. x+y + z= 5, 3x-5y + lz = l5y 9a;- ll;2r+ 10 = 0.

7. x+ 2y + 3z = 6, 2x+ Ay + 2z = 8, 3x + 2y + 8z^l0l.

6y-4x 5z-x y~2z ^
3«-7 ' 2y-3* ' 3y~2x '

- x-\-2y 3y + 'iz ox + 6z ,_.
9. -^=^—=—§— '

x + y-z = 126.

.« 1 1 1 1 1 OR 4 3 4
10. --- = -, - + - = 36 _ + _=_,

X y 6 y z " X y z

11. y->fZ=a, z + x = b, x + y = c.

12. x + y + z = a + b + c, x + a = y+ b-z + c.

13. y + z^x = a, z + x — y— b, x+i/~z= c.

14. ^ + f + -'=l, ^ + ^ + ^1, f^^+-l.a b c a c b b a c

a b c „ a b c . 2a b c ^

X y z ' X y z X y 9

16. c + x + y -\- z-\A:,

'iv-hx = 2y^z— 2.

'iv—x + 2y + 2z = 19,

V X y z ,

3^4n^2--*-
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XXV. Problems which lead to simultaneous equatioui

qf thefirst degree with more than one unknown quantity,

220. We shall now solve some probloins which lead to

siiiuiltaneoas equations of the first do^ree with more than

one unknown quantity.

2
Find the fraction which becomes equal to - wlicn the

4
luimerator is increased by 2, and equal to - when the de-

nominator is increased by 4.

lict .)• denote tlie numerator, and y the denominator o/

the required fraction ; then, by supposition,

x^2 _-2 X- _ 4

"V"
""3'

y + ~4~T

Clear the equations of fractions ; thus we obtain

3a;-2y=-6 (1),

7j;-4w.- lb (2).

Multiply (1) by 2, and subtract it from (2) ; thus

'!x-4p-(iX + 4y= 16 + 12;

that is, :t= 28

Substitute the value of a- in (1) ; thus

84-2y=-6;
therefore 2?/= 90 ; therefore y = 45.

28
Hence the required fraction is —

.

221. A sum of money was divided equally among a
cirtain number of persons ; if tiiere liad been six more,
e.ich would liave received two shillings less than he did

;

and if there had been three fewer, each woukl have re-

ceived tMo sliillings more than he did : find the number of

persona, and what each received.
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Let X denote the uimiber of persons, and y the number
of shillings which each received. Then xij is the number of

shillings in the sura of money which i.-i divided ; and, by
supposition,

(.(•^-6)(y-2) = A-^^ (1),

(a?-3)(s^ + 2) = .r|/ (2).

From (I) we obtain

xy + 6y — '2x —l2 — ayy\

therefore 6t^-2tr=12 (3).

From (2) we obtain

xy+ 2x — ?,y^(i = xy
;

therefore 2^-3^ = 6 (4).

From (3) and (4), by addition, oy ^ lb ; thereforQ y^ G.

Substitute the value oft/ in (4) ; thus

2.r-18 = 6;

therefore 2;i;=s24 ; therefore £:= 12.

Thus there were 12 persons, and each received (J

sliillings.

222. A certain number of two digits is equal to five

times the sum of its digits ; and if nine be added to the

number the digits arc reversed : find the number.

Let X denote the digit in the tens' place, and y the digit

in the units' place. Then the number is lUx-^y ; and, by
supposition, the number is equal to five times the sum of

its digits ; therefore

\Ox + y = b{x+ij) (1\

If nine be added to the number ita digits are reversed.

Uiat is, we obtain the nuiiibcr \Qy + x; therefore

10.r + ?/-f-f)= 10// +-.C (2).

From (1) wj obtain

5x=Ay (n).

From (2) we obtain 9j; + 9-9y; therefore ;»+ l^V.
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Substitute for y in (3) ; thiis

therefore x= A.

Then from (3) we obtain y = 5.

Hence the required number is 45.

223. A railway train after travelling an hour is detainnl
24 minutes, after which it proceeds at six-fifths of n.-^

former rate, and arrives 15 minutes late. If the detention

had taken place 5 miles further on, the train would have
arrived 2 minutes later than it did. Find the original rate

of the train, and the distance travelled.

Let bx denote the number of miles per hoar at which
the train originally travelled, and let y denote the numl>er
of miles in the whole distance travelled. Then y-ox will

denote the number of miles which remain to be travelled

after the detention. At the original rate of the train this

distance would be travelled in —— hours; at the in-
ox

creased rate it wiH be travelled in ^—-— hours. Since

the train is detained 24 minutes, and yet is only 15 minutes
late at its arrival, it follows that the remainder of the

journey is performed in 9 minutes less than it would have
been if the rate had not been increaseii And 9 minutes

9
is - - of an hour ; therefore

60

y-5x _ 7/-fix 9

6x " 5x 60 ^

If the detention had taken place 5 miles further on.

there would have been y — 5x—5 miles left to be travelled

Thus we shall find that

y-^x-5 ^ y-5.r-5 _ !_

6x i)X 60 "^ ''
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Subtract (2) from (1); thus

Qx" bx 60'

therefore 50 = 60 -2d;;

therefore 2a:= 10 : therefore .r - 5.

Substitute this vahie of ^ in (1), and it will be found by
solving the equation that y = 47\.

224. A, B, and G can together perform a piece of

Work ill 30 days; A and B can together perform it in 3-2

days; aud B and C can together perform it in 120 days:
find the time in which each alone could perform the work.

Let X denote the number of days in whic«h A alone
could perform it, y the number of days in which B alcme
could perform it, z tlie number of days in which C alone
could perfonn it. Then we have

1111
X y z -AO ^ ''

111
X y 32 ^ '''

1 1 _ J^
y^z' I'iO

^*^

Subtract (2) from (1); thus

1 ^ 1 2 . J_
a;" 30 32^480*

Subtract (3) from (1) ; thus

ar~ 30 120 ""40*

Therefore a;= 40, and 5; = 480; and by substitution in

any of the given equations we shall find that ?/= 160.

225. We may observe that a problem may often be
solved in various ways, and with the aid of more or fewer
letters to represent the unknown quantities. Thus, to

tnko a very simple example, suppose we have to find two
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minilicra such that one is two'thirds of the other, and Uielf

Biun is 100.

We may proceed thus. Lut x denote the greater
nuiaber, and y tlie less number; then we hare

y=j, .?• + // = 100.

Or we may proceed thus. Let x denote the greater

Jimnbcr, then 100 — x will denote the less number; there-

fore

2.r
100-^= . .

Or we may proceed thus. Let Zx denote the g:reatcr

number, then 1x will denote the less number; therefore

2,c + 3j;=100.

By ((impleting any of these processes wc shall find that

the required numbers are (iO and 40.

The student ma/ accordingly find that he can solve

some of the examjiles at the end of the present Chapter,
with the aid of only one letter to denote an unknown quan*
tity; and, on tho other ^i;uui, some of the examples at the

end of Chapter xxii. may appear to liim most naturally

solved with the aid of two letters As a general rule it

may be stated that the employment of a larger number of

unknown quantities renders the work longer, but at tlie

same time allows the succea?^ive steps to be more readily
followed; and thus is more suitable for beginners.

The beginner will find it a good exerci.se to solve the
example given in Art. 204 with the aid of four letters to

represent the foui" uuknovvTi quantities which are required.

Examples. XXV.

1. If ^4's money were increo-sed by 36 shillings he would
have three times as much as B; and if i)8 money were
diminished by r> shillings he would have half as much aa
A : find the s>um posses.sed by eacL

2. Find two numbers such that the first with half the
second may make 20, and also that the second with a third
of the fii-st may make 20
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3. If B were to give £2o to A Ihey would have equal

fv.ms of money; if A were to give £-l'2 to B the monev
of B would be double that of A : find the money whicfi

each actually has.

4. Find two numbers such that half the fii-st with a

third of the second may make 32. and that a fourth of the

Grst with a fifth of the second may make 1>.

5. A person btiys 8 lbs. of tea and 3 lbs. of sugar for

£\. Is. ; and at another time he buys 5 lbs. of tea and 4 lbs,

of sugar for los. Id. : find the price of tea and sugar per lb,

6. Seven years ago A was three times as old as B
n-as ; and seven years hence A will be twice as old as B
« Ul be : find their present ages.

7. Find the fraction which becomes equal to ^ when
the numerator is increased by 1, and equal to j when the

denominator is increased by 1.

8. A certain fishing rod consists of two parts; the
length of the upper part is to the length of the lower as

5 to 7 ; and 9 times the upper part together with 1 3 times
the lower part exceed 11 times the whole rod by 36 inches-

find the lengths of the two parts.

9. A person spends half-a-crown in apples and pears,

buying the apples at 4 a penny, and tlic pears at 5 a

licnny; he sehs half his apples and one-third of his pears
for 13 pence, wliich was tlie piice at which he bought them:
find how many apples and hew many pears he bought.

10. A wine merchant has two sorts of wine, a better
and a worse; if he mixes them in the proportion of two
quarts of the better sort with three of the worse, tlie

mixture will be worth l.f. 9d. a quart ; but if he mixes tliem

m the proportion of seven quiirts of the better sort with
eight of the worsr-, the mixture will be worth 1*. lOrZ. a
quart : find the price of a quart of each sort,

11. A farmer suld to one person 30 bushels of wheat,
and 40 bushels of barley for .£13, 10.^. ; to another person
he sold 50 bu.>liels of wheat and 30 bushels of barley
tor .£17 : find the price of wheat and barley per bushel.
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12. A farmer has 28 busbei.-^ of barley at 2.<f. Ad. a

bushel: with these he wishes to mix rye at 3«. a bushel,

and wheat at 4s. a bushel, so that the mixture may coiisi?!

of 100 bushels, and be worth 3s. 4rf. a bushel: find how
many bushels of rye and wheat he must take.

13. A and B lay a wager of 10 shillings; if A loses

lie will have as much as B will then have ; if B loses he
will have half of wiiat A will then have: find the money
of each.

14. If the numerator of a certain fraction be increased
by 1, and the denominator be diminished by 1, the vahie
will be 1 ; if the numerator be increased by the denomi-
nator, and the denominator diminished by the numerator,
the value will be 4 : find the fraction.

15. A number of posts are placed at equal distances

in a straight line. If to twice the number of them we add
the distance between two consecutive posts, expressea in

feet, the sum is 68. If from four times tlie distance be-

tween two consecutive posts, expres.sed in feet, we subtract

half the number of posts, the remainder is 68. Find the
distance between the extreme posts.

16. A gentleman distributing money among some poor
men found that he wanted 10 shillings, in order to be
able to give 5 shillings to each man ; therefore he gives

to each man 4 shillings only, and finds that he has o

shillings left : find the number of poor men and of

shillings.

17. A certain company in a tavern found, when they

came to pay their bill, that if there liad been three nioie

persons to pay the same bill, they would have jxiid one
shilling each less tluan they did ; and if there had been
tvvo fewer persons they would have paid one shilling each
more than they did : find the number of persons and the

number of shillings each paid.

18. There is a certain rectangular floor, such that

if it had been two fcot broader, and three feet longer, it

would have been sixty-four ti<iuare feet larger; but if it

had been three feet broadir, and two fee't longer, it would
have been sixty-eight square feet larger: find the length

and breadth of the floor.

lO. A ccrtiiin number of two digits is equal to four
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times the sum of its digits ; and if 18 be added to the

number the digits are reversed : find the number.

20. Two digits which form a number change places

on the addition of 9; and the sum of the two numbers is

33 : find the digits.

21. When a certain number of two digits is doubled,

and increased by 36, the result is the same as if the number
had been reversed, and doubled, and then diminished by

36 ; also the number itself exceeds four times the sum of

its digits by 3 : find the number

22. Two passengers have together 5 cwt. of luggage,

and are charged for the excess above the weight allowecl

05. 2rf. and 9*. \Qd. respectively ; if the luggage had all

belonged to one of them he would have been charged

19«. 2d. : find how much luggage each passenger is allowed

without charge.

23. A and B ran a race which lasted 5 minutes; B
had a start of 20 yards; but A ran 3 yards while B was
running 2, and won by 30 yards: find the length of the

course and the speed of each.

24. A and B have each a certain number of counters;

A gives to iy as many as B has already, and B returns

back again to A as many as A has left ; A gives to B as

many as B has left, and B returns to A as many as A has
left ; each of them has now sixteen counters : find how
many each had at first.

2."). il and B can together perform a certain work in

30 days; at the end of 18 ilays however B is called off

aaid A finishes it alone in 20 more days : find tlie time
in which each could perform the work alone.

26. A, B, and 6' can drink a Ciisk of beer in 15 days;
A and B together drink four-thirds of what C does ; and
C drinks twice as mucii as A : find the time in which each
alone could drink the cask of beer.

27. A cistern holding 1200 gallons is filled by three
pipes A, B, C together in 24 minutes. The pipe A requires

30 minutes more than C to till the cistern; and 10 gallons

less run througli C per minute than througii A and B
together. Find the time in which each pipe alone would
fill the cistern.
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28. A and B run a mile. At the first heat A gives B
a start of 20 yards, and beats him by 30 seconds. At tlie

second heat A pves B a start of 32 seconds, and beats him
by 9^ yards. Find the rate per hour at which A runs.

29. A and B are two towns situated 24 miles apart,

on the same bank of a river. A man goes from A to B
hi 7 hours, by rowing the first half of the distance, and
walking the second liaif. In returning he walks the first

half at three-fourths of his former rate, but the stream
being with him he rows at double his rate in going ; and
he accomplishes the whole distance in 6 hours. Find his

rates of walking and rowing.

30. A railway train after travelling an hour is detained
15 minutes, after which it proceeds at three-fourths of its

former rate, and arrives 24 minutes late. If the detention
had taken place 5 miles further on, the train would liave

arrived 3 minutes sooner than it did. Find the original

rate of the train and the distance travelled.

31. The time which an express train takes to travel

a journey of 120 miles is to that taken by an ordinary train

as 9 is to 14. The ordinary train loses as much time in

stoppages as it would take to travel 20 miles without stop-

ping. The e.xpress train only lo.ses half as much time in

stoppages as the ordinary train, and it also travels 15 miles

an hour quicker. Find the rate of each train.

32. Two trains, 92 feet long and 84 feet long respec-

tively, are moving with uniform velocities on parallel rails;

when they move in opposite directions they are observed
to pass each other in one second and a half; but when they

move in the same direction the faster train is observed to

pass the other in six seconds: find the rate at which each
train moves.

33. A railroad runs from ^ to C. A goods' train

starts from A at 12 o'clock, and a passenger train at 1

o'clock. After going two-thirds of the distance the goods'

train breaks down, and can only travel at three-fourths of

its former rata At 40 minutes past 2 o'clock a collision

occurs, 10 miles from G. The rate of the passenger train

is double the diminished rate of the goods' train. Find the

distaJice from A to (7, and the rates of the trains.
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S4. A certain sum of money was divided between A^
B, and C, so that ^'s share exceeded four-sevenths of the
shares of B and C by ^'30 ; also 5's share exceeded three-

eighths of the sliares of A and C by £30; and C's sharo

exceeded two-ninths of the shares of A and B by £30.
Find the share of each person.

35. A and B working together can earn 40 shillings

in 6 days; A and C together can earn 54 shillings in 9

days; and B and C together can earn SO shillings in 15

days: find what each man can earn alone per day.

36. A certain number of sovereigns, shillings, and six-

pences amount to i>8. 6'«. Qd. The amount of the shillings

is a guinea less tlian that of tlie sovereigns, and a guinea
and a half more tluin that of the sixpences. Find the
number of each coin.

37. A and B can perform a piece of work together in

48 days ; A and C in 3U days ; and B and C in 26§ days :

find the time in which each could perform the work alone.

38. There is a certain numlx;r of three digits which is

eijual to 48 times the sum of its digits, and if 198 be sub-

tiMcted fi-om the number the digits will be reversed; also

the sum of the extreme digits i.s equal to twice the middle
digit: find the number.

39. A man bought 10 bullocks, 120 sheep, and 46
lambs. The price of 3 sheep is equal to that of 5 lambs.

A bullock, a sheep, and a lamb together cost a number of

shillings greater by 300 than the whole number of animals
bought; and tlic whole sum spent was J468. Qs. Find the
price of a bullock, a sheep, and a lamb respectively.

40. A farmer sold at a market 100 head of stock con-

sisting of horses, oxen, and sheep, so that the whole realised

£'Z. Is. per head ; while a horse, an ox, and a sheep were
sold for £22, £12. 10s., and £1. 10.s\ respectively. Had ho
sold one-fourth the number of oxen, and 25 more sheep
than lie did, the amount received would have been stfll the

same. Find the number of horses, oxeo, and sheep, jrespcc-

tively which were aoid.



160 QUADRATIC EQUATIONS.

XXVI. Quadratic Eqiiationt.

226. A quadratic equation is an equation which con-

tains the square of the unknown quantity, but no higher
power.

227. A pure quadratic equation is one which contains

071 ly the square of the unknown quantity. An ad/ected
quadratic equation is one which contains the first power
of the unknown quantity as well as its .square. Thus, for

example, 2.r^ = 50 is a pure quadratic equation; and
2;c*— 7« + 3 = is an aiJfected quadratic equation.

228. The following is the Rule for solving a pure
quadratic equation. Find the value of the square of the

unknown quantity by the Rule for solving a siinjile equa-
tion; then, by extracting the square root, the values of ths

unkvoicn quantity are found.

^2 JO j^'i ^
For example, solve —-—

- + —— = C.

Clear of fractions by multiplying by 30 ; thus

10(«2- 13) + 3(a.-*- 5) = ISO;

Uierefore 13^^2 = 180 + 130 + 15 = 325;

9 325 „,
therefore ar -— = 25

;

extract the square root, thus a;= ±5.

In this example, we find by the Rule for solving a

simple equation, that ;r- is equiU to 25; therefore x mu.st

be such a number, that if nmltiplied into itself the pro-

duct is 25. That is to say, x must be a square nH)t of

25. In Arithmetic 5 is the square root of 25 ; in Algebra

we may consider either 5 or -5 as a square root of 25,

since, by the Rule of Signs — 5x— 5 = 5;<.5. Hence x
may have either of tlie values 5 or —5, and the equation

will be satisfied. Tliis we denote tlius, j:« ±5.
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229. We proceed to the solution of adfected quadnr
tics.

If we multiply a; + - by itself we obtain

(..«)(..?) = ^.2' - x^ ¥ ax + — ;

ihnA X- + ax -^ — is a perfect square, for it is the square

of « + o • Hence x- + ax is rendered a perfect square

a^
by the addition of — , that is, by the addition of tltje square

of half tJie coefficient of x. This fact is the essential part
of the solution of an adfected quadratic equation, and we
shall now give some examples of it.

x'^-^Gx; here half the coefficient of ;c is 3 ; add 3-, and
we obtain x- + 6x+ 'S\ that is (.c + 3 )-.

5
x^—5x; here half the coefficient of « is — ; add

( - -
j , that is (",) > and we obtain a;2-5« +

( j
, tha*

^x 2 /2\'
A-2 + — ; hei-e half the coefficient of « is ; add ( )

,

o 5 \')J

0y,thatis(..+^y.

3^ 3
x^—--; here half the coefficient of x is — -; ad«l

(3\2 /3\2 3^ /3\2
— -

j , that is (

^ j , and we obtain x''--— + ( o ) . that

Tiie process here exemplified is called complotitig th*

square.

T. A. 4 I

4d?
and we obtain x^-^ —

5
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230. The following is the Rule for solviiij^ an adftited

quadratic equation. By transposition and 7-edu-cUiii

arrange the equation so that the terms which involve tlie

unknown quantity are alone on "ne side, and the coefficient

of x^ 18 + 1 ; add to each side of the equation the square

of half the coefficient qf x, and then extract the square
root of each side.

It will be seen from the examples which we shall now
solve that the above rule leads us to a point from whicli

we can immediately obtain the values of the unknown
quantity.

231. Solve ar^- 10a- + 24 = 0.

By transposition, ar*— lOu; = — 24

;

add (^Y, a;2-10.c + 52= -24 + 25= 1;

extract the square root, a;— 6 = * 1

;

transpose, j;= 5*l =r) + l or 5 — 1;

hence x = Q or 4.

It is easy to verify that either of these values satisfies

the proposed equation ; and it will be useful for the stu-

dent thus to verify his results.

232. Solve 3a:'-4ar-55 = 0.

By transposition, 3^;- — 4ar = 55;

divide by 3, *"~3
""s'

^1 /^-V 2 ^^^W 55 4 lfi9

2 13
extract the square ro»t, *~ 5 == =^ "o !

2 13 ^ 11
transpose, a;= -± — =5or -— .
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233. Solve 2a^ + 3x - 35= 0.

By transposition, la?+ 3;r= 35

;

divide by 2, ^'^^"'2'

-©- -¥K!y=
35 9^ _ 289

.

2 1C~ 16
'

17
extract the square root, x->r — ^^ —

;
4 4

3 17 7
transpose, x=— ±— =ror — 5.

234. Solve a;'-4.r-l = 0.

By transposition, a;^— 4a?= 1

;

add 22, ar'-4« + 22=l+4 = 6;

extract the square root, a;— 2 = ± ,^5

;

transpose, a:=2=fc ^^5.

Here the square root of 5 cannot be found exactly;

but we can find by Arithmetic an approximate vaiue of it

to any assigned degree of accuracy, and thus obtain the

values of x to any assigned degree of accuracy.

235. In the examples hitherto solved we have found

two diflferent roots of a quadratic equation ; in some cases

liowever we shall find really ouly one root. Take, for ex-

ample, the equation ar"— 14a; + 49 = 0; by extr.ictiiig the

square root we have a;— 7 = 0, therefore x = l. It is how-
ever found convenient in such a case to say that the quad-
piiic equation has tuco equal roots.

11—2
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236. Solve ;r- - 6a; + 1 3 = 0.

By transpositJon, x'-Qx= - 1 3 ;

add 32, d,'--6a; + 3-= -13 + 9= -4.

If we try to extract the square root we b.ive

x-'i^ ± \/-4.

But —4 can have uo square root, exact or approximate,
because any number, whetlier positive or neg.itive, if mul-
ti|ilied by itself, gives a positive result In this case the

quadratic equation has no real root ; and this is sometimes
expressed by saying that the roots are imaginary or

impossible.

1 3 1

237. Solve „, ,,+ -:;—7 = 7.
2{x-\) x--\ 4

Here we first clear of fractions by ninltiplying by
4(j:2-l\ which is the least common multiple of the do-

nominators.

Thus 2(ar + l) + 12= a:»-l.

By transposition, x'^ — 1x»\5\

add 12, .r2-2x + l = 15+l = 16;

extract the square root, x— 1= ±4;

therefore a?=l±4 = 5or -3.

„„„ o .
2« 3a;- 50 12X + 70

238. Solve — + rTTT: ; = -
,
„;r~ .

15 3(10+0?) 190

Multiply by 570, which is the least common multiple of

15 aud 190; thus j.

U,<„cfore
190(3x-50) ^^,^_

10 + x '

therefore 190(3j:-50) = (210-40j:)(10 + J?)j
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that is, 570ar- 9500 = 2100 - 190^- 40j!;*;

therefore 40a;- + 760^ == 1 1 600

;

therefore ic^+ 19x^290',

extract the square root, a:+ — = st —

;

19 39
therefor© a?= — — ± — = lOor —29.

239. Solve '¥ - = —-—.
aj + 2 x— 2 x—1

Clear of fractions; thus

(«+ 3)(«-2)(«-l) + (a;-3)(a? + 2)(a;-l)

= (2ar-3')(^ + 2)(a;-2);

that is, .r'-7>T + 6 + ar'-2.c2_5^ + g^2jir'-3x2-8.c+12;

that is, 9a?-2x^-\2x-\-\2 = 2oi^-Zx^-Qx+l2;

therefore a;^ — 4a;= 0;

add 2S a;2-4;r + 22= 4;

extract tlie square root, ar— 2 = =^ 2,

therefore a;= 2±2 = 4or0.

We have given the last three lines in order to com-
plete the solution of the equation in the same manner as

in the former examples; but the results may be obtained
more simply. For the equation .r'^ — 4.c = may be written

('.c— 4).F = 0; and in tliis form it is sufficiently obvious
that we must have either a; — 4 = 0, or a: = 0, that is,

a; = 4 or b.

The student will observe that in this example 2x^ is

found on both sides of the equation, after we have cleared
of fractions ; accordingly it can bo removed by subtraction,
and so the equation remains a quadratic equation.
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240. Every quadratic equation can be put in (h«

form x2 + px4-q = 0, where p and q represent some known
numbers, whole or fractional, positive or negative.

For a quadratic equation, by definition, contains no
[)Ower of the unknown quantity higher than the second
Let all the terms be brought to one side, and, if necessaiy,

change the signs of all the terms so that the coefBcient of

the square of the unknown quantity may be a positivo

number; then divide every term by this coefficient, and
the equation takes the assigned form.

For example, suppose 7^ — 4:^^ = 5. Here wc have

7:r-4ar2-5-0;

therefore A:a^-'Jx-^5 = Q;

Tx 5
therefore ^—-r + :;

=^ 0.
4 4

7 5
Thus in this example we have /> = — - and q- -

.

241. Solve x^-\-px-^q = 0.

By transposition, x^+px- -q\

add (0. .'.p-(f;=-.>^^'=^,

extract the square root, a:+ ^ = ± ——
;

therefore x= -^=. ^^l^Lz^^ rP±jMzM

.

2 2 2

242. "We have thus obtained a general formula for

the roots of the quadratic equation :^+px + q = 0, namely,
that X must be equal to

-p+^{p^-Aq) -p-^(pi-4q)
2 2

We sliall now deduce fniiu this general formula some
very important inferences, wliich will hold for any quad-
ratic equation, by Art. 2^0.
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243. A quadratic equation cannot have more than
ttco routs.

For we have seen that the root must be one or the

other of two assigned expressiiins.

244. In a quadratic equation where the terms are
all on one side, and the coefficient of the square of the

unknown quantity is unity, the sum of the roots is equal
to the coefficient of the second term with its sign changed.

'ind the product of the roots is equal to the last term.

For let the equation be x^ +px + q = 0;

tlic sum of the roots is

-P + s/iP'-^^^ ^ ZP^t^Z^)
, that is -p;

the product of the roots is

2 2'
that is

p^-(y^-4^
^ ^^^^^ jg ^

24 J. The preceding Article deserves special attention,

for it furnishes a very good example both of the nature of

tlie general results of Algebra, and of the methods by
which these general results are obtained. The student
should verify these results in the case of the quadratic

equations already solved. Take, for example, that in

Art. 232 ; the equation may be put in the form

, 4a? 55 „•^—3-3=^'

and the roots are 5 and ——
; thus the sum of the ixjots is

4 . 0.5

, and ^he pn>duct of the roots is — —-

.

3 o
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246. Solve ax^ + bx-ifC = Q.

By transposition, ax^ + bx— —c;

,. . , V. ^ hx c
divide by tt, u-+ —- - -

;an
,,/by ^ bx /by c b^- P-^ac

=^''^ Uj ' * -^ a H^j ^ "a " 4-^^ = "^^ '

6 JlJ/'-Aac)
extract the square root, x

tlicrefore

2a 2a

2a
*

247. The general forinulse given in Arts. 1A\ and "\fi

may be employed in solving any quadratic equation, 'i ;ike

for example the equation Zx^ — 'ix— ob — Q; divide by 3,

titus we have

, 4a? 55 -

Take the formula in Art. 241, which gives tlio roots of

a:- +px + q = {); and put ;'=-„, and /- — ^; we slia'.l

tliud obtain the roots of the proposed equ.ition.

But it is more convenient to use the formula in Art. 240,

as wc thus avoid ^l•ac•liou^. The projioscil equation heiiig

3.C- — 4x -.').'> :^ 0, we ujust put a = 3, b- —4, and c- -.V),

in the formula winch gives ihe roots of a*- + fear + c = 0,

that IS, lu ^v '

la

„, ,
4=*= ^(16 + 660) . ^. 4=1=^(676)

Tlius we have ^^^-^—
,

that is. -^ ,

6 6
'

liiat is, , , that IS, .> i>r - .

o 3
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Examples. XXVI.

1. 2(iB2-7) + 3(:i;2_ii) = 33. 2. («-15)(a?+ 15) = 400.

^ ^-24^ar2-37 . ^ 3(.r^-ll) 2(.r2-6Q) „.
3. _^+_^=8. 4. ^ ^ -35.

, _^ 4_^1 ^4.1=5 + ?.

a;-3 A + 3 3* 4 x 9 ar*

7. ar2-3.p + 2 = 0. 8. .r2-5a; + 6 = 0,

9. ar2+10.c = 24. 10. 2a^-l = 5a; + 2.

11. 3ar2_4ar==39. 12. x^->f\(ix^Z = '2s(?-bx->rb^.

13. (;r+l)(2.c + 3) = 4.r*-22. 14. (a;- 1) (a: -2) = 20.

15. \{x^-\)^\x-\. 16. (2j;-3)2 = 8j;.

17. Sx'- 17^ + 10 = 0. 18. --f = 2.
a; 3

19. x = 1^-^ . 20. a^-3 =^^.
4.J; 6

21. — -— = \-x'tx^. 22. ^+ —- = 5-
3 2 a;—

3

03. 4..-^-^f=22. 24. 2-^11^=5-^
a;—

3

a; 3

25. •^~J + 2j;=12. 26. f + — =<ifx-i 7 a; + 5 '

£jf2 x-1 _ 13

a;-2 a: + 2 ~
6

"

a; +

1

x-\

X ;C4l 13
32. - + = - .

x+\ X 6

:r + 2 :r+l 13
34. —; ^ —j;= 5-.

27.
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x-^l a;-2_9 z + 4. z + 2

x-2 x-4 _ 14 j;-3 ar-l 6

^-3 x—1 15* * a;— 2 x — 4 5'

39 ^:ii_^z3 = li 40 _i ?_==?
a;-4 x-2 12* a:-2 a; + 2 5*

41 _i L_ = i 42 -^^iizZ£
2(aj2-l) 4(a; + l) 8* x^-1 8(1 -«)

2j;4-1 3£--2_11 2^-1 2;r-3 1
*^- ^^^"^3^+2" 2* '^** x-l T^'*'6~

3.C+1 2.C-7 5^ 2^-3 3J?-5 5

3(^-5) 2:»-8 2 *
* 3«-5'*'2a;-3"°2*

3.^-2 2x-5 _ 10 ar+2 _ 4-x _ 7

2d;-5^3^-2~ 3
* a;-l~^^~3"

49. {x~3y = 2{x^-9). 50. (;c+ 10/= 144(100-ar=^.

51. + - =
; . 52. + = - .

a!+l a; + 2 a: + 3

ro - -
,

~ - — -
f,.

x-2 x + 2 ^x + 3
53. +—- = . 54. , + =2 .

a; +2^-2 x-S

55 ^-^ - - = -
56 _i_

I

5 _J2^
" "' "* *

ar + 2 a; + 4 ar + 6'

57. --^-.~—: = r^^". 58. ^;+^ = 2•r^L^
u; — 1 ;»— 2 x+1

X+1 X + -2 x—1 Sx-d x+1

6 1 . a-x^- 2a^x + a*-l=0. 62. 4a'x = (a- - ^» + .t)»

63. ^- + ^ = i + ^-. 64. i-K-^='-
-Aa a X X x + b a a+b

' +
x + 2
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XXVII. Equations which may be solved like

Quadratics.

248. There are many equations which are not strictly

quudratics, but which may be solved by the metliod of co'in-

plctlng the square; we will give two examples.

249. Solve ar«- 7^:^ = 8.

49 81
AddQy, a--la? + (^^' =^n-4'

" 9
extract the square root, .?•*- ^= ± -

;

7 9
therefore a? = ^^ - = % or —l;

extract the cube root, thus x = 2 or — 1.

250. Solve a;- + 3.r + 3v/(jr2+ 3j;-2) = 6.

Subtract 2 from both sides, thus

a;- + 3a.- - 2 + 3 ;^(.^r* + 3j; - 2)= 4.

Thus on the left-hand side we have two expressions,
namely, >J{3^ + ^.v— -2) and jr' + 3jT-2, and the latter is the
square of the former; we can now complete the square.

Add
(2) , thus

ex ract the sq^iare root, thus

3 5
therefore ^{ii?+ Zx-'2)= -

.^ =^.-,= 1 or -•*•

25

4
•
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First suppose ^(x'' + 3a;- 2) = 1.

Square both sides, thus :r- + 3^ - 2 = 1.

This is an ordinary quadratic equation; by solving it

we shall obtain x= j——

.

Next suppose J{jjfi-¥Zx— -2)- - 4.

Square both sides, thus o;^ + 3j;- 2 = 1 6.

This is an ordinary quadratic equation ; by solving it

we shall obtain ;r = 3 or —6.

Thus on the whole we have four values for x^ namely,

3 or -6 or ~^^S~ .

An important observation must be made with respect

to these values. Suppose we proceed to verify them.
If we put x = 3 we find that a;'" + 3;c — 2= 16, and thus

J{x'^ 4- 3.2? - 2) = ± 4. If we take the value + 4 the original

equation will not be satisfied ; if we take the value — 4 it

will be satisfied. If we put x— —6 we arrive at the same
result. And the result might have been anticipated,

because the values x = 3 or — 6 were obtained from

v/('^" + 3a; — 2)= -4, which was deduced from the original

equation. If we put x - we find that

x'^ + 3x— 2='l, and the original equation will be satisfied

if we take s/(^" + 3x-2)~ +1; and, as before, the result

might have been anticipated.

In fact we shall find that we arrive at the same four

values of x, by solving either of the following equations,

x^-h3x-Syfia^ + 3x-2) = 6,

x''' + 3x + 3j{x^ + 3x-2) = e;

but the values 3 or —6 belong strictly only to tlie first

equation, and the values —-^jr^^-— belong strictly only to

the second equation.
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251. Equations may be proposed which will rcqiiiro

the operations of transposing and squaring to be per-

formed, once or oftener, before they are reduced to quad-
ratics ; we will give two examples.

252. Solve 2x- J{x^- 3:c - 3)= 9.

Transpose, 2x-^ = J{x^-'ix-%);

square, Ax^ — ZQx+ %!'•• x^— ^x— Z;

transpose, Zap'— 33:c + 84= 0;

divide by 3, aP-l\x-ir2S = (i.

By solving this quadratic we shall obtain x=l or 4.

The value 7 satisfies the original equation ; the v»'u«>' '^

belongs strictly to the equation '2x-irlj{x'^-Zx-^?''^— l».

253. Solve V(« + 4)+ ^(2j; + 6) = v'(8.r + 9).

Square, x+ A-^2x + Q + 2j{x + A) J{2x + Q)*=Bx-¥9;

transpose, 2^[x+ 4) tj{2x + 6)= 5;i;- 1

;

square, 4(a; + 4)(2j? + 6)= 25a:*- 10«+ 1

;

that is, 8.c» + 56a; + 96 = 25«2_io^+l.

transpose, 1 Ix"^ — 66a;— 95 = 0.

19By solving this quadratic we shall obtain «= 5 or
17'

The value 5 satisfies the original equation ; the value
19

- r^ belongs strictly to the equation

V(2« + 6) - s/(« + 4) = V(8-» + 9)-

254. The student will see from the preceding examples
that in cases in which we have to square in order to re-

duce an equation to the ordinary form, we cannot bo
certain without trial that the values finally obtained for

the unknown Quantity belong strictly to the original

equation.
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255. Equations are sometimes proposed which aro
intended to be solved, partly by inspection, and partly by
ordinary methods ; wc will give two examples.

„ , ,a; + 4 x-A 9 + a: 9— a;

256. Solve ^ - —r^ = „ ~ KT—'x — 4: x-h4 0-x 9 + ji

Bring the fractions on each side of the equation to a
common denominator ; thus

{x+ 4f-{x-4)'^ ^ (9 + ar)»- (9 - x)^

x^-16 81 -A^' '

,, , . \6x 36x

x^-\6 Sl-a:^

Here it is ob\'ious that x= is a root. To find the
other roots wo begin by dividing both sides of the ama-
tion by 4x ; thus

4^ 9

ar'-lG ~81-a:*'

therefore 4 (SI - a:=^ = 9 (
j:^- 1 6)

;

therefore 13j;2 = 324+ 144 = 468;

therefore a?*=36;

therefore x=d=6.

Thus there are three roots of the proposed equation,

namely, 0, G, —6.

257. Solve ar" - 7xa* 4- 6a' = 0.

Here it is obvious that x^a is a root. Wo may
write the equation ar'-a' = 7«'(.r— a) ; and to find thf

other roots we begin by dividing by a? — a. Thus

X- + ax + a^ — 7a^.

By solving this ijuadratic we shall obtain j? = 2(j or - .la

Thus there aro three roots of the proposed equation,
uaiudy, a, 2a, -3a.
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Examples. XXVII.

1. .r*-13a;2 + 36 = 0. 2. ;r-5v'^- 14 = 0.

3. .r + v'(a?+ 6)= 7. 4. a;2+V(-»^ + 9)=21.

6. 2;y(a;»-2a? + l) + a^ = 23+ 2a;.

6. a;*-2a^ + a^'= 36. 7. v/(;i;--6.»+ 16) + (a?-3)' = 13.

8. 9,7(a;'-9a; + 28) + 9a; = a!' + 36.

9. 2:l;2 + 6a;-226-^/(;l;2 + 3^_8),

10. a;*-4;i;2_2^(a;4_4.'C» + 4) = 31.

11. x + 2,sJ{a^+ 530 + 2) = \Q.

12. 3;r+>/(a;2 4.7^+ 5)^19. 13, ^^7^(2-^:2),

14. ^(a;+ 9)= 2;yaJ-3. 15. ^/(a^ + 8)- v'(« + 3)= ^/.2r.

16. 5x/(l-a^ + 5dJ=7.

17. V(3-»-3)+ s/(5a!-19) = V(2^' + 8).

18. v'(2^ + l) + \/(7«-27) = ^/(3.c + 4).

19. V(&2 + a^)_^(a2 + 5^)^a^.5^

20. 2jr^(« + aj'') + 2a;2= a2_^^

a; + V(12a»-d;) ^ a + 1 90 1 \_ = ^^
• a;-^(I2a2-a?) a-\' ' l-~x \+x I+jj^-

23. -l- + -l- + _i-..-l-.0.
a; + 7 a;-l a;+l x-1

1 194 4. —. 1.

a; + V(2-a:2) + ar-^/(2-a;2)~•^•

25.

26.
x + a x—a b + x b—x
x—a x + a~ b—x b + x'

27. «3+3a*2 = 4al 28. 5x\a-x)^{a^-x^{x-'fZa},
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XXVIII. Problems which lead to Quadratic
Equations.

253. Find two nunibei-s such that their sum is 15,

and their product is 54.

Let X denote one of the numbers, then 15 — a; will

denote the other number; and by supposition

a;(15— a;) = 54.

By transposition, aP'— \5x=—5\;

/15V . 225 9
therefore si^-l5x + \

— \ =~5A^ ^ =^;

15 3
therefore *~ "2 ~ "*" 2

'

15 3
therefore «= -±-=9 or 6.

If we take a; = 9 we have 15 — a; = 6, and if we take

a;= 6 we have 15 — a;= 9. Thus the two numbers are 6 and 9.

Here although the quadratic equation gives two values of

X, yet the»*e is really only one solution of the problem.

259. A person laid out a certain sum of money in

goods, which he sold again for ^£24, and lost as much per

cent, as he laid out : find how much he laid out.

Let X denote tlie number of pounds which he laid out

,

then x — 24 will denote the number of pounds which he

lost. Now by supposition he lost at the rate of J' per cent.,

that is the loss was the fraction — of the cost ; therefore

therefore a;2-100a;= -2400.

From this quadratic equation we shall obUxin x= 40
or 60. Thus all we can infer is that the sum of money laid

out 'v;i.s either ^40 or £60; for each of these numbers
mtisticiS all tlie conditions of the problem.
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260. The sum of £1. 4*. was divided equally amoii"

1 certain number of persons ; if there had been two fewer
persons, each would have received one shilling more : find

the number of persons.

Let X denote the number of persons; then each person
144

received - - shillings. If there had been .r-2 persons

each would have received shi'lling.s. 'I'herefore, l»y

x-2 °

supposition,

144 HI .

r =— + 1.
z— 2 X

Therefore 144A-= 144(jr-2) + ;c(a:-2)

;

therefore a^-2x = 2SS.

From this quadratic equation we shall obtain ;r=is
or —16. Thus the number of persons must be 18, for that

is the only number which satisfies the conditions of tiio

problem. The student will naturally ask whether any
meaning can be given to the other result, namely —16,
and in order to answer this question we shall take another
problem closely connected with that whicli we have here
solved.

2ol. The sum of £1. 45. was divided eipuilly among a

eertain number of persons ; if there had been two mor<?

persons, each would have received one siiilling /cs*-.* fm i

the number of persons.

I>et X ilonote the number of persons. Then proceeding
as before we shall obtain the equation

144 144

x+2~ X '

therefore x- + 2x= 288

;

therefore :i?=16 or —IS.

Thus in the former problem wc obtained an applicablo
result, namely 18, and an inapplicable result, namely — 16 ;

and in the present problem we obtain an applicable result,

tiamely 16, and an inapplicable result, namely — 18.

T. A. 12
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262. In solving problems it is often found, as in Art. 260,
that results are obtained which do not apply to the problem
actually proposed. The reason appears to be, that the
algebraical mode of expression is more general than ordi-

nary language, and thus the equation which is a proper
representation of the conditions of the problem will also

apply to other conditions. Experience will convince the
student that he will always be able to select the result

which belongs to the problem he is solving. And it will be
often possible, by suitable changes in the enunciation of the
original problem, to form a new problem corresponding to

any result which was inapplicable to the original problem

;

this is illustrated in Article 261, and we will now give ano-
ther example.

263. Find tlie price of eggs per score, when ten more
in half a crown's worth lowers tlie price threepence pci-

scorc.

Let X denote the number of pence in the price of a

score of eggs, then each egg costs — pence ; and therefore

the number of eggs which can be bought for half a crown

is 30 -7- — , that is . If the price were threepence

x—Z
per score less, each egg would cost —-- pence, and the

immber of eggs which could be bought for half a crown

would be—-^ . Therefore, by supposition,

600 600 ,^
V = -— 4-10;

therefore 60a;= 60 («- 3)+ a!(d?- 3)

;

therefore «'-3.r=180.

From this quadratic equation we shall obtain .t=15
or —12. Hence the price required is I5d. per score. It

will be found that 12d. is the result of the following pro-

blem; find ths price of eggs per score when ten feircr

in half a crown's worth raises the pric* threepence per
score.
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Examples. XXVI II.

1. Divide the number 60 into two parts such that

their product may be 864

2. The sum of two numbers is 60, and the sum of

their squares is 1872: find the numbers.

3. The difiFerence of two numbers is 6, and their pro-

duct is 720 : find the numbers.

4. Find three numbers such that the second shall be
two-thirds of the firet, and the third half of the first ; and
that the sum of the squares of the numbers shall be 549.

5. The difference of two numbers is 2, and the sum of
their squares is 244 : find the numbers.

6. Divide the number 10 into two parts such that

their product added to the sum of their squares may mako
76.

7. Find the number which added to its square root

will make 210.

8. One number is 16 times another; and the product
of the numbers is 144: find the numbers.

9. One hundred and ten bushels of coals were divided

among a certain number of poor persons ; if each person
had received one bushel more he would have received as

many bushels as there were persons: find the number
of persons.

10. A company dining together at an inn find their

bill amounts to £8. 15«. ; two of them were not allowed to

pay, and the rest found that their shares amounted to 10

shillings a man more than if all had paid : find the number
of men in the company.

11. A cistern can be supplied with water by two
pipes; by one of them it would be filled 6 hours sooner
than by the other, and by both together in 4 hours: find

the time in which each pipe alone would fill it.

12—2
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12. A person bought a certain number of pieces of

cloth for j£33. 155., which he sold again at £2. S*. per piece,

and he gained as much in the whole as a single piece cost:

find the uumber of pieces of cloth.

13. A and B together can perform a piece of work in

14? days; and A alone can perforin it in 12 days less

than B alone : find the time in which A alone can per-

form it.

14. A man bought a certain quantity of meat for

18 shillings. If meat were to rise in price one penny
per lb., he would get 3 lbs. less for the same sum. Find
how much meat he bought.

15. The price of one kind of sugar per stone of 14 lbs.

is Is. 9rf. more than that of another kind; and 8 lbs. less of

the first kind can be got for £l than of the second: find

the price of each kind per stone.

16. A person spent a certain sum of money in goods,

which he sold again for £-2A, and gained as much per cent
as the goods cost him : find what the goods cost.

17. The side of a square is 110 inches long: find the

length and breadth of a rectangle which shall have its

lierimeter 4 inches longer tliaii that of the square, and its

area 4 square inches less than that of the square.

18. Find the price of eggs per dozen, when two less in

a shilling's worth raises tlie price one penny per dozen.

19. Two messengers A and B were despatched at tlic

same time to a place at the distance of 90 miles; the

former by riding one mile per hour more than tiie latter

arrived at the end of his journey one hour before him: find

at what rate per hour each travelled.

20. A person rents a certain number of acres of pas-

ture land for £70; ho keeps S acres in his own possession,

and sublets tlic remainder at 5 shillings per acre more thiui

he gave, aiid thus he covers his rent and kis £2 over

:

find the number of acres.
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21. From two places at a distance of 320 miles, two
persons A and B set out in order to meet each other.

A travelled 8 miles a day more than B\ and the number ci

days in which they met was equal to half the number of

jniles B went in a day. Find liow far each travelled befoi-e

they met.

22. K person drew a quantity of wine from a full vessel

which held 81 gallons, and then filled up the vessel with
water. He then drew from the mixture as much as ho
before drew of pure wine; and it was found that 64 gallons

of pure wine remained. Find how much he drew each time.

23. A certain company of soldiers can be formed into

a solid square ; a battalion consisting of seven such equal
companies can be formed into a hollow square, the men
being four deep. The hollow .square formed by the bat-

talion is sixteen times as large as the solid square formed
by one company. Find the luimber of men in the company.

24. There are three equal vessels A, B, and C; the

first contains water, the second brandy, and the third

brandy and water. If the contents of B and C be put

togetlier, it is luiuid tnat tlie fraction obtained by dividing

the quantity of brandy by the quantity of water is nine

times as great as if the contents of A and G had been
treated in like manner. Find the proportion of brandy to

water in the vessel C.

25. A person lends .£5000 at a certain rate of interest

;

at tlie end of a year he receives his interest, spends £25 of

it, and adds the remainder to his capital; he then lends

His capital at the same rate of interest as before, and at

;he end of another year finds that he has altogether
£'5382 : determine the rate of interest.
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XXIX. Sitnultaneoicg Equations ineolving Quadralict,

264. We shall now solve some examples of simultane-

ous equations involving quadratics. There are two cases

of frequent occurrence for which rules can be given ; in

both these cases there are two unknown quantities and two
equations. The unknown quantities will always be denoted
by the letters x and y.

'265. Fhst Case. Suppose that one of the equations
is of the first -degree, and the other of the second degree.

Rule. From the equation of the first degree find the
value of either of the unknoicn quantities in terms of
the other, and substitute this value in the equation qf
the second degree.

Example. Solve 3j;4- 42/^1 S, 5j;'-3.ry = 2.

From the first equation y= substitute thii

Value in the second equation ; therefore

4

thercfm-e 20x2-54.c + 9vc2= 8;

therefore 29ar* - 54a:= 8.

From this quadratic equation we find x~1 oi --

then by substituting in the value of ij we find .v = 3 or ^

-

2G(5. Solve 3j:2 + 5a;-8// = 36, 2^-' - 3x - 4y =: 3.

Here although neither of the given equations is of tJic

first degree, yet we can immediately deduce from them an
equation of the first dc grce.
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For multiply the first equation by 2, and the second
by 3 ; thus

therefore, by subtraction, 10:c- 16?/ + 9d;+ 12y= 72— 9 ;

that is, 19«-4y= 63.

Prom this equation we obtain y ——'——
; substitute

this value iu the first of the given equations ; thus

3a:2 + 5a;-2(19ir-63) = 36j

therefore 3x2-33a;+ 90= 0;

therefore «2- liar + 30=0.

From this quadratic equation we snail find that:e"(
or 6; and then by substituting in the value of y we find

that y = 8 or 125.

267. Second Case. When the terms involving the un-
known quantities in each equation constitute an expression
which is homogeneous and of the second degree; see

Art. 23.

Rule. Assume y = vx, and substitute in both equa-
tions; then by division the value of\ can hefound.

Example. Solve x--\-o(yy-^^y^ — A:\^ 2x^— .vy-i-y^= lX

Assume y-tx, and substitute for y ; thus

.r2(i+t'4-20 = 44, x-{2-v-¥v^)= \Z^

Therefore, by division,

1-f g4-2p=' _ 44 _ li.
^

2-?, + g2 ^fe"" 4 '

therefor© 4(1 +w + 2»'''}-^ll(2-0 + ;>^}

therefore 3b*-15»+ 18 = ;

Viereforo c'-Su + G^^O.
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r'rom this quadratic equation tve shall obtain r = 2 or 3.

In the equation x^ {I + v + 2v-) - ^4: put 2 for v ; thus
;c=tt2; and since 2/ = Ci^, we have y - ± 4. Again, in the

same equation put 3 for r; thus a;-^j2; and since

y = rx, we have y=±ij'2.

Or we might proceed thus : multiply the first of the

given equations by 2 ; thus

2^- + 2.ry+4?/=-SS;

tlic second equation is 2x'^— xy-¥y^=\Q.

By subtraction 3^:^ + 3?/* = 72, therefore y- = 24 — a-y.

Again, multiply the second equation by 2 and subtract
the first equation ; thus

3x'— 3 j:?/ =-12; therefore a;- = xy — 4i.

Hence, by multiplication

xhf := (24 - xy) {xy- 4),

or 2.f-//--2S.r7/= -96.

By solving this quadratic we obtain xy = ^ or G. Sub-
stitute the former in the given equations ; thus

.T- + 2?/2 = 36, 2.r- + 2/2 = 24.

Hence we can find x- and y'-. Similarly we may take tlia

other value of xy, and then find .c^ and y-.

2G8. Solve 2x- + :].ry + y-^';Q, 6x'-*-Ty-y^-50.

Assume y= vx, and substitute for y, tims

Therefore by division

2 + 3£+»2 _ 70 _ 7

,

ij + v-v- ~50~ 5'
i

ilicreforo 5(2 + 3r+ p=) = 7(6-f 5-»^:

tlierefore 12r2 + 8r-32 = 0;

Uicroforo 3r-4-2r-s 0.
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4
From thia quadratic equatiou we shall find c = ., or - 2.

4
In the equation .r^ (2 + 3» + tr) = 70 put - for v ; thus

x-±Z; and since y= vx we have j/=±4. The vahie

r= — 2 we shall find to be inapplicable ; for it leads to the

inadmissible result x- x = 70. In fact the equations from
which the value of v was obtained may be written thus,

a;2(2 + c)(l + ») = 70, a;2(2 + «)(3-«) = 50

;

and liciiee we see that the value of v found from 2 + r =
is in.q plicable, and that wc can only have

= — = ^ ; and therefore p = „ .

:}-» 50 5' 3

269. Equations may be proposed which do not fall

under either of the two cases which we have discussed,

but which may be solved by artifices which can only be
suggested by trial and experience. We will give some
examples.

270. Solve a + y = 5, x^ + y'* — 6o.

I. J- • . x' + //^ 65
J5v division, — = —

,x + y 5

that is, x^— xy + y^=13;

then from this equation combined with x + y-5 we can

fintl X and y by the first case. Or we may complete tiie

solution thus,

x+y=5;
square x- + 2xy + y- = 2o (1).

Also X'— x>j + y- = lZ (2).

Therefore, by subtraction, 3xy = 12
;

therefore xy = 4;

ihcrefore 4xy=16 (3).

Subtract (3) from (1); thus

x^—2xy + y?=^9;

axtract the square root, x-y= ±3.
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We have now to find x and y from the simple equatiooe

x-¥y = b, x—y-±5;
these lead to « = ! or 4, y = 4 or 1.

271. Solve x^ + y^ = i\, xy = 20.

These equations can be solved by the second case; or

tlicy may be solved in the manner just exemplified. For
>ve can deduce from them

x^ + y'^ + ^xy ^41 + 40 = 81,

x^ + y'^-~2xy = 41-40-1;

tlicn by extracting the square roots,

x + y=±9, x—y=±l.
And thus finally we shall obtain

x=^5 or ±4, y=±4 or ±5.

272 Solve x"+xy + y-^19, x* ^X'y*+-y*''l3^

-,.... x* + x^y'^ + y* 133
Br division, —» —~ = —-

;

•' ' x^-^xy + y^ 19

tliatis, x^-xy + y^ = 7.

We have now to solve the equations

x^ + xy + y-=lO, x' — xy + y^^'i.

By addition and subtraction we obtain successively

a;2 + 1/2 =. 13, xy = 6>

Then proceeding as in Art. 27 1» we shall find

jr=i3 or ±2, y==*=2 or ±3.

273. Solve x-y = 2, x^-y'^ = 242.

r, J- • • a^-lf' 242

(2)

UJ lUYlS
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fequare x* + 2xV + y*= 4a?V + 16^^ + 16;

therefore a--* + t/* = 2a:2y2+ i6ary+ 16 (3).

Substitute from (2) and (3) in (1); thus

2^2 + 16xy + 16 + ar2/(2;By + 4) + arV = 121

;

that is, 5«y + 2Qixy = 105
;

therefore «V" + '^^V = 21.

From this quadratic equation we shall obtain xi/ = 3
or — 7. Take .ry = 3, and from this combined with x — y= 2,

we shall obtain ;r = 3 or -1, y—1 or —3. If we take
scy= —7, we shall find that the values of x and y are im-
possible ; see Art. 236.

Examples. XXIX.

1. x— y=l, x''-xy + y'^= 2l.

2. 2x-5y = 3, x^ + xy = 20.

3. x + y = T{x-y), x'^+ y^= lQO.

4. 5(a^-y') = 4(ar2 + y2), x + y=8.

5. x-y = 3, x^ + y^ = 65.

6. 4:X — 5y — l, 2x^-xy + 3y- + '3x--ly— 47.

7. 4a; + 9r/ = 12, 2x^ + xy = Gy^.

8. (.'r-6)2 + (y-5)2+ 2j:Z/c=60, 5y-4a; = l.

v^ 5
9. 4x^ + 2xy +^+ — {4x + y)-il, 4x-y=:-k,

^ X y Ixy 2x ^
'«•

r2^io = '^-^' TT-n-^^^*^'

11. 3a; + 2y= 6ary, 15;c-42/ = 4:ry.

12. «y + 2 = 9y, xy + 2 = x.

13. 8(a:.y+l) = 33y, 4(a;2/ + l) = 33u?.

14. xy-x + y, ax -by.
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15. - + f = 2, xy = ah.
a

X
, y y2

16. -+1=2, — + V = « + &.

17. ^ + f = 2, a;2 4-?/- = ax + &S''
a h

fl

18. ^ + ^ = 1, ^+g=L
19. x^ + xi/= 28, xy-y'-^'i.

20. a72 + a;y= 45, 1/2+ ^^^33^

21. 2A-'--ary = 56, 2a;y-y2 = 4S.

22. x'^-'2xy=\5, xy-2y'^ = l

23. a,-- + 3j-y = 28, xy-\-Ay* = S.

24. a;- + .r2/-6y- = 21, xy-2y^=zi,

25. a;2 + 3^-2/ = 54, :p2/ + 4^* ^ 1 1 5.

«-!/ .r + j/ 2' ^

^_ .r^ 4- ?/2 -2.')

x^-y^ 7

^ x + y x-y in o , „

x —yx-^y 3 ' ''

29. ;r(a;+y)+y(a;-y) = 158, 7.f(.c + ;/)-72<,'(vr-j'V

30. x-y{x^y) = SO, x'h/{2x-3y)^S0.

31. 2:r- - .ry + y^ = 2//, 2.^2 + ^j.y _ 5 y,

^2. — H =
, jr^ + y- --- b%

x— y x + y (I

xio. x^ + xy = a{a + b), x^+ y- = a- + b\

»4. x^ + 2xy-y^ = a'^ + 2a-l,

{a-\)x(x + y*. = a{a + l)yix-ff^

35. /;-y = 2. a^-y^ = \52.
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3G. ar~y = 9, x^+tj^ = 189.

37. a^ + y-= 20, xy-x~y = 2.

38. x-i/=\, x^-y^ = 781.

39. a?+y=3, ar'+y* = 33.

40. a^ + xy4-y^=37, x* + ar}^ + y* = 4Sl.

X x— v
41. -=l, 2 + 3^ = 3^-.

x-y z+y '

42. a^+y*=3^ a^-y* + J{x^-y-) = 20.

43. a^ + y'^-l=2xy, xy{xy+l) = 6.

44. 4.r2+ y2 + 2(2j:+ y)= 6, 4xy{xy + l) = 3.

45. .1-- 4- .n/ = Sj; + 3, t/- 4- ;ry = Sy + 6.

4*>. ar — xy = 2x + o, xy — y- = '2y + 2.

47. 2jj + y + 6 V(2j; + y + 4) = 23, 4j:2_g-j.^y2^.3^_

48. 18 + 9(jr + y) = 2(.r + 2/;-, 6 - (j; - y) = (J - y)^.

49. a?*—a;y=a(a;4-l) + &4-l, xy — y^-ay-rb,

a^ rfl ah

51. -,-!- = 12, —=2.
X- 0- xy

52. x^= ax + by, y- = ay + bx.

53. xh/z = a, xy-2 = b, xyz^=c.

54. (a? 4-yX^ 4- «) = «*> (y4-2;)(y + a;) = &s,
(;j + arX5^ + y>) = o'^.

55. 3yz4-24rx-4j-?/=16, 2^- — 3r.r 4- .ry = 5,

4yj — * j; — 3,ry = 15.

66. 6(a:^4-y- + c^ = 13 ;j: + 2/4-2;) = -2-
, xy-z^.

D
<^
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XXX. Prohlems which lead to Quadratic Egtiatiritt

with more than one u^iknown quantity.

21 A. There is a certain number of two digits; the sum
of the squares of the digits is equal to the number in-

creased by the product of its digits; and if thirty-six be
added to the number the digits are reversed: find the
number.

Let X denote the digit in the tens' place, and y the

digit in the units' place. Then the number is lOx + y; and
if the digits be reversed we obtain lOy + ar. Therefore, by

supposition, we have

a;2 + ?/2 = a^+10.r + 2/ (1).

\Qx-¥y + ZQ = \Oy +x (2).

From (2) we obtain 9y = 9;c + 36 ; therefore y = x-k-A.

Substitute in (1), thus

a;^ + (a; + 4)2»=a; (a; + 4) + 10.r + .r + 4;

therefore ar"- 7ar + 1 2 = 0.

From this quadratic equation we obtain ar = 3 or 4;
and therefore y = l or 8. Hence the required number
must be either 37 or 48 ; each of these numbers satisfies

all the conditions of the problem.

275. A man starts from the foot of a mountain to

walk to its summit. His rate of walking during the
second half of the distance is half a mile per hour less than
his rate during the first half, and he reaches the summit in

5| hou!». lie descends in 3| hours by walking at a uni-

form rate, which is one mile per hour more than his i-ate

during the first half of the ascent. Find the distance to

the summit, and his rates of walking.

Let 2a! denote the number of miles to the summit, and
eupposo that during the first half ot the ascent the u>an
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walked y miles per hour. Theu Lo took - hours for the
y

first half of the ascent, and hours for the secoui

Tierefore -+—-7 = 5i (1).
y 1

V—

-

Smilarly, j^^Sl (2).

I-om(2), 2^=-f(2/+l);

15
tlierp <bre a; =— (y + 1 ).

o

^m(l), ^(2i/-2) = ^K^"2)-

Therefore, by substitution,

therLfore 15(i/+ 1X4?/- 1) = 44i/(2j/-1);

therefore 28y'- - 89*/ + 1 5 - 0.

5
J*>^om this quadratic equation we obtain j/ = 3 or --

.

g
The value — is inapplicable, because by supposition ij is

28
1 15

grea -er than -. Therefore j/ = 3; and theu .r=— . so

that 'he whole distance to the summit is 15 nii'ea.
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Examples. XXX.

1. The sura of the squares of two numbers is 170, and
the difiference of their squares is 72 : find tlie numbers.

2. The product of two numbers is 108, and their sum
is twice their diflercnce : find the numbers.

3. The product of two numbers is 192, and the sum of

their squares is 640: find the numbers.

4. The product of two numbers is 128, and the differ-

ence of their squares is 192 : find the numbers.

5. The product of two numbers is 6 times their sum,
and the sum of their squares is 325 : find the numbers.

6. Tlie product of two numbers is 60 times their diu'er-

ence, and the sum of their squares is 244 : find the numbers.

7. The sum of two numbers is 6 times their difference,

and tlieir product exceeds their sum by 23 : find the num-
bers.

8. Find two numbers such tliat twice the first with
tliree times the second may make 60, and twice tlie squ:ire

of the first witli tlircc times the square of the second may
make 840.

9. Find two numbers such that tlieir difference multi-

plied into the dillerence of their squares shall luake Wl,

and their sum multiplied into the sum of their squares
shall make 272.

10. Find two numbers such that their difference added
to the difference of their squares may make 14, and their

sum added to the sum of their squares may make 26.

11. Find two numbers such that their product is equal
to their sum. and their sum added to the simi of tlieir

squares equal to 12.
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12. Find two numbers such that their sum increased

by their product is equal to 34, and the sum of their

squares diminished by their sum equal to 42.

13. The difforeiico of two numbers is 3, and the dif-

ference of their cubes is 279 : find the numbers.

14. The sum of two numbers is 20, and the sum of

their cubes is 2240 : find the numbers.

15. A certain rectangle contains 300 square feet ; a

second rectangle is 8 feet shorter, and 10 feet broader,

and also contains 300 square feet: find the iciigth ami
breadth of the first rectangle.

16. A person bought two pieces of cloth of different

sorts ; the finer cost 4 shillings a yard more tlian t!ie

coarser, and he bought 10 yards more of the coarser than
of the finer. For the finer piece he paid £IS, and for the

coarser piece £16. Find the number of yai-ds in each piece.

17. A man has to travel a certain distance ; and wheu
he has travelled 40 miles he increases his speed 2 miles
per hour. If he had travelled with his increased speed
during the whole of his journey he would have arrived 4(i

minutes earlier; but if he had continued at his original

speed he would have arrived 20 minutes later. Find the

whole distance he had totraTel.aud his original speed.

18. A number consisting of two digits has one decimal
place ; the difference of the squares ofthe digits is 20. and
if the digits be reversed, tlie sum of tJbe two numbers is 1 1 :

find the number.

19. A person buys a quantity of wheat which he sells

so as to giiu .5 per cent, on his outlay, and thus clears £l('-

If he had sold it at a gain of 5 shillings per quarter, he,

would have cleared as many jwunds as each quarter cost

him shillings : find how many quarters he bought, and
what each quarter cost.

20. Two workmen, A and B, were employed by the

day at different rates ; A at the end of a certain numl)or
of days received £4. 16s., but B, who was absent six ••<

T. A. J.^
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those days, received only £2. 14#. If B had worked the
whole time, and A had been absent six days, they v.onld

have received exactly alike. Find the number of daysi
and what each was paid per day.

21. Two trains start at the same time from two to\A-n.s^

and each proceeds at a uniform rate towards the other
town. When they meet it is found that one train has nm
108 miles more than the other, and that if they continue
to run at the same rate they will thdah the journey in 9 and
16 hours respectively. Find the distance between the
towns and the rates of the trains.

22. A and B are two towns situated 18 miles apart oi>

the same bank of a river. A man goes from A to D \n

4 hours, by rowing the first half of the distance and walking
the second half. In returning he walks the first half at
the same rate as before, but the stream being with him, he
rows 1^ miles per hour more than in going, and accom-
plishes the whole distance in ."^^ hours. Find his rates of
walking and rowing.

23. A and B run a race round a two mile course. Ii>

the first heat B reaches the winning post 2 minutes before

A. In the second lieat A increases his speed 2 miles per
hour, and B diminishes his as much ; and A then airives

at the winning post two minutes before B. Find at what
Tate each man ran in the first heat.

24. Two travellers, A and B, set otit from two i>I.icc»,

P and Q, at tlie same time ; A starts from F with the
design to pas» through Q, and B starts from Q and ti-avel»

in the same direction as A. When A overtook B it was
found that they had together travelled thirty miles, that

A had passed through Q four hours before, and that B, at

his rate of travelling, was nine hours' journey distant frous

P, Find the di&taoce between P and Q.
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XXXI. Involution.

27fi. ^0 hare already defined a potoer to be tlic pro-

duct of two or more equal f'lctors, and we have expluiiiCvl

the notation for denoting powers; see Arts, lo, 16, 17. The
process of obtaining powers is called Involution ; so that
Involution is only a particular case of Multiplication, but
it is a particular case which occurs so often that it is

convenient to devote a Chapter to it. The student will find

that he is already familiar with some of the results which
we shall have to notice, and that the whole of the present
Chapter follows immediately from the elementary laws of

Algebra.

277. Any even poicer of a negatice quantihj is pod-
fir \ and any odd power is negative.

This is a simple consequence of the Rule ofSigns. TIius,

fur example, —ax -a = a:-, —ax —ax ^a — a^x ~a= —a^;
—ax—ax~ax—a-—a^x-a — a*; and so on. In iho

following Articles, when we use the words g^ive the pro, er
sign, we mean that the sign is to be determined by the

rule of the present Article. (See Art. 38.)

278. Rule for obtaining a power of a power. Multiply
the numbers denoting the powers for the neio exponent,

and gice the proper sign to the result.

Thus, for example, {a-f=a^; {-a^f=-a^; ((£'',^ = a";

{ — a*'f- — (f'^ This is a .simple consequence of the law of

powers which is demonstrated in Art. 59. For example,

{a-f= a- X rfi X fl2 = a2+2+2 _ ^2x3 _ ^6_

The Rule of the present Article leads immediately to

that which we shall now give.

'279. Rule for obtaining any power of a simple integral

expression. Multiply the index of everyfactor in the ex-

pression by the number denoting the power, and gice Ui«

i)roper sign to the result.

13-2
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Thus, for example,

2S0. Rule for obtaining any power of a fraction. Raiss
both the numerator and denominator to thai power, and
(jive the proper sign to the result.

This follows from Art. 145. For example,

\by ~ ¥' \ U") ~ ¥' \ib)~ 3^b*
~ 816*

"

281. Some examples of Involution in the case of

binomial expressions have already been given. See
Arts. 82 and 88. Thus

(a + 6)« = a» + 2rt6 + 62,

{a + bf = a^ + :iaV> -;. 3ab^ + tfl.

Tlic student may for cxcixise obtain the fourth, fiftK

and sixth powers of a4- &. It will be found that

(a + b)* = a* + 4a^b + BaW- + Aab"* + b*,

(a + 6/ = a* + 5a*b + 1 Oa-b- + 1 Oa-b' + 5ab*+ bK

{a + b'f = a« + 6a^b+ \5a'b' + 20a'6=» + ISa'b* + 6ab^ + b\

In like manner the following results may be obtained:

(a- 6)3= a»- Za^b t-2al.^-b',

{a-bY= a*-4a*b + 6a'^b*-4ab^ + b*,

{a-by^^a^-3a*b + lOa'b^- 1 Oa-O^ + 5ah*- 6».

{a-bf = a''-6a'b + lta*b^ -20aW + I3a'b*-6ab'> + 1^.

Thus in tlie results obtained for the powers of a — b

where any odd power of b occum, tlie negative sign is pro
fixed; and thua any power of a— b can be iraniediatclj

(leducexl from the same power of a + b, by diar.jring tlie

siijns of the terms which involve the odd powers o* //.
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282. 'fhe student will see hereafter that, by the aid

ot' a theorem called the Binomial Thmrem, any power
of a binomial expression can bo obtained without tho
labour of actual multiplication.

283. The formulae given in Article 281 maybe used
in the way we have already explained in Art. 84. Sup-
pose, for example, we require the fourth power of 1x — ?y.

In the formula for [a — h)* put 2x for a, and 3.v for h \ thus,

{"Ix - 3y)*= {2x)* - 4 (2xf{3i/) + 6 {2x)\3yy~4 {2x){3yf + (8?/)^

=-l6x*-96x^y + 2\6xh/^ -2lGxy^ + 81y*.

284. It will b« easily seen that we can obtain require«l

results in Involution by dififereut processes. Suppose, for

example, that we require the sixth jwwer of a-^-b. Wo
may obtain this by rei)eated multiplication by a + b. Or
we may first find the cube of a + &, and then the square of

this result ; since the square of (a + bf is (a + b)^. Or we
may first find the square of a + b, and then the cube of this

result; since the cube of (a + b)^ is (a + 6)®. In like manner
the eighth power of a+b may be foimd by taking the
square of (a + b)*, or by taking the fourth power of (a + b)-.

2S5. Some examples of Involution in tlie case of

trimrmial expressions have already been given. See
Arts. 85 and 88. Thus

{n + b + cf^a'^ + b'^ + c^+ 2ab + 2bc + 2ac,

(a + & + c)^ =
a} + l/ + (^ + Za?(J} + c) + 2,¥{a + c) + Zc^{a+ h) + V,abc.

These formulae may be used in the manner explained in

A rt. 84. Suppose, for example, we require (1 — 2a; + 3x^)-.

In the formula for {a + b + cf put 1 for a, —2x for b, and
3 v^ for c ; thus we obtain

(l-2a; + 3a;2)3=z

(l)»+ (-2;p)« + (3;r2)2+ 2(iX-2ar) + 2(-2j:X3«=0+2(l)(3.c»)

=-\+4x^ + 9a*-'ix-\2j^ + &x'^

=i 1 - 4.1; + 1 Oa;2 - 1 2.r» + 9ar>.



198 EXAMPLES. XXXI.

Similarly, we have

(l-2jr + 3^-)^-

l3 + (-2a;)3 + (3j:2)3

+ 6(l).(-2;r)(3a,-2)

= 1-8^» + 27a'»

+ 3 ( - 2j; + Zap-) + 12.c-(l + Zx^ + 27^ (1 - 2x) - 36j:*

= 1 - G^ + 21.^2- 44a,-3 + C3x* - 54.r' + 2~,x\

286. It is found by observation that the square of any
multinomial expression may be obtained by either of two
rules. Take, for example, (a + 6 + c + dj-. It will be found
that this

:= a- + 62+ c2 + <i2 + 2ai + 2ac + 2aJ + 26c + 2W + 2c<i;

and this may be obtained by the following rule ; the square

qf any 7nultin(ymial expi-esgion consists of the square of
each term, toget/ier with twice the product of every pair

of terms.

Again, we may put the result in this form

{a + b + c-\-df

= a^+2a(b-¥c + d) + V'^'2b[c + d) + c- + 'led + d-,

and this may be obtainetl by the following rule; the square
if any inuUinoinial expression consists of the square qf
each term, tngether tcith twice the product of each term
by tlie sum of aU the terms whichfollow it.

Examples. XXXI.

Find

1. (2:cyz*)». 2. (-2j-y.«V.

8. ( - Znlrc^f.
^ m-
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EXAMPLES, XXXI. 1^9

a+e^y. 8. {a-hY.

<i^h)\a-Vf. 10. (1-a;)*

2 + «)». 12. (3-2:1;)'.

1 + a:)*. 14. (a; -2)*.

'^x + 2,)*. 16. {<ax + byf-^{ax-lyf.

cix + byf-tfiax-bpf. 18. (H-ar)*-(l-;c)6.

I 4- «)*(!-«)*. 20. (l+a;+ a;2)3.

1 -«+ «»)*. 22. (1+ a;- :f«)2.

i+3«H-2«2)2. 24. {l-Zx + ^a^,

2 + 3«+ 4a;2)2 + (2 _ So; + 4a;2)»,

l+« + a;2)i!. 27. (l-ar + a?')'.

l-trx-a^\ 29. (l4-3a; + 2a;*)l

l-3;» + 3«*)».

2 + 3j; + 4;c2)s _ (2 _ 3;r + 4.r«)l

l-x + afij^x^f. 33. (l+2dJ+3«2+ 4a^\

« + 6 + c + <f)--(«-6 + c-<a0*.

a + 6 + <; + rf)2 + (a-d + c-rf)*.

l + Zx+Zx""-^ x*)\ 37. (1 -6« + 12.r» - 8«^«.

I + 4« + 6;r' + 4;c» + a^)>.

1 -xy (1 +« + «y. 4a (1 -a -r x^^\l + a? +^:)«,
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XXXII. Etoluth:n.

287. Evolution is liie inverse of Involution; so that

Evolution is the method of finding any pioposed root <-i

a given number or expression. It is usual to employ the
word extract and its derivatives in connexion with tlie

word root; thus, for example, to extract the square root

lUcans the same thing as to find the square root.

In the present Ch:qiter we shall begin by stating tliroe

simple consequences of the Rule of Signs, we shall then
consider in succession the extraction of the roots of simple
expressions, the extraction of the stjuarc root of compound
expressions and numbers, and tlie extraction of the cube
root of compound expressions and numbers.

288. Any even root
, of a positlce quantity may If

either positive or negative.

Tims, for example, axa = a', and —ax —a= a-; there-

fore the square root of a'-^ is either a or —a, that is, either

+ a or —a.

289. Any odd root of a quantity has the same sign

<w the quantity.

Thus, for example, the cube root of a^ is a, and the cube
root of —a' is —a.

290. There can be no even root ofa ncgatirc quantity.

Thus, for example, there can be no square root of — a^;

for if any quantity be multiplied by itself the result is

a positive quantity.

The fact that there can be no eren root of a negative
quantity is sometimes expressed by calling such a root an
impossible quantity or an imaginary quantity.

291. Kulo for obtaining any root of a simple integmJ
expression. Divide the ind<'x of every factor i>i the
e.vpression by the number denoting the root, and give
the proper sign to iiie result.
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Tims, for cxaiiiplc, J{\Q<^h'^) = J''^-a^h*)^^Aa}\

292. Rule for obtaining- any root of a fraction. Pi7)(i

the root of the numerator and denominator, and give the

proper sign to the result.

For example, 7C^!) = v^dfl) = ^^
3^3

•

'// 27rt«\_ 3/( :iVA_

293. SupiX)se we require the cube root of a'. In this

case the index 2 is not tlivisilDle by the iiunibcr 3 whiclj

denotes the required root; and we have, at present, no
oUier mode of expressing the result than \la'. Similarly,

i^a, ^a', IJa^, cannot, at present, be othowiso expressed,
ouch quantities are called surds or irrational quantities ;

and we shall consider them in the next two Chapters.

204. We now proceed to the method of extracting the
square root of a compound expression.

The square root of a* + 2.db + 6^ is a-^h: and we shall bo
led to a general rule for the extraction of the square root
of any coi:^pound expression by observing tlie manner in

which a+ b may be deriycd from a2 + 2a6 + h^.

Airangc the terms accord- a^ + 2ah + h'K^a^h
ing to the dimensions of one a^
letter a; then the first term is —

;;

a^, and its square root is a, 2a-\-o)2ab + h-

which is the first terra of the 2a5 + b-

rcquii'ed root. Subtract its

square, that is o*, from the whole expression, tuid bring
down the remainder 2db + b"^. Divide 2ah by 2a, and the
quotient is 6, which is the other term of the requii-ed root.

Ta4i e ivdcQ the first term and add the second term, that is,

take 2a^h; midtiply this by the second term, that is by 6,

and subtuact the product, that is 2ab + h^, from the remain-
der. This finishes the operation in the present case.
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if there were more terms w« should proceed with a +4
f.3 we did formerly with a ; its square, that is, a--\-2ab + h\
has already been subtracted from the proposed expression,

so we sliould divide the remainder hs 2 (a + 6) for a new
term in the root. Then for st new subtrahend we multiply
the sura of 2 (a + b) and the new term, by the new term.

The process must be coatiiiued until tlie required root
i.s found.

235. Examplea.

12x1/ -^dy*

4x*-20a^ + 37ar'-30x + 9i^'2x^-5a + Z

4x*

4jr-5x) -20^ + 37^ -30a? + 9

-20j:*+ 25;r'

4:i;«-i0;p+3j 12^-30;i; + 9

»*-^ji'y 4-l(kcY-l2xy> + 9i/(^x--%cy,+2if^

9jfi - -Iry) - Aa*y + lOjJ*/- 12^ + 9y*

2x^-Axy + 3y-) 6x^y^- 12xy* + 9y*
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2>c» + 4j;'-2^J-4a;^-10^ 4-4a;+l

2j;3 + 4^_4j;_1J _ 2.^3 _4j^ + 4^^4.1

— 2;?^ - 4a;2 + 4;*; +

1

296. It has been already observed that all even roots

admit of a double sign ; see Art. 288. Thus the square
root of d^ + lah + W- is either a + 6 or —a — 6. In fact, in

the process of extracting the square root of a* + 2a64-6*
we begin by extracting the square root of a?\ and this

may be either a or —a. If we take the latter, and con-

tinue the operation as before, we shall arrive at the result
— a — b. A. similar remark holds in every other case.

Take, for example, the last of those worked out in Art. 295.
Here we begin by extracting the square root of x^; this

may be either a^ or —a?. If we take the latter, and con-

tinue the operation as before, we shall arrive at the result
-.r3-2ar'-i-2jT-|-l.

297. The/oMr<A root of an expression may be found
by extracting the square root of the square root ; similarly

tl'o cifthth root may be found, by extracting the square
root <if tlie fourth root; and so on.

298. In Arithmetic we know that we cannot find the
square root of every number exactly ; for example, we
cannot find the square root of 2 exactly. In Algebra we
<».annot find the square root of every proposed expression
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exactly. We sometimes find such an example as the follow-

ing proposed ; find four terms of the square root of 1 - 2x,

1

2-x) -2x

-2x+ x*

l-2x--^)-x^

X*
-x^ + x^ + —

4

2-2x-x--^' )-^- /

2 4

6ar* _ £^ _ ^
4" ~ "2 4

Tims we have a remainder —I" ~ "q ~ T '
'"^'^'

fiiidinir four terms of the square root of 1 -2ar; and so wo

know that h -a;-- - *^j =l-2u; + + ^ + .
2 4

299. The preceding investigation of the square root of

an Algebniical expression will enable us to demonstrato
the rule wliich is given in Arithmetic for the extraction of

the square root of a number.

The square root of 100 is 10, the square root of 10000

is 100, the square root of 1000000 is 1000, and so on ; hence

it follows that, the square root of a number less than 100

must consist of onlj one figure, the square root of a
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number between 100 and 10000 of two places of figures, of

a number between 10000 and 1000000 of three places of

figures, and so on. If tlien a point be placed over every
second figure in any number, beginning with the figure in

tlie units' place, the number of points mil shew the number
of figures in the square roct. Thus, for example, the
square root of 4356 consists of two figures, and the square
root of (;ilB24 consists of three figures.

300. Suppose the square root of 3249 required.

I'oint tue number according to the 324§(^5G + 7

rule ; thus it appears tliat. the root 2500
must consist of two places of figures.

Let a + 6 denote the root, where a is 100 + 7^)749
tlie value of the figure in the tens' 749
l)lace, and h of that in the units' place. —
Then a must be the greatest multiple
of ten, which has its square less than 3200 ; this is found
to be 50. Subtract o^, that is, the square of 50, IVuui the

given number, and the remainder is 749. Divide this re-

mainder by 2a, that is, by 100, and the quotient is 7,

which is the value of h. Then (2a + 6)&, that is, 107 x 7 or

749, is the number to be subtracted ; and as there is now
no remainder, we conclude that 50 + 7 or 57 is tlie required
squave root.

It is stated above that a is the greatest multiple of ten
which has its square less than 3200. For a evidently can-

i;-ot be a greater multiple cf ten. If possible, suppose it

to be some multiple of ten less tlian this, say x ; then since

a; is in the tens' place, and b in the units' place, x-\-b u less

than a ; therefore the square of a; + & is less than a?, and
eonsequently a; + 6 is less than the true squai-e root.

If the root consist of three places of figures, let a re-

i)resent the hundreds, and b the tens; then having ob-

tained a and b as before, let the hundreds and tens

together be considered as a new value of a, and find a now
val'ic of & for the unit-s.
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301. Tlic cyphers may be omitted for Ibe s:ikc cf
brevity, and the following rule may be obtained from t!ie

pi ocess.

Point every second figure, hegininng 3i4§ (^57

with ihat in the units^ place, and thus 25
divide the whole number into periods.
Find the greatest number whose square 107 ) 749
IS contained in the first period ; this -^.j

is the first figure in the root ; subtract its

tjuare from the first period, and to the

remainder bring dotcn the next period. Divide ihi»

quantity, omitting the last figure, by twice the part of the

root already found, and annex the result to the root and
also to the divisor ; then multiply the divisor as it noic
glands by the part ofthe root last obtainedfor the subtra-

hend. If there be more periods to he brought down, t/te

operation must be repeated.

;:02. Examples.

Extract the square root of 132496, and of 5322240.

132496 (^364 5322240 1,2307

9 4

66j 424 43^132

396 129

724^2896 4607^32249

2b9o 32249

In the first ex:ini]ile, after the first fiLrure of tlie root is

found and we have brougiit down the rtniaiuder, we have
424 ; according to the rule we di^nde 42 by 6 to give the

next figure in the root : thus apparently 7 is the next
figun'. But on multiplying 67 by 7 wo obtain the product
461', which is greater than 424. This shews tl.at 7 is tuo

large ft)r the second figure of the root, and we :iccordingly

try (;, uhieh sujcccds. Wr> arc liable occasionally in thia

inajiiur to try too large a figure, especially at the early

stages cf the cxti-a<:tion of a stjuare root.
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7ti the second example, the student should notice the
{"pfurFence of the cypher in the root.

303. Tlie rule for extracting the scfnare rtiot of a
dtcimal follows from the preceding rule. We must ob-

serve, however, that if any decimal be squared tliere wilT

be an even number of decimal places in the re-sult, and
therefore there cannot be an exact square root of any
decimal which in its simplest state has an odd number of
decimal places.

The square root of 324& is one-tenth of the square
root of 100x3249; that is of 3249. So also the square
root of '003249, is one-thousandth of the square root of
1000000 X -003249, that is of 3249. Thus we may deduce
fehis rule for extracting the square root of a decimal. Put
a jyoint over every second figure, heginning with that in
the units^ place and continuing both to the right and to

the left of it; then proceed as in the extraction of the
^yuare root of integers, and mark off as many decimal
places in the result as the number of periods in the deci-

vial part of tJie proposed number. In this lule the stu-

dent should pay particular attention to the words beginning
tcith that in the units' place.

?,0A. In the extraction of the square root of nn hiteger,

if there is still a remainder after we have arrived at the
figure in the units' place of the root, it indicates that the
propo.^od number ha.s not an exact square root. We may
if we please proceed with the approximation to any desired
extent, by supj>osing a decimal point at the end of the
proposed number, and annexing any eTcn number of cy-

phers, and continuing the operation. We thus obtain a
decimal part to be added to the integi-al part already
found.

Simil»rlT, if a decimal number has no exact square
TOOL, wc 111 iv nniiex cyphers, and proceed with the apprvsi
nutJ .>u tu any dciircd extent.
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305. The following is the extraction of the square mot
of -i to seven decimal places

:

0-4000... (^'6324555

36

123; 400

369

1262^3100

2524

12644;57600

50576

126485; 702400

632425

1264905; G997500

6324525

12649105; 67297500

63245525

4051975

305. Wc now proceed to the method of extractin^j the
cube I'oot of a comj^ound expression,

The cube root of a' + 3a-?' + 3(76^ + ?P is a + ft; and wc
shall be led to a general rule for the extraction of tlie cul>e

root of any compound expression by observing the manner
in which a + 6 may be derived from a}+ ',Ui-b + 'iab- + b^\

AiTange the terms ac- a* + Zd-b + Sab- + b* (^a + h

cording to the dimensions ^s

of one letter a; then tlie

arst term is a', and its cuW lia-j 3a-6 + 3rt6-+ 6*

root !.<? fl, which is the first
3<i'ft + 3a6- + &*

term of the required root.

Subti-act ita cube, that is

a', from the wliolc expression, and bring dowu the ro-
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niainder 3a^ft + Safe* + &'. Divide Za^h by 3a-, and the quo-

tient is b, which is the other term of the required root

;

then subtract 3a'6 + 3a6* -f 6* from the remainder, and the

whole cube of « + & has been subti-acted. This finishes the

operation in the present case.

If there were more terms we should proceed with a-^b as

we did fonnerly with a; its cube, that is a' + 3«^6 + 'iab^ + b^,

has already been subtracted from the proposed expression,

so we should divide the remainder by 3 (a + 6)^ for a new
term in the root ; and so on.

307. It will be convenient in extracting the cube root

of more complex expressions, and of numbers, to ari;uigo

the process of the preceding Article in three columns,
as follows:

3a + b Set' a^ + Zd-b + 3a^- + 1/^ {a + h

(3rt + b)h a*

3a- + 3rt5+ 6« 3a26 + 3a6* + 63

Za'b + 'iab' + b^

Find the first term of the root, that is a; put a? under
the given expression in the third column and subtract it.

Put 3a in the first column, and 3a- in tlie second column;
divide 3a^ by 3a-, and thus obtain the quotient b. Add
h to the expression in the first column ; multiply the ex-
pression now in the first column by b, and place the pro-
duct in the second column, and add it to tiic expression
already there; thus we obtain 3a- + 3aZ> + t-. Multiply
this by b, and wo obtain Zd^b + 'Mib- + b\ which i« to bo
placed in the third cohunn and subtracted. Wo have thus
completed the process of subtracting [a + bf irora tho
original expression. If there were more terms the operiv
tion would have to be continued.

T. A. 14
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308. In conthming the operation we mnst add such a

term to the first column, as t,o obtain there three time* tft«

pari of the root already found. This is conveuientlj

effected thus; we hare already in the first

column 3a -4- 2> ;
place 2h below h and add ; 3a + 6 l

thus we obtain 3a-»-3d, which is three thnes 2h\
a + h, that ifl, throe times the part of the root

already found. Moreoyer, we must add such a 3a + 36
term to the second column, as to obtain there

three times the square of the part of the root already

found. This is conreniently effected thus; wo have already

in the second column (3a -f b)b, and below
that 3a* + 3aJ + &='; place ¥ below, and {3a+b)b "j

add the expressions in the three lines; 3a' + 3a5+ l^f
thus we obtain 3a^+ 6ab + 3b^, which is ^l
three times (a + fc)*, tliat is three times .

the square of the paxt of the root already 3^2 4. g^^ ^ 3^
found.

309. Exampla Extract the cube root of

8d;*-3&B' + 102a:*- 171ar'+ 204x2- 144* + 64.

6jr»-3jf> 12.T*

6a;*-aa?+ 4 12ar*-18j:»+9ar» f

9j-» I

12j;*-36-r' + 27.^2

12j^-36d^ + 51a^-36J»+ 18

Sa-*- 36ar»+ 1020;*- 171 Jr* + 204jr» - 144af + 64 (,24?*- a*-* *

^
- 86J^ + 1 02j?* - 1 7 1^ -t- 204a;» - 1 44d? + 64

-36a;»+ 54^:*- 27a^

48j?*-144j* + 204.f*- I44j; + 64

48«*-l44d* + 204j:2_ i44j, + 64
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Tlie cube root of 8j;* is 2x^, which will be the first term

of tlie required root; put 8.c* under the ^veu expression

in the third column and subtract it. Put three times 2.r^

in the first column, and three times the square of 2x- in

the second column; that is, put Qa^ in the first column,

and \2x* in the second column. Divide —2Qx^ by \2x\

and thus obtain the quotient — Zx, which will be the second

term of the root; place this term in the first column, and
multiply the expression now in the first column, that is

6.j;2-3;r, by -2x; place the product under the expression

in the second column, and add it to that expression ; thus

we obtain \2x* — 18:^* + 9.r* ; multiply this by — ^x, and place

the product in the third column and subtract. Tlius wc
have a remainder in the third column, and the part of

the root already found is 2x;- — Zx. We must now adjust

the first and second columns in the manner explained in

Art. 308. We put twice — 3j-, that is — Gx, in the first column,

and add the two lines ; thus we obtain 6jt' — 9.c, which is

three times the part of the root already found. We put

the square of — 3.c, that is 9a;^, in the second column, and
add the last three lines in this column ; thus we obtain

12:r*— 36.c^ + 27.r^, which is three times the square of the

part of tlie root already found.

Now divide the remainder in the third column by the

expression just obtained, and we arrive at 4 for the last

terra of the root, and with this we proceed as before.

Place this terra in the first colunni, and multiply the

expression now in the first column, that is &x^—2x+ A,

by 4
;
place the product under the expression in the

second column, and add it to that expression ; thus we
obtaiu 12.^^ — 360^3 + 51^'''— 3fiar+ 16 ; multiply this by 4

and place the product in the third column and subtract.

As there is now no remainder we conclude that '2x^ — Zx+ 4

is the required cube root.

310. The preceding investigation of the cube root of

an Algebraical expression will suggest a method for the
extraction of the cube root of any number.

The cube root of 1000 is 10, the cube root of 1000000 is

100, and so on; hence it follows that, the cube root of

14—2



212 EVOLUTION.

a number less than 1000 must consist of only one fipruro,

the cube root of a number between 1000 and 1000000 of
two places of figures, and so on. If then a point be placed
over every third figure in any number, begmning with the
figure in the units' place, the number of points wiU shew
the number of figures in the cube root Thus, for example,
the cube root of 405224 consists of two figures, and the
cube root of lS8l2904 consists of three figures.

Suppose the cube root of 274G25 required.

180 + 5 10800 274625(60 + 5
925 216000

11725 58626
58625

Point the number according to the rule ; thus it appears
that the root must consist of two places of figures. Let
a + 6 denote the root, where a is the value of the figure in

the tens' place, and h of that in the units' place. Then a
must be the greatest multiple of ten which has its cube
less than 274000 ; this is found to be 60. Place the cube
of 60, that is 216000, in the third column under the given
number and subtract Place three times 60, that is ISO,

in the first column, and three times the square of 60, that

is 10800, in the second colunm. Divide the remainder in

the third column by the number in the second column,
that is, divide 58625 by 10800; we thus obtain 5, which
is the value of b. Add 5 to the first column, and multiply

the sura thus formed by 5, that is, multiply 185 by 5; wo
thus obtain 92'5, which we place in the second column and
add to the number already there. Thus we obtain 11725;
multiply this by 5, place the product in the third column,

and subtract. The remainder is zero, and therefore 65 ia

the required cube root.

The cyphers may be omitted for brevity, and the pro-

cess will stmd thus:

186 108 274625 (65
925 216

11725 68625
68625
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811. Example. Extract the cube root of 109215352.

1271 48 10§21535S(^478

14) 889
J

64

1418 eesg)- 45215

3982349J

6627 5;}92352

11344 5392352

674044

After obtaining the first two figures of the root, namely
47, we adjust the first and second columns in the manner
explained in Art. 308. We place twice 7 under the first

column, and add the two lines, giving 141 ; and we place
tlie square of 7 under tlie second column, and add the last

tliree lines, giving 6627. Then the operation is continued
as before. The cube root is 478.

In the course of working this example we might have
imagined that the second figure of the root would be 8 or

even 9; but on trial it will be found that these numbers
are too large. As in the case of the square root, we are
liable occasionally to try too large a figure, especially at the
early stages of the operation.

312. Example. Extract tne cube root of 8653002877.

605

1

1200 S65S002877(,2053

10) 3025

6153 123025

r

653002

25^ 615125

126075 37877877

18459 37877877

12625959

In this example the student should notice the occur-

rence of the cypher in the root.
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313. If the root have any number of decimal places,

tlie cube will have thrice as many ; and therefore the nura-

Ler of decimal places in a decimal number, which is a

l)erfect cube, and in its simplest state, will necessarily be a

multiple of three, and the number of decimai places in the

cube root will necessarily be a third of that number. Heiice

if the given cube number be a decimal, we place a point

ocer the figure in the icnits' jjlace, aii^X over every third

figure to the right and to the left of it, and proceed as in

tlie extraction of the cube root of an integer ; then the

mmiber of points in the decimal part of the pioposcd
number will indicate the number of decimal places in the

cube root.

3U.

641

8

72

i}2

7236

Example. Extract the cube root of 14102'327296.

I4l0i-32729(5V2416

8

6102

5824

173521
f

174243

43416

174G7716

278327

173521

104806296

104806296

315. If any number, integral or decimal, has no exact

cube r<«>t, we may annex cyphers, and proceed with th'

approximation to the cube root to any desired extent.

The following is the extractioD of the cube root of 4 to

four decimal places

:
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£13

6,
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\1. x*-\-2x^ + -^x'-A-2x-¥\. 18. l-2ar + 5^-4ar3 + 4r*

19. ar* + G.7;* + 25ar' + 48x + 64. 20. a^ - Ax^ -^ 8x + i.

21. l-4a;+10.?;*-12.r' + 9.r*.

22. 4afi-4x^-7x* + 4x^ + 4.

23. x*-2aa^ + 5a'x*-4a'x + 4a\

24. x*-2ax'^ + {a^ + ^)x^-2ab"x + b\

25. x^- 1 2^" + 60^?* - I60a^ + 2400,-*- 1 0'Zx + 64.

26. x^ + 4ax-'' - 1 Oa^j,^ + 4a'a? 4- a*.

27. 1 -2.r + :U-''-4a^ + 5ar*-4a:* + 3aJ«-2a:' + «».

1:1' _ ^ _ ^^-^^ + ^A' . ?^ + 1^
9^" z \5yz \{\z* 5z^ 25i^'

Find tlie fourth roots of the following expressions:

29- I + 4.r + Gx^ + 4x' + x*.

30. 1 6.r*- 96.1-3?/ + 216.rV- 21 6.ry^ + 81t/^.

31. l-4a.*+10.r=-16.ir»+19.r*-16J.'*+ 10a:^-4:r^ + A-'.

32. {x* -2{a + b)x^ + {a^ + 4ah + h-)x- - 2ah\,a + h)x + a-6-)-.

Find the eiglith roots of the following expressions :

33. x^ + 8.c^ + 28a-'^ + 56 J,-" -(-70^:* + 56.1-' + 2Sa^+ Sj- + 1

.

34. {x*-2x^y + Za^^-2xy^ + y*]*.

Find the square roots of the following numbers:

n5 II.'6. 36. 202.5. 37. 3721. ,38. 5IS4.

39. 7569. 40 9801. 41. 15129. 42. 103041.

43. 16.^649. 44. ;]080-25. 45. 41-2164.

46. -S35396. 47. 1522756. 48. 29376400.



49.
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XXXIII. Indicet.

316. Wo have defined an index or exponent in Art. 16,

and, according to that definition, an index has hitherto
always bu< ii a positive whole number. We arc now about
to extend the definition of an index, by explaining; the
meaning of fractional indices and of negative indices.

317. If ui and n are any positive whole numbers
u" X a'^^a"'''".

riie truth of this statement has already been shewn
in Art. 59, but it is convenient to repeat the demonstra-
tion here.

a"' = axrtxax torn factors, by Art. 16.

a" -ax ax ax to n factors, by Art. 16
;

therefo'-c

a'"xa''—axaxax...xaxaxax ...to m + n factoi'S

:-a"+", by Art. 16.

In like manner, dp is also a positive wliolc number,

a" X a" X a«'= a"'"^" x o'^a"*"*'

;

and so on.

318. If m and n are positive whole numbers, and m
greater than n, we have by Art. 317

a"-"xa"= a'"~"*'' = a";

a"
therefore — =a'""* .

a

This also has been already shewn ; see Art. 12.

319. As fractional indices and n<^atiTO indices haTo

not yet bcon defined, wc are at liWertv to give what defiui-

bou* we ploa^se to them ; and it ia fouud couveniout u
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give such definitions to them as will make the important
rulation a" x a" = «"**" alioays (rue, whatever m and n
may he.

For example; required the meaning of a*.

By supposition we ai-e to have a^ x a^ — «i = a. Thus a*
must be such a number that if it be multiplied by itself

the residt is a ; and the square root of a is by deiinition

such a number; therefore a* must be eqmvaleut to the

square root of a, that is, a- — >Ja.

Again ; required the meaning of a*.

By supposition we are to have

i i i i*i+i
Ia xa xa =a =a.—a.

Hence, as before, a^ must be equivalent to the cube

root of a, that is a^= ^a.

Again ; required the meaning of a .

f 3 I I
By supposition, a xa xa xa —o?;

I
therefore a = 4/a*.

These examples would enable the student to under-
stand what is uieaut by any fractional exponent ; but we
will give the definition in general symbols in the next two
Articles.

I

320. Required the meaning of a" where n is any
positive whole number.

By supposition,

I i i 1 ^ *

a'xa'xa'x ... to n factors — a' ' ' " — o- = a;

1

therefore a" must be equivalent to the n'* root of <%

1

ti^at is, a"= ;/(!,
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321. Required tJie meaning q/* a" tchere m /xvd n an
any positive whole numbers.

By supposition,

M m Ml M » «

a" X a" xa" X ... to n factors^a" " " =0"";

tlierefore &" must be equivalent to the n"" root of a",

that is, a" = V^".

Hence a" means the «"" root of tlie Tn"" power of a\

t!iat is, in a fractional index the numerator denotes a power
and the denominator a root.

322. We have thus assigned a meaning to any positive

index, whether whole or fractional ; it remains to assign a

meaning to negative indices.

For example, required the meaning of a~\

By supposition, a'* x a~*= a^-' — a}=a,

» « 1
therefore a"'=1 = -s

.

We will now give the definition in general symbols.

323. Required the meaning of a"*/ tchere n '* any
positive number whole orfractional.

By supposition, whatever m may be, we are to have

a™ X a~' = a""".

Now we may suppose m positive and greater tlian n,

and then, by what has gone before, we have
_m

a""'" X a"= a"* ; and therefore a"~*

=

-j,

.

a

Therefore «"* x a'" = -^

:

a

therefore a""-= —

.
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In onier to express this id words we will define tho
woi*d reciprocal. One quantity is said to be the recipro-

cal of another when the product of the two is equal to

unity ; thus, for example, x is the reciprocal of -

.

Hence a~" is the reciprocal of o"; or we may put this

result symbolically in any of the following ways,

a"

'

a"

324. It will follow from the meaning wliich has been
given to a negative index thata"'-^a" = a"'~" when m is less

than n, as well as when m, is greater than n. For suppu^e
m less than n ; we have

a
-a =— =——= a

a" a"""*

— /I—(«—m) _ n"*—"

Suppose 'm = n; then cT-^a" is obviously= l; and
a"-" = «". The last symbol has not hitherto received a
meaning, so that we are at liberty to give it tho meaning
which naturally presents itself; hence we may say that

325. In order to form a complete theory of Indices it

would be necessary to give demonstrations of several pro-
positions which will be found in the larger Algebra. But
these piopositions follow so naturally from the definitions

and the properties of fractions, that the student will not
find any difficulty in the simple cases which will come be-

fore him. We shall therefore refer for the complete theory

to the larger Algebra, and only give here some examples as

specimens.

326. If m and n are positive whole numbers we know
that (a^'/'^a""; see Art. 279. Now this result will also

hold wlien m and n are not positive whole numbers. For
example,

For let (a*)'*-ar; then by raising botli sides to tfia

fourth power we have e^ — X^; then by raising both sides
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to the third power wehaTea= ar"; therefore x^aJ^y which
was to be shewiL

327. If w is a positive whole number we know that

a'xb'' = {ab'. This result will also hold when n is not

a positive whole number. For example, a' x 6' = {abp.

For if we raise each side to the third power, we obtain in

each case ab ; so that each side is the cube root of ab.

In like manner we have

a" X 6" X c" X ... = {abc.

.

.)".

Suppose now that there are m of these quantities

a, b, c,..., and that all the rest are equal to a; thus we
obtain

(«")" = (a") " ; that is, ( "Ja)" = i^oT.

Thus the ni"^ power of the n" root of a is equal to the

n* root of the m"' power of a.

328. Since a fraction may take diflFerent forms without

any change in its value, we may expect to be able to give

different forms to a quantity with a fractional index, with-

out altering the value of the quantity. Thus, for example,
2 4 J 4

smce n — t>
^^ '"^y expect that a^ = a^ ; and this is the

3 6

case For if we raise each side to the sixth power, we
obtain a* ; that is, each side is the sixth root of a*.

329. We will now give some examples of Algebraical
operations involving fractional and negative exponents.

Multiply Jfc^c^ by a^6*r^.

2 1 _7 3 1^_
3'*'2~6' 4'^3~

therefore a^ft' c^ x a^ 6' c* = a« b^*e.

2 1 _7 3 1^_ 13 1 2
3'*'2~6' 4'^3~12' 3'^3~ *
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Diride ary^ by x*sr.

3 11 2_11_
4 2 - 4

' 3 6
" 2

'

therefore x*y^-^x^y^ -a^y^.

Multiply x + x^-itx'^ bv x*+;i;~^-«~\

X \-x^ +a; •''

ar^ + aj-i-a;-^

ar' + a;* +1

a;^ + 1 + a;"^

— 1 — x~^ — x~^

x^ + 2x^ + \ -x~^

Here in the first line x^ y.x = x^'^^ = x^, x^ ^x^~^^^

x^ y.x~^ = x'^=\; and so on.

J>i7ide

x^-'ix^y-^ + '^y-^-y-^ by «*-2«*j/-* + ?/"*

«^ - 2j;^2/"« + y~^) x^ - Zx^y~^ + Zc^y'^-y-'^ l .^ - ^--^

— x^y~^ -I- 2x'^i/~^ - y~^
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Examples. XXXIII.

Find the value of

I. 9~i 2. 4"i 3. (100)"'^. 4. (lOOO)i 5. (81;"^-

Simplify

6. (a2)-3. 7. (a-»)-'. 8. Ja-*. 9. ^a"'.

10. a"^ y.a^ y.a *.

Multiply

II. ;c^ + y^ by x^-ij^. 12. a^ + a^fc^^.^! ijy fli_/^^.

13. ;r + ;r2 + 2 by a; + a:^-2.

14. x*->ra? + \ by a;-*-a;~* + l.

15. a~^ + a~^ + l by a~3_i

16. a^-2 + a~^ by a3-a~=.

17. a + a2Z>2-.t-''?/3 by a->ra"-b^ -^-x^y^.

18. A---.r?/^ + a;^2/-?/- by .r + .r^y^ + ?/.

Divide

19. x^^-y^ by a;*-?/*. 20. a-b by a^-fc*.

21. G4j;-i + 27?/-'' by 4.r~^ + 3?/"i

22. x^— xy-+x-ij~y^ by x'^ — y'^.

23. a3 +«M + fe^ by u^ +aM + ft^

24. rt^' + fe^ - c3 + 2rt^6* by a* + &* +A
25. .'r^-2a-a-^ + rt3 by a^-1oSx^ + a.

26. .r'-4.f!'y« + 6xM-4j;^j/^ + y^ by .c^ - 2x^.//« + ly^

Find the square roots of the following expressions

:

27. :c^-4 + 4.r-l 28. {x -^ x-^)^- \{x - x-^).

29. x^ - 4.c^ + Ix^ + \x - Ax^ + ari

,nu. 4.f5 - I2u;5 + 25 - 24.1;"^ + 16j;~'
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XXXIV. Surds.

330. When a root of a number canuot be exactly
obtaijied it is called an irrational quantity, or a surd.
Thus, for example, the following are surds

;

n/5, \/I v'4, '^l i/7

And if a root of an algebraical expression cannot be
denoted without the use of a fractional index, it is also

called an irrational quantity or a surd. Thus, for ex-

ample, the following are surds

;

J a, y|, J{aUab + b-'l >«', ^(o^ + i^).

The rules for operations with surds follow from the
propositions of the preceding Chapter; and the presciit

Chapter consists almost entirely of the application of those

propositions to arithmetical examples.

331. Numbers or expressions may occur in the /onti
ef surds, which are not really surds. Thus, for example,
^Z' \^ 5! the form of a surd, but it is not really a surd, for

n/y • I, sJtJ ^(a" + 20^ + &-') is in the form of a surd, but
it is not really a surd, for J{a^ + lab + b'^)-a + h.

332. It is often convenient to put a rational quantity
into the form of an assigned surd ; to do this we raise tlie

quantity to the power corresponding to the root indicated

by the surd, and prefix the radical sign. For example,

3 = ^3-- J9; 4=:</43= ^54; a = ^a*; a + b= ^[a+bf.

333. The product of a rational quantity and a surd

may be expressed as an entire surd, by reducing the

rational quantity to the form of the surd, and then multi-

plying ; see Art. 327. For example, 3 J2^J^ xJ-I^JlS;

2 ^/4 = 4/8 X ^4- t/32 ; ajb = Ja^ x Jb = Jia'b).

334. Conversely, an entire surd may be expressed as

the product of a rational quantity and a sui-d, if the root of

one factor can be axtractcd.

T. A- 15
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For example, ^32 = J{\Qy.2)= JlQxj2 = A ^2;

4/48=^ V(8x6>= 4/8 X 4/6 = 24/6;

^(a»^*)= 4^a''x4/t« = a4/J».

335. A surd fraction can be transformed into an
equivalent expression with tlie surd part integiiil.

For example, 7^ = J I'^l
= J^^

=^

;

7? y2x_9 ^ y18 _ 4/18

336. Surds which have not the same indax can be
transfomed into equivalent sui-ds which have ; see Art 327.

For example, take J.^ and 4/ 11 : ^5= 5*'
^i'

1 1 ^ (1 1)^

;

52=^5^= 4/6'= 4/125, (ll)i = ll^= 4/(11)^ = 4/121.

337. We may notice an application of the preceding
Article. Suppose we wish to know which is the greater,

,^/5 or 4/1 !• When we have reduced them to the same
index wo see that the former is the gi'eater, because 125 is

greater than 121.

338. Surds arc said to be similar when they have, or

can bo reduced to have, the same irrational factors.

Tims 4^/7 and 5v/7 are similar surds; 5 4/2 and 44^16

are also similar surds, for 44/16 = 84/2.

339. To add or subtract similar surds, add or subtract

their coefficients, and affix to the result the common
irrational factor.

For example, ^1 2 + v/75 - ^/48= 2j3 + 5jZ~4j3
= (2 + 5-4)^/3= 3^/3.

8 y3 1 y266_2 »/12 1 V64 x 12

3^2'^4^T~3^S"^4 ^'~"27~

2^ 1 -ij/li ^ 24/12
"32 4 3 3 '
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340. To multiply simple surds which have the same
index, multiply separately the rational factors and the

irrational factors.

For example, 3 ^2 x ^^3 = 3 s/6 ; 4 ^5 x 7 V6 = 28 v'30 ;

2^/4x3,^2 = 6 4/8= 6x2 = 12.

341. To multiply simple surds which have not the same
index, reduce them to equivalent surds which have the same
index, and then proceed as before.

For example, multiply 4 ^/5 by 2 ,^11.

By Art. 336 ^5 = ^/125, 4/11=4/121.

Hence the product is 8 4^(125 x 121), that is, 84/15125.

342. The multiplication of comiwund surds is per-

formed like the multiplication of conjpound algebraical

expressions.

For example, (6 ^3 - 5 ^2) x (2 ^3 + 3 ,^2)

= 36 + 18^/6-10^/6-30 = 648^/6.

343. Division by a simple surd is performed by a rule

like that for multiplication by a simple surd; the result

may be simplified by Art. 335.

•^ , . o . ,„ 3j2 3 /2 3 /6 V6For example, 3 v2^4 v/3 =^ =
i V 3

=
4 V g

-^ '4 i

4^5.2^11-2^^^- ^^21 -^'^121-^^121x(ll)«

_ 2 4/1830125

11

The student will observe that by the aid of Art 3.J5 the

res Its are put in forms which are more convenient for nu-

merical application ; thus, if we have to find the appmxi-

nute numerical value of 3^/2-f-4^3. the easiest metliod is

to extract the square root of G, and divide the result by 4.

15— :J
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344. Tlic only case of division by a compound surd
wliich is of any importance is that in which the divisor ia

the sum or difference of two quadratic surds, that is, surds
involving square roots. Tlie division is practically effected

by an important process whicli is called rationalising the

denominator of afraction. For example, take the fraction

4
- ~

/9 . o /o ' ^^ ^® multiply both numerator and denomi-

nator of this fraction by 5J2-2 J3, the value of the frac-

tion is not altered, while its denominator is made rational;

thus
4 _ 4(.V2-2J3)

5^/2-h2V3~(5j2-t-2^3)(5j2-2^3)

_ 4(5;^2-2V3) ^ 10s/2-4 J3
60-12 ~ 19

s/3-J-v'2 (V3+^/2)(2V3 + ^/'2)
Similarly,

2 3-^/2 (2 V3-^/2) (2^/3-1-^2)

^8+3^6 _8 + 3s/6
12-2 ~ 10

345. "We shall now shew how to find the square root of

a binomial expression, one of whose terms is a (|uadi*atic

surd. Suppose, for example, that we require the square
root of 7 + 4V3. Since {Jx+ Jy'^-x -i-y + 2 J[.n/\ it is

obvious that if we find values of a; and y fi-tmi x + y = T,

and 2 J{xy) = 4 ,^3, then the square root of 7 + 4 ^/3 will be
,^x+ Jy. We may arrange the whole process thus

:

Suppose J{1 + 4:^3)= Jx + sfy ;

square, 'J + AjZ =x + y-^2j{xy).

Assume x->r-y= l, then2^(a^)=4^3;

square, and subtract, {x + y)-— Axy = 49 — 48 = 1,

that is, {x-y)'* = l, therefore x— y = l.

Since x + y = ^ and x-y = l, wc have x = 4, y = 3;

therefore ^(7 + 4 ^3)=^4 + >./3 = 2 -I- VS.

Similarly, ^(7 - 4 J3) = 2 - ^/3.
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Examples. XXXIV.

Simplify

1. 3^/2 + 4^/8- ;s/32. 2. 2^4 + 54'32-^108.

3. 2V3 + 3^(1J)-V(5i). 4. ^-i^.

Multiply

5. ^/6+V(li)-^by V3.

7. 1+ V3--s/2by J6- J2.

8. ^/3+^/2by-L^^.

Ratioualise the denominators of the following fractions:

q 3+V2 v/3+s/2
''•

2-V2* x/3-^/2-

2^5+^3 2V3 + 3J2
3^5 + 2^3' 3^3-2^5'

Exti-act the square root of

13. 14 + 6^/5. 14. 16-6^7. 15. 8 + 4^3.

16. 4-^15.

Simplify

17. -i^-i-j-.. 18,
^(5+^24)- ^"-

V(7-4^/3)'

19. -J^a^-^ 20. V(3+V5)+V(3-V6X
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XXXV. Ratio.

346. Ratio is the relation which one quantity V>ears

to another with respect to magnitude, the comparison
being made by considering what multiple, i)art, or parts,

the first is of the second,

Tims, for example, in comparing 6 with 3, we obserso
that 6 has a certain magfnitude witli respect to 3, which
it contains twice ; again, in comparing 6 with 2, we see that

G has now a different relative magnitude, for it contains
2 three times ; or 6 is greater when compared with 2 than
it is when compared with 3.

347. The ratio of a to h is usually expressed by two
points placed between them, thus, a : 6 ; and the former is

called the antecedent of the ratio, and the latter the conse-

quent of the ratio.

348. A i-atio is measured by the fraction which has for

its numerator the antecedent of the ratio, and for its

donominator the consequent of the ratio. Thus the ratio

of a to 6 is measured by , ; then for shortness we may

say that the ratio of a to 6 is equal to t or is r .

349. Hence we may say that the ratio of a to 6 is equal

to the ratio of c to d, when r - ,.
a

3.50. If the terms of a ratio he multiplied or dividi'd
by the same quantity the ratio is not altered.

3.51. \Vc cnmjmre two or more ratios by reducing
the fractious which measure these ratios to' a common
ucuoiiiuuitor. Thas, suppose one ratio to be that of a to d^
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and anotlier ratio to be that of c to d\ then tlie fii'st ratio

a ad 1 ,, J X- " ^^
, = ,-., and the second ratio -, = !-,•
b hd^ d hd

Hence the first ratio is gi-eater than, equal to, or less

than the second ratio, according as ad is greater than,

c(iual to, or less than be.

352. A tatio is called a ratio of greater inequality, of

less ineqiialily, or of eqtuUity, according as the antecedent
is greater tlmn, lexs than, or equcd to the conseiiuent.

353. A ratio of greater ineqncdity is diminis/ied,

and a ratifi qf less inequality is increased, by adding
any number to both terms of the ratio.

Let the ratio be , , and let a new ratio be formed by

adding x to both terms of the original ratio; then ^

is greater or less than ^, according as b{a + x) is greater or

loss than a{h + x); that is, according as bx is greater or less

than aXf that is, according as b is greater or less than a.

354. A ratio of greater inequality is increased, and
a ratio of less inequality is diminished, by takingfrom
both tertns of the ratio any number tchich is less'' than
each of those terms.

Let the ratio be ; , and let a new ratio be fcttnncd by

a —X
taking x firom b«th terms of the original ratio; then ^r—
is greater or less than , according as b{a — x) is grcater

or less than a{b—x); that is, according as Z>a; is less or

greater tlian a.v, that is, according as' b is less or gi-eater

than a.

355. If tlie antecedents of any ratios be multiplied
together, and also the consequents, a new ratio is obtained
whicli is said to be eompnuuded of 'tl.e former ratios. Thus
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the ratio ac : bd is said to be compounded of the two ratios
a : b and e : d.

"Wlieii the ratio a : b h coini)onndc(l with itself tlie

rcsultiiij^ ratio is a^ : b'^ ; tins ratio is .somrtimcs called the
duplicate ratio of o : 6. And tlio latio «'

: 6* is sometimes
called the triplicate ratio of a : fe

356. The following is a very important theorem con-
cerning equal ratios.

Suppose that r = ^ = .., then each of the.**' ratios

_ fpa' + qif + re'\n

~'\}}b' + qd'' + r/''J

whore p, q, r, n arc any numbers whatever.

PorletA=?=^ = ^; then
b d f

kb = a, kd = c, kf= e
;

therefore pikb)" + q (kd)" + r (/{/"/ —jm' + qc* + re"

;

., - ,, pa" + qc' + re'
tlioreforo A" = -,

.

—

^ ^

;

pb' + qd" + ly"

tlicrefore A; = ( -. -— ,. ^c ) " •

\pb'' 4- qd" + rf)

The same rao(io of demonstmtion may be applied, and
n similar result obtained when there arc more tnan three

ratios given equal.

As a particular example wo may supjwse « = 1, then we

Bt-e that if , = -, = :«, each of these ratios is equal to
b d /'

^-—i-r • and then as a spetial case we may supiwso
j'b + qd + rf . !•

p = q = r,tio that each of the given equal ratios is equal to

tt + c + e

b^'d^7'
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Examples. XXXV.

1. Find the ratio of fourteen shillings to three guineas.

2. Arrange the following ratios in the order of magni-
tude; .3 : 4, 7 : 12, 8 : 9, 2 : 3, 5 : 8.

3. Find the ratio compounded of 4 : 15 and 25 : 36.

4. Two numbers are in the ratio of 2 to 3, and if 7 be
added to each the ratio is that of 3 to 4 : find the numbers.

5. Two numbers are in the ratio of 4 to 5, and if 6 be
taken from each the ratio is that of 3 to 4 : find the numbers.

6. Two numbers are in the ratio of 5 to 8; if 8 be
added to the less number, and 5 taken from the greater

number, the ratio is that of 28 to 27 : find the immbers.

7. Find the number which added to each term of the
ratio 5 : 3 makes it three-fourths of what it would have be-

come if the same number had been taken from each term.

8. Find two numbers in the ratio of 2 to 3, such that

tlieir difference has to the difference of their squares the

nilio of 1 to 25.

9. Find two numbers in the ratio of 3 to 4, such that

their sum has to the sum of their squares the ratio of

7 to 50.

10. Find two numbers in the ratio of 5 to 6, such that

their sum has to the difference of their squares the ratio of

1 to 7.

11. Find X so that the ratio x : 1 may be tlie duplicate

of the ratio 8 : x.

12. Find x so that the ratio a — x : b-x may be the

duplicate of the ratio a : b.

l:j. A person has 200 coins consisting of guineas, liulf-

sovereigns, and half-crowns; the sums of money in guineas,

lialf-sovercigus, and half-crowns are as 14 : 8 : 3; find

the numbers of the different coins.

14. If 6-a : b + a^4a-b : 6a-b, find a : b.

15. If 7 = I— =
, then t + >«-- n = 0.

a-b b-c c-a



234 PROPORTION.

XXXVL Proportion.

3")7. Four numbers aic said to be proportional when
the first is the same multiple, part, or parts of tlio second

a c
as the third is of the fourth ; that is when r = -3 the four

a
numbers a, b, c, d are called proportionals. This is usually

expressed by saying that a is to 6 as r is to d; aud it is

represented thus a: b :: c : d, or thus a : b = c : d.

The terms a and d are called the extremei, and b and c

the means,

358. Thus when two ratios are equal, the four numbers
which form tlie ratios ai-e called proportionals ; and the pro-

sent Chapter is devoted to the subject of two equal ratios.

3;}9. When four numbers are prnpoi-tioiials the pro-
duct of the extremes is equal to tlie product qf the means.

Let a, b, c, d be proportionate

;

a c
then 1=3;

b a

multiply by ?>rf; thus «</= fee.

If any three terms in a proportion are given, the fourth

may be determined from the relation ad=bc.

If b = c we have ad=b''; that is, if the first be to the

second as the second is to tlie third, the product qf the

extremes is equal to the square of the mean.

When a : b :: b : d then a, ft, d axe said to be in co)i-

tinuedproj)nrti()H ; and b is called the incan proportional

between a aud d.

3G0. If the product qf two numbers be equal to th«

ju-iduci of two ot/iers, the four are proportionals, the

terms of either product being taken for the mean$^ tind

thf 'rrms of the other prodiwt for the extremct.

X b
If'or let o.-y^ ad; divide by rtw, thus = ;" ' ay

or X : a :: b : y (Art. 357).
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3fil. M a : h :: c : d, and c . d :: e : f, then a -.b we :/.

i or Y = -i, and -,= -?; therefore r = :?

;

c? d f b /
or rt : d :: « :/.

362. If/our nitmbers be proportionals, tliey are pro-
portionals when taken i^wersely; that is, \i a : h :: c : d,

then b : a :: d : c.

For T = "1 ; divide unity by eacli of these equals

;

thus - - - ; or b : a :: d : c.

a c

363. If four numbers be proportionals, they are pro-
portionals when taken alternately ; that is, ii a : b :: c : d,

then a : c v.b : d.

For 7 = ^ ; multiply by -
; thus - = 3 ;

or a : c :: b : d.

364. 1/ four numbers are proportionals, the first
together with the second is to the second as the third
together with the fourth is to the fourth; that is

'\i a \b w c. d, then a -^b-.b v.c ¥ d : d.

For T = , ; add unity to these equals ; thus

^
. , <^

-, ^x. . <^-^b c >r d . . , ,£ + 1 = -> + 1, that IS —,— = —r-
; or <« + o : 6 :: o + a : cf.d b d

365. -(4&0 fAe excess of the first above the second is to

the secind as the ejccees of the third above the fourth is to

the fourth.

For V — -/ ; subtract unity from these equals ; thus

7-1=^ — 1, that IS —r- = —T or a— o : b :: c — d : d„
o d (I
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366. Also the first is to the excess of the fi,rst above thg
second as llie third is to the excess of the third above ths
fourth.

By the last Article —^— = —j—
; also , =-,:

a b a

,, , a — b b c — d d a-b c— d
therefore —,— y. - — —— x -

, or —— = ,bade a c '

or a— b : a :: c—d : c; therefore a : a-b :: c : e — d.

367. Whenfour numbers are proportionals., the sum
of the first and second is to their difference as the sum
qf the third and fourth is to their difference; that is, if

a : b :: e : d, then a + b : a-b :: c + d : c—d.

By Arts. 364 and 365 -^ = —y- , and -j— = —j-
I

rt + ft a—b c + d c-d ^. ^. a + b e+d
therefore—j— -.—j— = —-,- -.—5- , that is ; =—-,.,

b b d a ' a-b c-d
or a + b : a — b :: c+ d : c-d.

368. It is obvious from the preceding Articles that il

four numbers are proportionals we can derive from them
many other proportions; see also Ait. 356.

369. In the definition of Proportion it is supposetl that

we can determine what multiple or what part one quantity

is of another quantity of the same kind. But we cannot

always do this exactly. For example, if the side of a

square is one inch long the length of the diagonal is de-

noted by ^2 inches ; but ^/2 cannot be exactly found, so

that the latio of the length of tlie diagonal of a square'

to the length of a side cannot be exactly expressed by

numbers. Two quantities are called incommensurable
when the ratio of one to the other cannot be exactly ex-

pressed by numbers.

The student's acquaintance with Arithmetic will sug-

gest to him that if two quantities are really incommen-
surable still we may bo able to express the ratio of fme to

the other by numbers as neai-ly as we please. For example,

we can find two mixed numbers, one less than ^2, and the
j

other greater than v'2, and one differing from the other byj

as sniiill a fraction as we please.
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370. We will give one proposition with respect to the

comparison of two incommensurable quantities.

Let X anfi y denote two quantities; and suppose it

known that however great an integer q may be we can find

another integer p such that both x and y lie between

- and : then x and y are equal.
<i <l

For the diflference between x and y cannot be so great

as -
; and by taking q large enough - can be made less

than any assigpied quantity whatever. But if x and y were
unequal tlieir diflference could not be made less than any
assigned quantity whatever. Therefore x and y must be
equal.

,371. It will be useful to compare the definition of pro-

portion which has been used in this Chapter witii that

which is given in the fifth book of Euclid. Euclid's defini-

tion may be stated thus : four quantities are proportionals

when if any equimultiples be taken of the first and the
third, and also any equin)ultiples of the second and the
fourth, the multiple of the third is gi-eater than, equal to,

or less than, the multiple of the fourth, according as the
multiple of the first is greater than, equal to, or less than
the multiple of the second.

372. We will first shew that if four quantities satisfy

tlie algebraical definition of proportion, they will also

satisfy Euclid's.

n c
For suppose that a : h :: c : d; thi i. t= j ; therefore

a

f.

— ^i whatever numbers p and q may be. Hence pc is

greater than, equal to, or less than qd, according as pa is

greater than, equal to, or less than qh. That is, the four
quantities cL,b,c,d satisfy Euclid's definition of proportion.

37.3. We shall next shew that if four quantities satisfy

Euclid's definition of projMjrtion they will also satisfy the
algebraical definition.

For suppose that a, h, o, d are four quantities such that
whatever numbers p and q may be, pc is greater than,
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equnl to, or less than qd, according as pa is greater than,

equal to, or less than qb.

First suppose that c and d are commensurable ; take

p and q such tha.tpc = qd; then by hypothesis jt?a = $6 : thii?

-r = 1 = '—
; therefore i = , . Therefore a : b :: c : d.

qb qd b d

Next suppose that c and d are hicomm,ensurahJe.
Then we cannot find whole numbers p and q, such th:it

pc — qd. But we may take any multiple whatever of d, aa

qd, and this will lie between two consecutive multiples of c,

DC
say between pc and {p + l)c. Thus ^ is less than unity,

and , is greater than unity. Hence, by hypothesis,

is less than unity, and ——t— is greater thau unity.

Thus -- and . are both greater than , and both less thando q

-— . And since this is true however great p and q may

ct c
be, we infer that , and ^ cannot be unequal; that is, they

must be equal : see Art. 370. Therefore a • b :: c : d.

That is, the four quantities a, b, r, d satisfy the alge-

braical definition of proportion.

.".74. It is usually stated that the Alirebraical definition

of pioportion cannot be used iu Geometry bociiuse there is

no method of representing geometrically the result of tlic

operation of division. Straight lines can be represented
geometrically, but not the abstract number which expre^^cs
how often one straight line is o<intaino(.l in another. But it

should be observed that Euciids definition is rigorous and
applicable to incommei)curable as well as to commm-nin--
ahic quantities; while tlic .Mgcbraical dcfijiitiou i.s, strictly

spei'iug, confined to the latter. Ilcuee this consideration

iilou' uoulil Cnrnish a sufUcieut rca.son for the dcfiuitiou

adopted by Kuclid.



: 8 : X.
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XXXVII. Variation.

375. The rreacnt Chapter consists of a series of pro-

positions connected with tne definitions of ratio and pro-

portion stated in a new phraseology which is convenient
for some purposes.

376. One quantity is said to vary directly as anotlier

when the two quantities depend on each Other, and in such

a manner that if one be changed the other is changed iu

the same proportion.

Sometimes for shortness we omit the word directiy

and say simply that one quantity varies as another.

377. Thus, for example, if the altitude of a triangle be
iuYariablo, the area varies as the base ; for if the base be
increased or diminished, we know from Euclid that the

area is increased or diminished in the same proportion.

We may express this result with Algebraical symbols thus

;

let A and a be numbers wliich represent the areas of two
triangles having a common altitude, and let B and 6 be

vuitibers which represent the bases of these triangles re-

4 B
spectively; then — = t- • And from this we deduce

A a
f,= j,^y Art 363. If there be a third triangle having the

aime altitude as the two already considered, then the ratio

of the immber which represents its area to the number wiiich

represents its base will also be equal to ? . Put ;
- rn,

then o = m, and A=mB. Here A may represent the
B

area of any one of a series of triangles which have a com-

mon altitude, and B the corresponding b:vse, and m re-

mains constint Hence the statement that the area varies

a3 the base may also be expressed thus, the area lias a
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con. tiitit ratio to the base ; by which we mean tliat tlio

number which represents the area bears a constuut i-atio

to the number which represents the base.

These remarks are intended to explain the notation aiul

phraseology which are used in the present Chapter. Wlicn
we say that A varies as B, we mean that A represents tlio

numerical value of any one of a certain series of quantities,

and B the numerical value of the corresponding quantity

in a certain other series, and that A-niD, where m is

some number which remains constant for every correspond-

ing pair of quantities.

It will be convenient to give a formal demonstration
of the relation A - niB, deduced from the definition in

Art. 376.

378. //A vary as B, then A is equal tu U multiplied
by some constant number.

Let a and b denote one p;iir of corresponding values of

the two quantities, and let A and B denote any othci- pair

;

then — = i-,by definition. Hence A = xB = mB, where
a b' ^ b

m is equal to the constant ,

.

379. The symbol cc is used to express variation ; tlius

A X B stands for A varies as B.

380. One quantity is said to vary ineorgely as another,

when the first varies as the reciprocal of the second See

Art. 323.

Or if ^ = -^ , where m is constant, A ia said to vary

inversely as B.

381. One quantity is said to vary as two others jointly,

when, if the former is changed in any manner, tbe product

of the other two is changed in the same proportion.

Or \f A = mBG, where m is constant, A is said to vary-

jointly as i? and C.
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382. One quantity is said to yary directly as a second

and inversely as a third, when it varies jointly as the

second and the reciprocal of the third.

Or if yl = "TT » where m, is constant, A is said to vary

directly as B and inversely as C.

383. 1/A a: B, and B x C, then A oc C.

For let A = mB, and B= nC, where in and n are con-

stants; then A =m,nC; and, as ;nn is constant, A oc C.

384. // A oc C, and B oc C, then A * B « 0, and
V(AB) Qc C.

For let ^ =mC, and B = nC, where m and n are con-

tauts; then ^±jB= (m=fc«)C; therefore A^B cc C.

Also JC^B)=V(»»n(72) = Cv'(jnw); therefore v'C^^) x (7.

385. Jif A oc BC, <A€» B oc ^, and C x ^

.

1 A A
For let A =mBC, then B= — 77: therefore B cc 7: .m C C

Similarly, C oc -„

.

386. If A<x: B, anrf C oc D, <A^ AC « BD.

For let A = mB, and C=nD; then AC=mnBD\
therefore AC at BD.

Similarly, if A <x B, and C'ccZ), and E <x F. then
iiCJSoc fiDF; and so or.

387. 7/*A oc B, «A('« A* oc B».

For let .4 =mB, then .}" = m"-ff"; therefore .J" oc -B".
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388. ^ A oc B, then AP x BP, where P is any
quantity variable or invariable.

For letA = mB, then ^P=mBP ; thereforeAP an BP.

389. X/" A X B when C Z5 invariable, and A qc C wAfn
B 15 invariable, then A x BO acA^n both B a?**? C are
variable.

The variation of -4 depends on the variations of the

two quantities B and C; let the variations of the latter

quantities take place separately. When B is changed to b

A B
let A be changed to of ; then, by supposition, -> = -r •

Now let C be changed to c, and in consequence let a' be
a! C

changed to a ; then, by supposition, — = - . Therefore

-7 X — = -r X — ; that is, — = -T— : therefore A x BC.
a a b c a be

'

A very good example of this proposition is furnished in

Geometry. It can be shewn that the are.i of a triangle

varies as the base when the height is invariable, and that

the area varies as the height when the base is invariable.

Hence when both the base and the height vary, the area

varies as the product of the numbers which represent the

base and the height.

Other examples of this proposition are supplied by the
questions which occur ia Arithmetic under the head of the

Double Rule of Three. For instance suppose that the
quantity of a work which can be accomplished varies as

tJie number of workmen when the time is given, and varies

as the time when the number of workmen is given ; then
the quantity of the work will vary as the product of the
number of workmen and the time when both vary.

390. In the same manner, if there be any number of

quantities B, C, Z>, ...each of which varies as another
quantity A when the rest are constant, when they all vary

A varies aa their product.

16—2
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Examples. XXXVIL
1. A varies as B, and A =2 when B=l; find th©

value of A when B = 2.

2. If A^^E^ varies as A^ - E^, shew that A+B
varies a& A — E.

3. ZA + 5E varies as 5^ + 'iB, and .4 = 5 when .fi = 2

;

find the ratio A : B.

4. .4 varies as nB + (7; and ^ = 4 when 5=1, and
C=2; and A — 1 when i? = 2, and C=3: find n.

5. .4 varies as B and (7 jointly ; and A = \ when
.5=1, and C=\: find the value of ^ when .S = 2 antd (7=2.

6. .4 varies as B and C jointly ; and A = S when
i?= 2, and C7=2 : find the value of EC when ^ = 10.

7. A varies as 5 and G jointly ; and A -12 when
B= 2, and (7=3: find the value of ^ : .B when (7=4.

8. A varies as 5 and C jointly ; and A = a when
E-b, and (7=c: find the value of A when B= b' and
C=c2.

9. A varies as B directly and as C inversely ; and A = a
when E=b, and C=c: find the value of A when B — e and
C=J.

10. Tlio expenses of a Charitable Institution are partly

constant, and partly vary as the number of inmates.

When the inmates are 960 and 3000 the expenses are re-

spectively £112 and £1S0. Find the expenses for 1000
inmates.

11. The wages of 5 men for 7 weeks being .£17. 10*.

find how many men can be hiroil to work 4 weeks for ;£30.

12. If the cost of making an embankment yary as the

length if the area of the transverse section and height bo

constant, as the height if the area of the transverse section

and length h^ constant, and as the area of the transverse

section if the length and height be constant, and an em-
bankment 1 mile long, 10 feet liigh, and 12 feet broad cost

jCDGOO find the cost of an embankment half a mile long,

16 feet high, and 15 feet broad.
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XXXVIII. Arithmetical Progression.

391. Quantities are said to be in Arithmetical Pro-

gression when they increase or decrease by a common dif-

ference.

Thus the following series are in Arithmetical Pro-
gression,

2, 5, 8, 11, 14,

20, 18, 16, 14, 12,

a, a + b, a+ 2b, o + 3&, aA-ib

The common difference is found by subtracting any
term from that which immediately follows it. In the first

series the common difference is 3 ; in the second series it is

- 2 ; in the third series it is 6.

392. Let a denote the first term of an Arithmetical
Progression, b the common difference; then the second
term is a+ b, the third term is a+ 2b, the fourth term is

'1+ 3b, and so on. Thus the Ji"" term is a + (» - 1 ) 6.

393. To find the sum of a given number of term^ of
an Arithm.etical Progression, the first term and the com,'

mon difference being supposed known.

Let a denote the first term, b the common difference, n
the number of terms, / the last term, s the sum of the
terms. Then

s = a + {a + b) + {a + 2b)-¥ +1

And, by writing the series in the reverse order., we liavo

•ilso

s = l + {l-b) + {l-2b)-¥ + a.

Therefore, by addition,

2s-(/ + a) + (/ + a) + to « terms

= «(/+ a);

fi

theteforo ^ *= gC'-t-^) (1)-
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Also i=a + (n-l)6 (2),

thus »=|{2a + (n-l)&} (3).

The equation (3) gives the value of s in terms of the
quantities which were supposed known. Equation (1) also

gives a convenient expression for *, and furnishes the
following rule : the turn of any number qf term* in
A rithmeticaJ, Progression is equal (o the product of the

number of the terms into half the sum cf the frsl and
last terms.

We shall now apply the equations in the present Article

to solve some examples relating to Arithmetical Pro-
gression.

394. Find the sura of 20 terms of the series 1, 2, 3, 4,...

Here a=l, b = \, n = 20; therefore

20
«=

2 (2 + 19) = 10x21=210.

8!)r). Find the sum of 20 terms of the series, 1, 3, 5, 7,...

Here a = l, 6 = 2, n = 20; therefore,

20 20*=- (2 + 19 X 2)= -X 40 = (20)*= 400.

396. Find the sum of 12 terms of the series 20, 18, 16,..

Here a = 20, 6 = — 2, n =- 1 2 ; therefore

»= g" (40-2x1 1) = 6(40-22) = 6 xlB = 10S.

397. Find the sum of 8 terms of the series - , -
, , ....

12'6' 4 3

Here <»-rs) ^ = t^)" = 8; therefore

8/2 7N
^'<f2-3-
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398. How many terms must be taken of the series

15, 12, 9,... tliat the sum may be 42 1

Here s = 42, a =15, h——Z; therefore

42 = ||30-3(n-l)| =|(33-3w).

We have to find n from this quadratic equation ; by
solring it we shall obtain r? = 4 or 7. The scries is 15, 12,

9, 6, 3, 0,-3, ; aad thus it will be found that we ob-
tain 42 as the sum of the first 4 terms, or as the sum of the
first 7 terms.

399. Insert five Arithmetical means between 11 and
23.

Here we have to obtain an Arithmetical Progression
consisting of seven terms, beginning with 11 and ending
with 23. Thus a = ll, / = 23, n = 7 ; therefore by equation

(2) of Art. 393,

23 = 11 + 60,

therefore & = 2.

Thus the whole series is 11, 13, 15, 17, 19, 21, 2a

Examples. XXXVIIL

Sum the following series

:

1. 100, 101, 102, to 9 terms.

2. 1, 2J, 4, to 10 terms.

3. 1, 2|, 4^, ...to 9 terms.

4. 2, 3J, 5i to 12 terms.

2 5
5. -, -, 1 to 18 terms.

6 b

1 2 11
6. 2» ~3' ~6^' to 15 terms,

7. Insert 3 Arithmetical means between 12 and 20.

8. Insert 6 Arithmetical means between 14 and 16.
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9. Insert 7 Aritlimetical means between 8 and - 4,

10. Insert 8 Arithmetical means between — 1 and 5.

11. The first term of an Arithmetical Progression is

13, tlie second term is 11, the sum is 40: find the number
of terms.

12. The fii"st term of an Arithmetical Progi'ession is

5, and the fifth term is 1 1 : find the sum of 8 terms.

13. The sum of four terms in Arithmetical Progression
is 44, and the last term is 17: find the terms.

14. The sum of three numbers in Arithmetical Pro-
gression is 21, and the sum of their squares is 155 : find the
numbers.

15. The sxmi of five numbers in Arithmetical Progres-
sion is 15, and the sum of their squares is 55: find the
numbers.

16. The seventh term of an Arithmetical Progression
is 12, and the twelfth term is 7; the sum of the series is

171 : find the number of terms.

17. A traveller has a journey of 140 miles to perform
He goes 26 miles the first day, 24 the second, 22 the
third, and so on. In how many days docs he perform the
journey ?

18. A sets out from a place and travels 2^ miles nn
hour. B sets out 3 hours after A, and travels in tlio

same direction, 3 miles the first hour, 7>\ miles the second.
4 miles the third, and so on. In how many houra will D
overtake A 1

19. The sum of three numbers in Arithmetical Pro-
^'ressirm is 12; and the sum of their squares is 66: find
the numbers.

20. If the sum of n terms of an Arithmetical Pro-
gression is always equal to h-, find tlio first term and the
cummon difference.
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XXXIX. Geometrical Progression.

400. Quantities are said to be in Geometrical Pro-
gression when each is equal to the product of tlie preceding
and some constant factor. The constant factor is called

the common ratio of the series, or more shortly, tlie ratio.

Tims the following series are in Geometrical Progrea-

aioii.

1, 3, 9,27,81,

1
1 1 1 1

' 2' 4' 8' 16'

a, ar, ar\ ar^, ar*,

The common ratio is found by dividing any term by
that which immediately precedes it. In the first example

the common ratio is 3, in the second it is -
, in the third

it is r.

401. Let a denote the first term of a Geometrical Pro-
gression, r the common ratio; then the second term is ar,

the third term is ar^, the fourth term is ar^, and so on.

Thus the n"" term is ar*'^.

402. To find the sum qfa given number qf terms of a
Geometrical Progression, the first term and the common
ratio being supposed known.

Let a denote the first term, r the common ratio, n the
number of terms, « the sum of the terms. Then

s = a + ar+ar^ + ar^-h... +ar''~^;

therefore sr = ar + ar- + ar^ + ... + a/""' + ar'.

Therefore, by subtraction,

sr — s= ar* — a,

. , a(r" — 1) -,.
therefore #= -^^—-i- (I).

r—

1

^
'^
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If I denote the last tenn ^e have

l^af-^ (2),

therefore *= "tt (3)-T— 1

Equation (1) gives the value of .s in terms of the
quantities which were supposed known. Equation (3) is

sometimes a convenient form.

We shall now apply these equations to solve some ex-

amples relating to Geometrical rrogression.

403. Find the sum of 6 terms of the series 1, 3,9, 27,...

II ere a=l, r = 3, n = 6; therefore

3«-l 729-1
3-1 3-1

= 364.

404. Find the sum of 6 terms of the series 1, —3,
9, -27,...

Here a = l, r=— 3, n = 6j therefore

(-3f-l 729-1
-3-1 -4 = - 182.

405. Find the sum of 8 terms of the series 4, 2, 1, -....

Herea=4, r=-, n = 8; therefore

\2» / V 2V 25.5 2 255
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407. Insert three Geometrical means between 2 and
32.

Here wc have to obtain a Geometrical Progression

consisting of Jive terms, beginning with 2 and ending with

32. Thus a = 2, /= 32, n = 5; therefore, by equation (2)

of Art 402,
32 = 2r*

that is r*=16 = 2«;

therefore r=2.

Thus the whole series is 2, 4,-8, 16, 32.

408. We may write the value of *, given in Art. 402,

thus

*~ l-r •

Now suppose that r is less tha,n unity ; then the larger

n is, the smaller will r" be, and by taking n large enough
r" can be made as small as we please. If we neglect »*"

we obtain

a

and we may enunciate the result thus. In a Geometrieal
Progression in which the common ratio is numerically
less than unity, by taking a sufficient number of terms
the sum can be made to differ as little as we please

from. .

1 -r

409. For example, take the series 1, -
, - , - , ...

2 4 8

Here a = l, r=-: therefore -z— =2. Thus by taking
' 2' l-r °

a sufficient number of terms the sum can be made to differ

as little as we please from 2. In fact if we take four

terms the sum is 2— -, if wc take five terms the sj'.ni is
8

2 -— , if we take six terms the sum is 2— — , and so on.

The result is sometimes expressed i\\v& for slioi tnea.s,

the sum of an infinite number qf terms of this series is

2; or thus, t/ie sum to infinity is 2.
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410. Recurring decimals are examples of what •ax%\

eallcd infinite Geometrical Progression. Thus for e&ampio
3 24 24 24

•3242424... denotes
j^

"^
fo^

*
i^ + W^'"

3
Here the terms after r^ form a Geometrical Progres*

24
sion, of which the first term is --5 , and the common ratio

is --5. Hence we may say that the sum of an infiuiti

number of terms of this series is
7;^

"="
( 1 -~

^752 ) » ^^^^ "

24—-. Therefore the value of the rocurring decimal \\.

990

3_ 2£
iO

"*"

990

The value of the recurring decimal may be found pr»o
tically thus:

Let «= -32424...;

then 10 «= 3-2424...,

Und 1000 s = 3242424..

.

Hence, by subtraction, (1000 - 10) » = 324 - 3 = 32.'

;

321
therefore ' = 990*

And any other example may be treated in a similar

manner.

Examples. XXXIX,

Sum the following series

:

1. 1, 4, 16, to 6 tcnns.

2. 9,3,1, to Storms.

3. 25, 10, 4, to 4 terms.

4. 1, ^/2, 2, 2^2, ... to 12 terms.
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,311 . . ^
5. g. 4, g, to 6 terms.

2 3
6. r, -1, -, to 7 terms.

o 2i

7. ^'
""s* 9» to infinity.

8. 1, ;j, ^g, to infinity.

9. 1» ~2' 4' to infinity.

2
10. 6, -2, -, to mfinity,

o

Find the value of the following recurring decimals

:

11. 151515... 12. 123123123...

13. -4282828... 14. -28131313...

15. Insert 3 Geometrical means between 1 and 25G.

16. Insert 4 Geometrical means between 5^ and 40^.

17. Insert 4 Geometrical means between 3 and - 729.

li>. The sum of three terms in Geometrical Progression

is 63,' and,the. difference of the first and third terms is 45:

find the terras.

19. The sum of the first four terms of a Geometrical
Progi-ession is 40, and the sum of the first eight terms is

3280 : find the Progression.

20. The sum of three terms in Geometrical Progres-

sion is 21, and the sum of their squares is 189 : find Uie

terms.
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XL. Harmonical Progression.

411. Three quantities A, B, G are said to be iu Har-

monical Progression when A : G :: A - B : B — C.

Any number of quantities are said to be in HarraoniciU

Progression when every three consecutive quantities are in

Harmonical Progressioiu

412. The reciprocals of quantities in Harmonical
Progression are in Arithmetical Progression.

Let A, B, (7 be in Harmonical Progression ; then

A: C ::A-B : B-G.

Therefore A{B-C) = G{A- B).

Divide by ABC ;
thus ?v ~;» = ;d - "i

•

This demonstrates the proposition.

413. The property established in the preceding Article

will enable us to solve some questions relating tu Har-

monical Progression. For example, insert five Harmonical
2 8

means between - and — . Here we have to insert five
3 15

3 15
Arithmetical means between - and -—

. Hence, by oqua-
i O

tion (2) of Art 393,

8 2 '

3 1

therefore 66 = - , therefore l> =— .

o lo

3 25 26
Hence the Arithmetical Progression is „ . t^. ,,»

—
, ^ , j^ , — ; and therefore the Harmonical Pro-

. .2 16 16 16 16 16 8
grossionis-, -, -, ^^ - .r,. 29' ll"
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414. Let a and c be any two quantities; let A be
their Arithnieticid mean, G their Geometrical mean, H
their Harmonical mean. Then

A-a='C-A ; therefore A - - {a + c).

a : Q '.: G : c, therefore G= ^/{ac).

a : c :: a—IT : ff—c; therefore L' ^ — /a+c

EXAMPliBS. XL.

1. Continue the Harmonical Progression 6, :i, 2 for

three terms.

2. Continue the Harmonical Progression S, 2, U for

three terms.

3. Insert 2 Harmonical means between 4 and 2,

4. Insert 3 Harmonical means between - and — .

5. The Arithmetical mean of two numbers is 9, and
tl)e Harmonical mean is 8: find th« numbers.

6. The Geometrical mean of two numbers is 48, and
the Harmonical mean is 465=^5 : find the numbers.

7. Find two numbers such that the sum of their Aritli-

metical, Geometrical, and Harmonical means is 9|, and the

prodjict of these means is 27.

8. Find two numbers such that the product of their

Arithmetical and Hannonical means is 27, and the excess

of the Arithmetical mean above thff Harmonical mean

9. If o, (, c are in Harmonical Progression, shew that

a+c — 2b : a— c :: a-c : a + c.

10. If three numbers arc in Geometrical Progression,

and each of them is increased by the middle number, slicw

that the results are in Hannonical Progrossioii.
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XLI. Permutations and Comhinatiott$.

415. The different orders in which a set of things caa
bo arranged are called their permutations.

Thus the permutations of the three letters a,h, c, taken
two at a time, are ab, ba, ac, ca, he, ch.

416. The combinations of a set of things arc the

different collections which can bo formed out of them,

without regarding the order in wliich the things are placed.

Thus the combinations of the three letters a, b, e, taken

two at a time, are ab, ac, be ; ab and ba, though different

permutations, form the same combination, so also do ac
and ca, and be and cb.

417. 77ie number qf permutatiout ^ n things taken
r at a time is n (n — l)(n— 2) (n— r+1).

Let there be n letters a, b, c, d, ; we shall first find

the number of permutations of them taken two at a time.

Put a before each of the other letters; we thus obtain

n— 1 permutations in which a stands first. Put b before

each -of the other letters; wc thus obtain n— 1 permuta-
tions in which b stands first. Similarly there are n — 1

permutations in which c stands first. And so on. Thiw,

on the whole, there are n{n — \) permutations of n letters

taken two at a time. We shall next find the numl>cr of

permutations of n letters taken three at a time. It has

just been shewn that out of n letters we can form n {n— 1)

permutations, each of two letters ; hence out of the n — 1

letters b, c, d, we can form (n— 1) (« — 2) pennutations,

each of two letters: put a before each of these, and
we have^(n— l)(n — 2) permutations, each of three letters,

iu which a stands first Similarly there are (7l-l)^^/^ — 2)
permutations, each of three letters, in which b stands first,

Similarly there arc as many in which c stands first. And
6(> on. Thus, on the whole, there are n{n — l){n— 2) per-

luutations of n letters taken three at a time.
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From considering these cases it might be conjectured

that the number of permutations of n letters taken r at a
time is n(« — 1) (n — 2).-.(w-r+ 1 ); and we shall shew
that this is the case. For suppose it known that the num-
ber of permutations of n letters taken r—\ at a time is

w(n— 1)(«-2).. {n-(r— 1)+ 1}, we shall shew that a similar

formula will give the number of permutations of n letters,

taken r at a time. For out of the n — \ letters b, c, d,...

we can form (h - 1 ) (n - 2) {n - 1 — (r— 1 ) + 1 } permuta-
tions, each of r—\ letters: put a before each of these, and
we obtain as many pernnitations, each of r letters, in

wliich a stands first. Similarly there are as niany permu-
tations, each of r letters, in which 6 stands first. Simi-

larly there are as many permutations, each of r letters,

in which c stands first. And so on. Thus on the whole
there are n(w — l)(?i — 2)....(w—r + 1) permutations of u
letters taken r at a time.

If then the formula liolds when the letters are taken r— 1

at a time it will hold when they are taken r at a tima
But it has been shewn to hold when they are taken three

at a time, therefore it liolds when they are taken four at a
time, and therefore it holds when they are taken Jive at a

time, and so on : thus it holds universally.

418. Hence the number of permutations of n things
taken all together is n {n—\){n — 2)... 1.

419. For the sake of brevity >i (n - 1 ) (n — 2). . . 1 is often
denoted by [n ; thus \n denotes the product of the natural

numbers from 1 to w mcUisive. The symbol \n may bo

x^iad,factorial n.

420. Any comhination of r thiiigs will prod^tce |j'

permrjUations.

For by Art. 418 tlie r things which form the given
combination can be arranged in \r different orders.

421. The number qf combinations Q/"n things taJcen r

, ,. . n(n-l)(n-2)...(n--r-l-l)
at a time is ~ r ^ ^ •

(l 17
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For the number ofpermntations of n things taken r a*

a time is n (n-l)(n-2) ... (n -*• + !) by Art. 417; and e:id)

coiiibiiiatioii produces [r permutations by Art. 420; beuce

the uuuiber of combinations must be

»(n-l)(?t-2)...(M->--H)

\l'
If we multiply both numerator and denominator of

In
this expressioQ by I n-r it takes the form ,

—

~^
, the

*^
' \r

I

n —

T

value of course being imchanged.

422. To find the number ofpermrdations of n things

taken all toyether which are not all different.

Let there be n letters; and suppose p of them t© be a,

q of tliem to be h, r of them to be c, and the rest of then*

to be the letters d, e, ..., each occumng singly: then the

number of permutations of them taken all together will be

Li'

[p L? Ir'

For suppose N to represent the rcqtrired number of

permutations. If in any one of the permutations the p
letters a were changed into p new and different fettersy

then, witliout chaugiMg the situation of any of the other

tetters, we could from the single permutation produce \p
different permutations: and tlins if the p letters a were
c'.iiiiiged into p new and different letters tlic whole miniber
nt' permutations would be iVx \p. [Similarly ii" the q letters

b were also changed into q new and different letters the

wliole number of perumtaticns we could now obtain would
be iVx ||? X q. And if the ;• letters c were al^o changed

into r n^w and different letters the whole number of per-

mutations would be iVx [^ X [£x [r. But this number

nmst be equal to the number of permutations of n ditTereut

letters talicu all together, that is to [n.

[a
Thus Ny. \p_x J5' X [r = [n ; therefore i\ =•.—j—— >

And similaily any other case may be ti'cated.
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423. Tlic student should notice the pecuh'ar method of
dcniousti-ation which is employed in Art 417. This is called

mathematical induction, and may be thus described: We
shew that if a theorem is true in one case, whaterer that
case may be, it is also true in another case so related to the
former that it may be called the next case ; we also shew
in some manner that the theorem is true in a certain case

;

hence it is true in the next case, and hence in the next to

that, and so on; thus finally the theorem must be true
in every case after that with which we began.

The method of mathematical induction is frequently

used in the higher parts of mathematics.

Examples. XLL
1. Find how many parties of 6 men each can be formed

from a company of 24 men.

2. Find how many pei-mutations can be formed of the
letters in the word company, taken all together.

3. Find how many combinations can be formed of tho
letters in the word longitude, taken four at a time.

4. Find how many permutations can be formed of tba
letters in the word consonant^ taken all together.

5. The number of the combinations of a set of things
taken ./bwr at a time is twice as great as the number taken
three at a time : find how many things there are in the set.

G. Find how many words each containing two conso-
nants and one vowel can be formed from 20 consonants
and 5 vowels, the vowel being the middle letter of the
word.

7._ Five persons are to be chosen by lot out of twenty:
find in how many ways this can be done. Find also how
often an assigned person would be chosen.

8. A boat's crew consisting of eight rowers and a
steersman is to be formed out of twelve persons, nine of
whom can row but cannot steer, while the other three can
steer but cannot row: find in how many ways the crew
c:in be formed. Find al^o in how many ways the crew
could be formed if one of tlie three were able botJi to row
and to steer.
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XLII. Binomial Theorem.

^'iA. We have already seen that (jt+ a)*= ar*+ Ixa + a*,

and that (a; + «>'' = ar' + 3^a + S^ca^ + a^ ; the object of the

present Chapter is to find an expression for (a! + a)" where
n is any positive integer.

425. By actual multiplication we obtain

(;r + a) (a?+ 5) = a;2 + (a + 6)J.+ a6,

(jr + a) (oj + 6) (a; + c) = a?3 + (a+ 6 -»- c)a;2+ (aft + 6c + ca)ar + a&c,

(a;+a)(a!+6)(fl;+c)(ar+i?)=^+(a + 6 + c + £?)ar3

+ (oJ + ac+ a</ + &c + &rf + c</)j"

+ {dbc+ feed+ cda + dab)x + afcccf.

Now in these results we see that the following laws

hold:

I. Tho number of tcmis on the right-hand side is one
more than the number of binomial factors which are multi-

plied together.

II. The exponent of x in the first torm is the same as

tho number of binomial factors, and in the other terms
e;ich exponent is less than that of the preceding term by
unity.

III. The coeflBcient of the first term is unity; tho
coefficient of the second tcnn is the sum of the second
letters of tlie binomial factors ; the coefficient of the third

term is the suni of the products of tho second letters of

tiic binomial factors taken two at a time; the coefficient of

the fourth term is the sum of the products of the second
lottcre of the binomial factors taken three at a time ; and
so on ; the last term is the product of all the second letters

of the biMomial factoi"3.

We shall show tliat these laws always hold, whatover
Ik) tho number of binomial factors. Supi>ose the laws

to Ltoki when H — 1 factors arc nmltiplied together; that is,
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suppose there are n — 1 factora ;c + a, j^-t- Ji, ;j:-*-c, ...a?+il^

and that

where p - the sum of the letters a,h, c,... k,

^ = the sum of the products of these letters taken
two at a time,

r= the sura of the products of these letters taken
three at a time.

«=the product of all these letters.

Multiply both sides of this identity by another factor

x + l, and arrange the product on the right hand according
to powers of x ; thus

{x + a){x+ 'b){x-¥c) ...{a!-\-k){x + t) = ar-ir{p-\-t)af~^

+ {q+pr)x^^ + {r + qr)x''~^+... + td.

Now p + l=a+b + c + ... + k + l

= the sum of all the letters a, b, e,...k, I

;

q+pl =g4-/(a + & + c+ . ,, + /<;)

= the sum of the products taken two at a
time of all the letters ct, h, c,..Jc, I

;

r + ql = r+l{ab + ac + bc-^... )

= the sum of the products taken three at a time
of all the lettere a,b,c,...k, I

\

td= the product of all the letters.

Hence, if the laws hold when n-l factors are multi-

plied together, they hold when n factors are multiplied

together; but they have been shewn to hold when /our
Sectors are multiplied togctlier, therefore they hold when
/6»« factors are multiplied together, and so on : thus they

hold univcrs:il!y.
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We shall wiitc the result for the niixltiplication of n
factors thus for abbreviation :

+ i?j-—=+...+ V.

Now P is the sura of the letters a, b,c,... A, /, which are

n in number; Q is the sum of the products of these

letters two and two, so that there are — of these

^. , -7j(7j — l\'n — 2) , . J
products ; /? is the sum of -^--—-i^-— products; and so
'

1 . "J . o

ou. Sec Art. 421.

Suppose b, c,...k, I each equal to a. Then P becomes

7ia, Q becomes ^
^

' a\ R becomes
^ ,.; g

a^;

and so on. Thus finally

n(n-l)(n-2)(n-3^ 4^.-4^ ^^+ -^
, '\ ^

'^ a*ar *+ +a".
1.2.3.4

426. The formula just obtained is called the Binomial

Theorem; the series on the right-hand side is called the

expansion of J + a^", and when we put tliis series instead

of {X + a)' we are said to expand {x + a)*. The theorem

was discovered by Newton.

It will be seen that we have demonstrated the theorem

in the case in which the exponent n is a p-aitire integer

;

and that we hare used in this demonstration the methovi

of 7UiUhcmatical ijiduction.

427. Take for example (jr+ a}*. Here n = 6,

»(n-l )^6.5 «(n-l)(n-2)^6.5.4^
1.2 1.2 ^ 1.2.3 1.2.3 '

»(»i-l)(n-2)(»i- 3) 6.5.4.3

1.2.3.4

l^(n-l)(M-2^(n-3) (n-4)

1.2.3.4.5

I
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(* + «)*=«* + Sat' + 15a-J* + 20tt*J* + 15<i*j^ -i- 6a*^ + a*.

Acain. suppose we require the expansiou of (b^ + cp^-^:

^0 havv onlv to put 6^ for x and <y fur <i in the preceding
iilentity; thus

(6^ + ry)»= (i*)*+ 6^(6')* + 15(<:y)«(63)« + 20(€y)»,62)s

+ 15(4T^:^(6'? ^ 6{ffffYb^ -I- (<T^)«= ft** + 6t"y&^» + loc^^

Agi^in, sHppo!* we require tlje exprmsiou of (>—<•)'; wi"

nnist put — <" for a in the result of Art. 425 ; tkus

1.2.

3

Ag&m, El the expaasioB of (j;+«)" pst 1 for ^; thog

(l-i-«)-=l^.va-^^-^a3+_^__^i_ 1^^_

Hid as this is trtie for all values of a we may put ;r for /r : thus

,, \. , r(» — 1) - k(«-1V«-2) ,
(1 +?)= I + KJ- + -y-^^j'4-

^ gg •V + ...

42S. We may apply tike Biuomial Theorem to expand
expressions eontninin^ more thau two terms. For example.
re(purcd to espuiii i-^-2x — dr^*. Put j/ for 2.r — J*-; thes
we have (1 + 2u; - j.'^/=^{i + y}' = 1 + 4ff -f- 6y- + 4j/^ + .v'

= 1 + 4 (2j:- x2) + 6 (2x-^/ + 4 (2j;- j:*)^ + (2jj- J*)*.

Abo (2jr -01^-= {ixf- 2 (2jr)j;»+ (^)*= 4-r-- 4J- -^ j^,

<^- «»)» = .2.i-y« - 3:2j-:^.r^ + 5[2x) {a?^f-{j^^

/2jf -je^*

=

{2xY- 4 (2x)»j* + 6 (2i)=(*^- 4 {2x){£^^ + (j»ij«

= io-<r^ - Sir' *- 2-Lr' - S-r + jr*.
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Hence, collecting the tcnus, we obtain (1 +2jr-aF)*

= 1-f 8;p + 20j;' + 8a;^ - 26 j;^- 8:r' + 20^- 8x7 + a^.

429. In the expansion of (l + x)° the coefficients nf
teivns equally dislani from the beginning and the end
are the same.

The coefficient of the r"" term from the beginning is

»(n-lX«-2)...(«-r + 2) , v , • u .i'
; by mmiiplymg both numerator

lr-1
In

and denominator by I « — r + 1 this becomes , p= —
-

.

•^ L Yf-\\n-r-^\

The r"" term from the end is the (n-r+2)"' term fiuui

the beginning, and its coefficient is

w(n-l)...{«-(M-r4-2) + 2} ^j^,^^ .^ w(«-l)...r .

\n-r->tl ' '

[
«-r+I '

by multiplying both numerator and denominator by |r— 1

\n
tliis also becomes

\r—\ \n-r+\'

430. Hitherto in speaking of the expansion of (d? + a)"

we have assumed that n denotes smie positive integer,

l>ut the Binomial Theorem is also applied to expand
(x 4- a)' when n is a positive fraction, or a negative quan-
tity whole or fractional. For a discussion of the Binomial
Theorem with any exponent the student is referred to tho
larger Algebra ; it will however be a useful exercise to

obtain various particular cases from the general formulx
Thus the student will assume for the present that whatever
be the values of a;, a, and n,

_^
n(n-l)(n-2)(«-3)^,^.3_^

If n is not a positive intcprer tho series never endi
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431 , As an example take (1 + y)^. Here in the formulR

of Art. 430 we put 1 for x, y for a, and - for «.

n{n-\) 2\2 / _ _ 1

1.2 ~ 1.2 ~ 8'

OT(TO-l)(n-^ 2\2~ /V2~^j 1

1.2.3
~

1.2.3 16'

«(»-l)(«-2)(n-3) 2V2 )\2 J\2 ^^
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PTi /, N « .
m(m4-l) „ .m(»» + l)(m+2) .

Thus <l+y)-"=i-wy+-Y-2— y2__\__^^,_ 1.^

m('m + l)(m + 2)(m+3) ."-
1.2.3.4

^-"

As a particular ease suppose m — \; thus

(l+y)-' = l-y + y*-y' + f/^-...

This may be verified by dividing i by \+y.

Again, expand (1 +2x— aFf in powers of x. Put y foi

tx- x"; thus wc have ( 1 + 2jp — a^)- = ( 1 + </;«

,1 I -> 1 , 5 ^= 1 + ?/ ?/- -I V V^ + ...

^ 1 + ,!^(2;e-j»'=)-g(2«-:c-r+ ^(2^-*-)*- ,-^C^^-«')* + -

Now expand (2jr-,c^)', i2x—x-Y,... and collect the
terms ; thus wc shall obtain

i 3
i\-i-2x-x^y'^\+x-a?-\-i)i^-^x*-^...

Examples, XLII.

5. Write aown the first three and tlie last throe terms
of (« - .(•,!'•'.

2. Write down the cxpansiou of (3 - 2.^^.

3. Expand (I -2ir)'.

4. Write down the first four terms in the cxpouaioa
of (« 4- 2;//)".

5. Expand (1 -I- .r— ^-)^

6. Expand ;l+^+^-}*.
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7. Expand (l-2;r + ar')«.

8. Find the coefficient of x" in the expansiot of

(1 ^Ix^ZsFf.

9. Find the coefficient of af^ in the expansion of

(l-2a;+ 3a^)'.

10. If the second term in the expansion of {xA-yf bo
2:0, the third term 720, and the fourth term lOSO, fiud

r, 7/, and n.

11. If the sixth, seventh, and eighth terms in the ex-

pansion of [x-yyf be respectively 112, 7, and -
, find x, y,

and n.

12. Write down the first five terms of the expansion

of (a -2a;)*.

1 3. Expand to four tenns { 1 ~ ^ ^ )
"•

14. Expand {\-2x)'\

15. Write down the coefficient of x' in the expansion

of (l-«)-2.

16. Write down the sixth term in the expansion nf

17. Expand to five terms (a-36)~V : shew that U

i= \ and h — - the fourth term is greater than either tho

third or the fifth.

18. Write down the coefficient of x^ in the expansion
of(l-a;)-*.

Iffn Expand (1 +a; + a;-)'- to four terms in powers of «.

20. Expand {l — x + x")'"^ to four tcniis in powers of «.
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XLIIL Scale* of Notation.

432. Tho student will of course have learncvl from
Arithmetic that in the ordhiary method of expressing

whole numbers by figures, the number represented by c:ich

figure is always some multiple of some power often. Tiiiis

in 523 the 5 represents 5 hundreds, that is 5 times 10*;

the 2 represents 2 tens, that is 2 times 10'; and tlie 3,

which represents 3 units, may be said to represent 3 times

lO"; see Art 324.

This mode of expressing whole numbers is called the

com.m,on scale of notation, and ten is said to be the base

or radix of the common scale.

433. We shall now shew that any positive integer

greater than unity may be used instead of 10 for the radix

;

and then explain how a given whole number may be

expressed in any proposed scale.

The figures by means of which a number is expressed
ar-e called digits. When we speak in future of any radijt

we shall always mean that this radix is some positive

integer greater than unity.

434. To shew that any whole number may he express-
ed in terms ofany radix.

Let N denote the whole number, r the radix. Supjx)so

that r" is Uie highest power of r which is not greater tluin

N; divide N hj r*; let the quotient be a, and the re-

mainder P : thus
N=ai-'+P.

Here, by supposition, a is less than r, and P is less

than r*. Divide P by r"~'; let the quotient be b, and Lii«

remainder Q: thus

P = br'-^ + Q.

Proceed i^ this way until the remainder is less tliun r

:

thus we find N expressed in the manner sliewn by the

following identity,

X=ar' + l)''~^ + f>-""2+ +hr + /:.
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Each of the digits a, h, c, A, k is less than r; ard

any one or more of them after tho first may happen to bo

sero.

435. To express a given whole nuniber in any pro-

posed scale.

By a given whole number we mean a whole number
expressed in words, or else expressed by digits in some
assigned scale. If no scale is mentioned the common scale

is to be understood.

Let N be the given whole number, r the radix of the

scale in which it is to be expressed. Suppose k, h,...c, b, a

the required digits, « + 1 in number, beginning with that

on the right hand : then

N—ar' + br''~^ + c7-"~'^+ ... 4-fir + k.

Divide iVby r, and let M be the quotient; then it is

obvious that Af=ar""' + 6r"~*+ + /*, and that the

remainder is k. Hence the first digit is found by this

rule : divide the given number by tlie proposed radix,

and the remainder is the first of tlie required digits.

Again, divide Jl/ by r ; then it is obvious that the

remainder is h; and thus the second of tho required

digits is found.

By proceeding in this way we shall find in succession

all the required digits.

4:?5. We shall now solve some examples.

Transform 32884 into the scale of which the radix is

seven.

7
I

32884

7n4697.
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Transform 74194 into the scale of which the radii ii

twelve.

12)74194

12 [6182. ..10

12
I

515. ..2

12
I

42. ..11

3...G

Thus 74194 = 3. 12< + 6. 125+11,122 + 2.12 + 10.

In order to cypress the number in the scale of which
che radix is twelve in the usual manner, we require two
new symbols, one for ten, and tlie other for eleven : we will

use t for the former, and e for the latter. Thus the number
expressed in the scale of which the radix is twelve ia

',\Ge1t.

Transform 645032, which is expressed in the scale of

which the radix is nine, into tlie scale of which the radix ia

eight

8
I
645032

727S2...4.

The division by eight is performed thus : First eight ia

not contained in 6, so we have to find how often eight is

contained in 64; here 6 stands for six times nine, that is

fifty-four, so that the question is how often is eight con-

tained in fifty-eight, and the answer is seven times with
two over. Next we have to find how often eight is con-

tained in 25, that is how often eight is contained in twenty-
tliree, and the answer is twice with seven over. Next wo
have to find liow often eight is contained in 70, tliat is how
often eight is contained in sixty-three, and the answer is

seven times with seven over. Next we have to find how
often eight is contained in 73, that is how often eight ia

contained in sixty-si.\, and the answer is eight times with

two over. Next we have to find how often eight is con-

tained in 22, that is hosv often eight is contained in twenty,
and the answer is twice with four over. Thus 4 is tlie first

of the required digits.

"\Vo will indicixte the rcnuiinder of the process ; tlie

eiudci.t Bhould carefully work it for himself, and then com-

i
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pare his result with that which is here obtained.

8 72782

8r8210...2

8I1023...3
8

I

US. ..6

8'|22...5

1...3.

Thust!ieTmmber = 1.8«+ 3.S*+5.8*+ 6.83 + 3.s2 + 2.8 + 4,

80 tliat, expressed in the scale of which the radix is eight, i&

is 135G324.

437. It ia easy to form an unHmited number of self-

verifying examples. Thus, take two numbers, expressed in

the common scale, and obtain their sum, their difference,

and their product, and transform these into any proposed
scale; next transform the numbers into the proposed
scale, and obtain their sum, their difference, and their pro»
duct in this scale ; the results should of course agree re-

spectively with those already obtained. ^

Examples. X 1,111.

1. Express 34042 in the scale whose radix is five.

2. Express 45792 in the scale whose radix is twelve,

3. Express 1866 in the scale whose radix is two.

4. Exprc-ss 2745 in the scale whose radix is eleven.

&. Multiply e\t by te; these being in the scale vviLfs

radix twelve; transfovai them to the common scale anJ
multiply them together.

6. rind in what scale the number 4161 becomes 10101.

7. Find in what scale the number 5261 becomes 40205.

8. Express 17161 in the scale whose radix is twelve,
and divide it by te in that scale.

9. Find the radix of the scale in wliich 13, 22, 33 are
in geometrical progression.

U). Extract the square root of eeWOl, in the scal»

Kiioae radix is twelve.
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XLIV. Interest.

438. The subject of Interest is discussed in treatises

on Arithmetic; but by the aid of Algebraical notatiou

the rules can be preseuted in a form easy to understand
and to remember.

439. Intercut is money paid for the use of money.
The money lent is called the Principal. The Amount at

the end of a given time is the sum of the Principal and the

Interest at the end of tliat time.

440. Interest is of two kinds, simple and compound.
When interest is charged on the Principal alone it is called

simple, interest ; but if the interest as soon as it bocomea
duo is added to the principal, and interest charged on the

whole, it is called comp )und interest.

441. The rate of interest is the money paid for the use

of ft certain sum for a certain time. In practice the sum is

usually .£100, and the time is one year; and when we say

that the rate is £4. 55. per cent we mean tiiat £\. 5s., that

is £4|, is paid for the use of £100 for one year. In theortj

it is convenient, as we shall see, to use a symbol to denote

the interest of one pound for one year.

442. To find the amount qfa given sum in any given

tim£ at simple interest.

Let P be the number of pounds in the principal, n the

number of years, r the interest of one pound for one year,

expressed as a fraction of a pound, M the number of

pounds in the amount. Since r is the interest of one pound
for one year, Pr is the interest of P pounds for one year,

audnPr is the interest of P pounds for n years; therefore

i!f = P + P«r = P(l + nr).

443. From the equation M=P{l+nr), if any three of

tho four quantities M, P, v, r are given, the fourth can Ik>

found : thus

M-P M-P

I
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444. To find the amount of a given sum in any
given time at compound interest.

Let P be tlie number of pounds in the principal, n thfi

number of years, r the interest of one poimd for one year,

expressed as a fraction of a pound,M the number of pounds
in the amount Let R denote the amount of one pound in

one year; so that R-\ + r. Then PR is the amount of P
pounds in one year. The amount of PR pounds in one

year is PRR, or PR^; which is therefore the amount of P
pounds in two years. Similarly the amount of PR^ pounds
in one year is PR^R, or PR^, which is therefore the amount
of P pounds in three years.

Proceeding in this way we find that the amount of P
pounds in n years is PR" ; that is

M=PR".

The interest gained in n years is

PRr-P or P{Rr-l).

445. The Present value of an amount due at the end

of a given time is that sum which with its interest for the

given time will be jequal to the amount. That is, the Prin-
cipal is the present value of the Amount; see Art 439.

446. Discount is an allowance made for the payment
of a sum of money before it is due.

From the definition of present value it follows that a

debt is fairly discharged by paying the present value at

once: hence the discount is equal to the amount due
diminished by its present value.

447. To find the present value of a sum qf m,oney due
at the end ofia given time, and the discount.

Let P be the number of pounds in the present value, n
the number of years, r the interest of one pound for one
year expressed as a fraction of a pound, M the number of

pounds in the sum due, D the discoimt

Leti2 = l + n

T. A. 18
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At simple interest

M^P{\ +nr), by Art 442;

therefore P-^^; D=M-P=^^.
1 + nr 1 + nr

At compound interest

M-PR", by Art. 44+;

t].erefore P^f; Z)^^/-P=^-l>.

448. In practice it is very common to allow the
interest of a sum of money paid before it is due instead of

the discount as here defined Thus at simple interest in-

stead of r—— the payer would be allowed Mnr for im-

Biediate payment.

Examples. XLIV.

1. At what rate per cent, will £a produce the »u»«
interest in one year as £b produces when the rate is £c
per cent. ?

2. Shew that a sum of money at compound interest

becomes greater at a given r:\te per cent, for a given number
of years than it does at twice that rate per cent for half

that number of years.

3. Find in how many yeai's a sum of money will double
itself at a given rate of simple interest

4. Shew, by taking the first three ternvs of the Bi-

nomial series for (l + r)", that at five percent compound
interest a siun of money will be more than doubled in fifteen

jfeara.
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Miscellaneous Examples.

1. Find the values when a = 5 and 6 = 4 of

a^ + 2arb + ^ah'^ + ¥, of a2+10a& + 9&2, of(a-6)»,

and of (a+9&)(a-&).

2. Simplify 5a; - 3 [2a; + 9y - 2 {3a; - 4 (j/ - a;)}].

3. Square Z-5x+ ^x\

4. Divide 1 by \—x-^aP' to four terms: also divide

1 — a;by \ — a^ to four terms.

6a;- — 5a; - 6, and
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12. If a = 1, 6 = 3, and c= 5, find the value of

2a3-«>3 + c3 + a2(6-c)-62(2a-c)^c8(2a+6)'

la Simplify(o->.&y>-(a+*)(a-6)-{a(2J-2)-(W-2a}}.

14. Divide

ic*— 2;^* + a?*— 1
16. Reduce to its lowest terms ———, ,

- .

16. Find the L.C.M. of a!"-9ar-10, a^-7x-30,
(«+l)(a! + 3)(a;-10), anda?^ + 4a; +a

17. Simplify

2 3 5

d^-9a7-10 a?2-7a;-30 a;8+ 4xf3"

x-2 ar+15 a;
la Solve a-

3 4 6

19. Solve ?(aj-l)-|(aj + 2) + i(a;-3) = 4.
^ o 4

20. Two persons A and 5 own together 175 shares in

a railway company. They agree to divide, and A takes 85
shares, while B takes 90 shares and pays £100 to A. Find
the value of a shara

21. Add together a-i-2x-y + 24b, 3a-4^-2y-8l6,
a;+ y— 2a+')5b;

and subtract the result from 3a + b + Zx+2^.

22. Find the value of -^+^7a6(2<:*-aft) -(2a-36)»,

when « = 3, 6 = 2^, and c= 2.

23. Simplify {x{x+ a)-a(a}-a)} {x{x-a)-a{a- x)}.

24. Divide - -
^ + - -

^^ by g
- -

; and verify the

result by multiplication.

25. Find tlio o.c.M. of ^^ + Sj!*-10 and a»*-3j^ + 2.
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26. Simplir? £=——-. — i^
—-- + = .

27. Find the l.c.m. of ar^-4, 4a!*-7jJr-2, and
4;r2 + 7;»-2.

28. Solve _-_+i^=4.
29. A man bought a suit of clothes for £4^ Is. 6d.

The trowsers cost half as much again as the waistcoat, and
the coat half as much again as the trowsers and waistcoat
together. Find the price of each garment.

30. A farmer sells a certain number of bushels of
wheat at Is. 6d. per bushel, and 200 bushels of barley at

4#. 6d. per bushel, and receives altogether as much as if he
had sold both wheat and barley at the rate of 5s. 6d, per
bushel How much wheat did he sell ?

31. If a-l, & = 2, c=»— -, d=0, find the value of
2

a—b+c ad — be

a—b—c bd+ac

32. Multiply together x—a, x— b, x+ a, and x + b\

an# divide the result by x^ + x{a + &) + ab.

33. Divide Sa^-a^-^-'t^h^ 2x-^y.

34. Find the q.c.m. of 4a;(a;2+ 10)-25x-62 and

at? -7.r+10.

3o. Reduce to its lowest terms g^_(j^Uy^.2ary^-2y*
'

36. Simplify ^ + - "

H O + O + j

37. Solve ^:il-2zf_2£^ 4-2-3-^-0
9 4 14 ^ 30 ""•
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„„ a 1
2x-\ x+\ 5x-\

38. Solve -^-_.-^.
39. A can do a piece of work in one. hour, B and

each in two houra: how long would A, B, and C take,

working together ?

40. A havinj^ three times as much money as B gave
two pounds to B, and then he had twice as much as B
had. How much had each at first ?

41. Add together 2x + Sy + 4£, x-2y + 5z, and
7x-y + z.

42. Find the sum, the difference, and the product of

3x^ -* 4xy + iy^ and 4x'+ 2xy- 3y\

43. Simplify

2a-3{b-c) + {a-2{b~e)}-2{a-Z{b~c)}.

44. Find the g.c.m. of

ar* + 67a;2+66 and x*-i'2x^ + 2x- + 2x+l.

45. Simplify ^^x ^'^^

x^-l x* + 2x^ + 2x^-h2x + l'

46. Find the l.c.m. of a^-4^ x^~5x + 6,an6. x^-9.

47. Reduce to its lowest terms
6a^~llx^~10x + T

48. Solve 3(:c-l)'-4(.r-2) = 2(3-a?).

49. Solve J{9 + ix)=^5-2jx.

50. How much tea at 3a. dd. per lb. must be mixed
with 45 Iba. at 3*. id. per lb. that the mixture may bo
Worth 3*. 6d. per lb. ?

51. Multiply 3^2 + rt6 - &2 by a^- 2ai - 36', and divide
the product by a + 6.

62. Find the g.c.m. of 2.r(.t;-3) + 3(jJ-6S)+ 15 and
2x^ ~ 5x'- -- iU + 15.

63. Simplify

l-i-x 1-J
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a— h ' d-~ah'

65. Solve -+- =
, = ^-(l + 23j).

y X xy X X

3 7 2 26
56. Solve ^' + ^ = 2, 3^-^ = -^-

67. Solve 2(a;-3)-^(j/-3) = 35

3(y-5) + i(-«-2)-10.

68. Solve

1yz~\(i{y + z), 'iz£=4^{z-k-x\ 9xy = ^0{x-h-y),

^r. cs y 0, ^ ha
59. Solve -+ =m, =7?.

X y X y

60. The denominator of a certain fraction exceeds the
ntimerator by 2 ; if the numerator be increased by 6 tlie

Traction is increased by unity : find the fraction.

61. Divide a!*— -4 by a;—

.

«r X

„„ „ , . i. 1 i. i 33a;'-49ar-10
62. Reduce to rts lowest terms ---^

—

r-r<,—^ ?7c.
21a;3- 14.?;* -29^-10

9/1 . /.*
63.

X

64. Solve 3(.»-l)-+-2(«-2) = ;i;-3.

x-\ g/ + l 2a?-3 13-2y
65. Solve

3 4 ' 5 7

y-1x
66. Solve 5j; + 2 = 3y, ^xy-Y^a?^-'

PI S,.IvA^-^^ 2z/-;r_ 3y + 2a: 9(.g-l) ^^
67. Solve -.^ ^-3, -:^+ 8 -g.
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68. Solve J{a^-i-40) = x+4.

^ o , a^+ 3^4-2 a^-x-Q 5x
69. Solve ir— = IT •

x+l x+2 2

70. A father" .s age is double that of his son ; 10 yeai-a

ago the father's age was three times that of his son : fiud

tlie present age of each.

71. Find the value when ar = 4 of

72 Reduce .r-ij—r^r-^j

—

-z, to its lowest tenm
,

2ar — lla;'+17^-6

and find its value when x = 3.

73. Resolve into simple factors a;*— a* + 2, ;r*— 7a; + 1 0,

and x^— 6x + 5.

74. Simm- ^-zhT2-^ ^_1^10-^^T5-
75. Solve -^, (-^x +W ! {4x - 2|) = -, {5x- 1).

14\ 6 J i
'2.

76. Solve 'dx^ - 63x + 68 = 0.

77. A man and a boy being paid for certain days' work,
the man received 27 shillings and the boy who had been
iib^ent 3 days out of the time received 12 shillings: had tlie

Mian instead of the boy been absent those 3 days they would
both have claimed an equal sum. Find the w;iges of each
per day.

78. E.xtract the square root of 9jr*— 6a^ + 7.i^— 2j;+ 1

;

and shew that the result is true when j:= 10.

79. If a : 6 :: c : </, shew that

aV + rtc- : h^d+bd^ :: (a + cf : {b + df.

80. If a, b, c, d be in geometrical progression, shew that
o^ + iC is gi-e:iter than b^ + c'.

HI. If n is a whole positive number 7*"*' + 1 is divisible

bv 8.
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82. Find the least common multiple of x^ — Ay^,

<r (-6d;V+l2;M^+ 82/^, and a?-Qa^ + \2xy*~Sy^.

83. Solve - + -^=L --^=2f.

84. Solve a!3+ 2a;+ 2^(ar3 + 2;r+l)=47.

85. The sum of a certain number consisting of two
digits and of the number formed by reversing the digits is

121 ; and the product of the digits is 28 : find the number.

86. Nine gallons are drawn from a cask full of win©,

and it is then filled up \^ith water ; then nine gallons of tho
mixture arc drawn, and the cask is again filled up with
water. If tlie quantity of wine now in the cask be to tho
quantity of water in it as 16 is to 9, find how much the cask
holds,

87. Extract the square root of

lea^+ 25^/'- 30^2^ - 24xY + 9-^ + 40dV-

88. In an arithmetical progression the first term is 81,

and the fourteenth is 159. In a geometrical progression

the second term is 81, and the sixth is 16. Find the
Uarmonic mean between the fourth terms of the two pro-

gressions.

89. If ^5 = 2-23606, find the value to five places of

decimals of —t-—;

.

tJo — 1

90. If X bo greater than 9, shew that ^Jx is greater

than ^ (a; +18).

91. Divide {x-yf— '2y{x— yf + y\x— y) by {x — ly)^.

92. Find the G.c. m. and the l. c. m. of

24(;r^ + ;^y + ar^H2/^) and 16(ar'-a;^y + a^-2/*).

93. Simplify

X .2/ ^11
sfi-^x^y+ xif-^y^ a?-s^ij-vxr^-^ a^~y^ a!* + y*
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94. Solve -7-" + —r- = 3 -—

.

13 / 9

95. Solve

xy-fr'20{x-y) = 0, yz-\-ZO{y-z)= Q, Zx~1z = 0,

96. Solve 2,x'^-2x^- sJ{Zx^-^-Q) = lS + 2z.

97. A rows at the rate of 8J miles an hour. He leaves

Cambridge at the same time that B leaves Ely. A spends
12 minutes in Ely and is back in Cambridge 2 hours and
20 minutes after B gets there. B rows at the rate of TA
miles an hour; and there is no stream. Find the distance

from Cambridge to Ely.

98. An apple woman finding that apples have this

year become so much cheaper that she could sell 60 more
than she used to do for five shillings, lowered her price and
sold them one penny per dozen cheaper. Find the prico

per dozen.

99. Sum to 8 terms and to infinity 12 + 4 +
1
J + ...

100. Find three numbers in geometrical progression
such that if 1, 3, and 9 l>e subtracted from them in order
they will form an aritlmietical progression whose sum is 1.^

101. Multiply.c^-.'c' + a;^-a?* + a;^-« + a;^-l by x^-¥)

and divide 1 — a;' by l-x^.

102. Find the l.c.m. of j^—a}, x' + a', !r*-*'a*j[^-\-a

ar^—ax'— arx-^a*, zml jfi + aa^-a*x~a\

103.

104.
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106. Solve x^+y'^+ z*= m,

a;y — yz--zx= 47.

107. A and B travel 120 miles together by rail. B
intending to come back again takes a return ticket for

Vfhich he paj'S half as much again as A ; and they find that

B travels cheaper than A by 4*. 2d. for every 100 milea
Find the price of A^a ticket.

108. Find a third proportional to the harmonic mean
3

between 3 and -, and the geometric mean between 2

and 18.

109. Extract the square root of

v\ v) «^\ ^ y)

no. If a : 6 :: 6 : c, shew that 6*= frT-f^^
.•

a '—ft ^ + c'^

3n 8n n n

111. Divide x" -x' ' by x^ - x'^ .

112. Reduce —-,
7,

—7-^ to its lowest terms, and

find its value when x-2.

3 13 X't-2
113. Solve

x-i 3 '3{6-x)'

114. Find the values of m for which the equation
m^x^ + {m" + in)ax + a^= will have its roots equal to one
another.

115. Solve 3a:y + «''= 10, 5xy-2x^=^2.

116. Solve - + -=5, - + ^ = 2i.
X y ' y X °

117. Find the fraction such that if you quadruple the

numerator and add 3 to the denominator the fraction L'l

doubled ; but if you add 2 to the numerator and quadruple
tho denominator the fraction is halved,
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118. SimpUfy {-(a:3)^}'*x{-(-ar)-!'}4.

119. The third term of an arithmetical progjession in

18 ; and the seventh term is 30: find the sum of 17 terms.

120. If —^, h, —^ be in harmonical progression,

shew that a, b, c are in geometrical progression.

121. Simplify a ^

—

0+ Ta—b

122. Extract the square root of

ZlxY- 30a:*y + 9a^- 20ar</» + 4y«.

123. Resolve Sa^— \Aa^-2^x into its simple factors.

,«. a , ^ + 5 3(5;c+l) 4
124. Solve 1 . ,— = 2i.

125. Solve ^r'+i-?.

126. Solve x--y- = 9, a; + 4 = 3(y-l).

127. Solve y + J{a^ - 1) = 2, J{x + 1) _ ^(j: - 1) = ^y

128. If a, b, c, d are in Geometrical Progression,

a : b + d :: c^ : c^d + d^.

129. The common difference in an arithmetical pro-

gression is equal to 2, and the number of tenns is equal to

the second term : find what the first term must be that the

sum may be 35.

130. Sum to n terms the series whose ;«"' term is

2x3".

.,. ,., l-^ J{\-2x) X- J{l-2x)
131. S.mpldy ^_^L__., ^^^^^^ ^

132. Find the q.c.m. of 30jr* + 16a:3_ 50.^2 _.24.r and

•i4,i* + 14.,J» _ 4Sj^ - 3-2u;.
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133. Solve x^-x-\2 = Q.

134. Form a quadratic equation whose roots shall be

3 and - 2.

136, Solve ^^'Z^ ^'^Ta-

136. Solve „ , i-x = l +
^(arS + S) '^V(aT2+ 5)*

137. Having given ^3 = 1*73205, find the value of

6
—r: - to five places of decimals.

138. Extract the square root of 61 - 28 JZ.

139. Find the meau proportional between — - and

xhp-

140. If a, b, c be the first, second and last terms of an
arithmetical progression, find the number of terms. Also
find the sum of the terms.

141. K d, c, b, a are 2, 3, 4, 5, find the values of

a+b+c ab-cd _. /a—

1

i^b+c' ^i^bd' *^b-Z'

142. In the product of 1 +4a? + 7./^+ 10.?-' + loar* by

1 +5.r4-9aT^4- 13.jr*+ 17^-^, find the coefficient of x*.

Divide 21ar'-2x*- lOx^ - 23x'^ + 33j: + 27 by 7.«* + 4a; - 9.

i>io o- re a*~b* a-b
143. Simphfy .

.
^o , -, , -^ — ,,

and
^"^ ^'^ *"''

Jx-Ja Jx-{- Ja x + a'
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i44. Solve the follomng eciuations:

(1) -Y, ^ =6-— .

a: + 4 5x + \2
(2) « + 3 43j;

9
"^^

3.g + 5y 5^-3y , £+j _ 2
^**^ 20" ^ 8 ""*'

2/ + 2~3"

145. Solve the following equations :

^ 8-a; 6-a;

(2) y|W3-^=7.
(3) 3a;--4^= 7, 3xy-4i/^= 5.

146. A bill of £20 is paid in sovereigns and crowns,
Rnd 32 pieces are used : find how many there were of each
kind.

147. A herd cost £180, but on 2 oxen being stolen, tlie

rest fcverage £1 a head more than at first : find the number
of oxen.

148. Find two numbers when their sum is 40, and tho

5
sum of their reciprocals is —

.

149. Find a mean proportional to 2^ and 5f ; and a

third proportional to 1 00.and 130.

150. If 8 gold coins and 9 silver coins are worth as

much as 6 gold coins and 19 silver ones, find the ratio of

the value of a gold coin to that of a silver coin.

151. Remove the brackets from

{x - a) {x -b){x— c)- [pc{x -a)-{{a + b + c)x—a{b + c)}x].

1 52. M ultiply a+2^ {a-b} + 2^ by a - 2 i/[a-b) + 2 ^6.

153. Find the g.c.m. of jr'-16u;' + 93j:*-234jr + 21G
and 4J--»-48,ir'+186jr-234.
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154. Solve the following equations

:

„, \ix-\ 2S-5X ,„ 3a;+l
(1) -^ ^=17- -3-.

(2)

(3)

2£+3_ 2a;-8

3j; + 9 ~3j-13'— .
3('.l).n(l-i).

155. Solve the following equations

:

(1) J{x + l) + J{2x)= l.

(2) 7^-20v'^ = 3.

(3) Ixy- 5x^ = 36, 4^-^^ - Sj^ == 1 05.

156. A boy spends his money in oranges ; if he had
bought 5 more for his money they wonll have aventged

an half-penny less, if 3 fewer an half-peuny more : find how
much he spent.

157. Potatoes are sold so as to gain 25 per cent at

6 lbs. for 5d. : find the gain per cent when they are sold at

5 lbs. for 6d.

16S. A horse is sold for £24, and the number ex-

pressing the profit per cent expresses also the cost price

of the horse : find the cost.

159. SirapUfy ^{Aa^-ir sJ{\Qa^a^-^Qaa^^x%

IGO. If the sum of two fractions is unity, shew that tho
first together with the square of the second is equal to tho
second together with the square of the first

l*il. Simplify the following expressions :

25a- 1 96- [36- {4a- (56- 6c)}] - 8a,

[{{a-)-}-']-[{(«*-)-"'m
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IG-2. Find the q.c.m. of 18a'-18a''d; + 6aa^'-6a:3, aatl

163. Find the L.C.M. of \S{x^-r^), I2{x-yf, aad
24{a^ + y^).

164. Solve the followdng equations

:

,., 2JJ-4 3x-2 „
(1) -7~ + -5- = 7.

. 9d? + 20_4x--J2 X
^ '

~36~ " 55^4 "*"

4
•

(3) In ^

(4) 2ix-y) = 3ia;-4y), U(a: + y) = llOc + 8)

165. Solye the following equations :

(1) 32.r-5;c2=12,

(2) J{2x + 3)J{x-2)=15.

(3) a;2 + y*=290, jry = 143.

(4) 3.r2_4y2=8, &»2-6d?2/= 32.

166. A and 5 together complete a work in 3 days
wliich would have occupied A adone 4 days: how long

would it employ B alone ?

2
167. Find two numbers whose product is - of the sum

of their squares, and the difference of their squares is

96 times t5»e quotient of the less nimiber divided by the

greater.

168. Find a fraction which becomes „ on increasing its

numerator by 1, and , on similarly increasing its denomi-
4

oator.
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169. li a : h :: c : d, shew that

1 l.i_l.. 1 l.l_l
a b ' a b " € d ' c d'

170. Find a mean proportional between 169 and 256,

and a third proportional to 25 and 100.

171. Remove the brackets from the exprcssioo

d-2{6-3[a-4(/?-&)]}.

1 72. Simplify the following expressions :

y xy x-y x-y-
'

{p —q—m)p — {jn-¥q-p)q + {q + in)m + m{p — m) + q\

173. Find the g.c.m. of x* + ax^ - Qa'x^ + lla'x— iu*
md jr*-ax^- 3a^x^+ oa^x - 2a\

174. Solve the following equations

:

2a'+1 .rH-7
(1)

(2)

3 5

10.^+17 12.c-t-2 _F,x-4
18 13^-16~ 9

(3) 90^+1^ = 70, 7y-^ = 44.

(4)
6j;+7 2d; +19
3x+ 1 x + 7

175. Solve the following equations:

(1) ^+4-'-^--^ = 3.
X

(2) 2.t;--3ir- = 2, xy = 20.

(3) 2y''--x-^l, 3x^'-4xy= l.

(4) «4?/=6, x» + y»=126.

•r. A. K)
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176. When are the clock-hands at right angles first

after 12 o'clock?

177. A number divided by the product of its di<i:ic9

gives as quotient 2, and tlie digits are inverted by adding
•11 : find the number.

178. A bill of £26. 15*. was paid with half-guineas and
crowns, and the number of iialf-guineas exceeded the num-
ber of crowns by 17 : find how many there were of each.

179. Sum to six terms and to infinity 12 + 8 -i- 5j + ....

180. Extract the square root of 55 - 7 ^24.

181. If x-,:.—r> and y=^— , find the value of

«}**- :n/ + y\
3^2 _ 2 (];g— 1

2

182. Reduce to its lowest terms
a^-Sx^-i2x-^l44'

183. If two numbers of two digits be expressed by the

mme digits in a reversed order, shew that the difl'crence of

the numbers can be divided by 9.

184. Solve the following equations:

3aT-3 3.r-4 21-4*
(1)

4 3 9

2aJ+ 3v X ^ ly — Zx ,,
(2) ^^^ + 3=8. -^1 J'=l»-

(3) Ax-^^=\A.

185 Solve the following equations:

(1) J(.f-i-3))«V(3j;-3)= 24.

(2) J(ar-t-2) + ^(3J:-^4) = 8.

(3) a:*-A--(2ar-3) = 2a;+&

18C. Find two numbers in the proportion of 9 to 7

etich that the square of their sum shall be equal to the

calu' of their difference.
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187. A traveller sets out from A for B, going 3^ miles

(in hour. Forty minutes afterwards another sets out from
B for A, going 4^ miles an hour, and ho goes half a mile

heyond the middle point between A and B before he meets
tlie first traveller; tiud the distance between A and B.

188. Two persons A and B play at bowls. A bets B
four shillings to three on every game, and after playing a
certain number of games A is the winner of eiglit shillings.

The next day A bets two to one, and wins one game more
out of the same number, and finds that he luis to receive
three shillings. Find the number of games.

189. If m =x— x~^ and n=y—y~^,

shew that m« + V{(»i" + 4)(«'+ 4)}=2/ary+ — j.

9 3 3
190. Sum to nineteen terms - + r + 7 + ....

4 2 4

191. Multiply |-|+ib,f^|-|.

Divide ?i^-4x'+yx»-^a!»^?3a:+27 by ^-x+a
4 8 4 4 2

192. Reduce to its lowest terms

4^-27.r2 + 58ar-39

ic*- 9ar»+ 22x^-- 39a; + 18

'

193. Find the L. 0. M. of ar^+ 2a;V+ 4a;y'+ 8y» and
gft— ^x'^y+ 4;ry2 _ gy3_

194 Solve the following equations

:

(1) ^(a;+ 6)-^(16-3a;)-4^.

(2) «^9_?iZ^ = 3.-20.

(3) ^(*+y) = ^(2a;+4), \{x-y)^\{x-2^).
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195. Solve the following equations:

(1) •^(.c^-3)=g(^-3).

(2) v'(^ + 3) + V(3a;-3) = 10.

(3) x + y = Q, («2 + y2)(«3 + y3) = 1440.

196. Tlic express train between Loudon and Cam-
bridge, which travels at the rate of 32 miles an iiour, per-

forms the journey in 2^ hours less than the parliamentary

train which tnxvels at the rate of 14 miles an hour: find

the distance.

197. Find the number, consisting of two digits, which

is equal to three times the product of those digits, and is

also such that if it be divided by the sum of the digits the

quotient is 4.

198. The number of resident members of a certain

college in the Michaelmas Term 1864, exceeded the nuni'

ber in 1863 by 9. If there had been accommodatitm in

1864 for 13 more students in college rooms, the number in

college would have been IS times the number in lodgings,

and tho nnniber in lodgings would have been loss by 27
than tlie total number of residents in 1863. Find tho
number of residents in 1864.

199. Extract the square root of

a' - 2a^h + ^id-l-- 2ab^ + b*,

and of (a + b)*-2 {a- + b"^) {a + bf + 2{a* + 6*).

200. Find a geometrical progrcs.sion of four terms
such that the third term is greater by 2 than the sura of

the first and secoiul, and the fourth term is gi-eater by 4
than the sum of the second and third.

nr u- 1 o o 3S^-6«2-58
201. Multiply 8-3;r +

bj 9-2,r +

7-2*
7.^-55 4. 30a!

6-3jr

202. Find the a. c. M. of x" -t- \x- + iC aud x' - J' + 8a; - 8.
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. , , . ,
1 '2x-b A'= - .r 4- 6

203. Add together ^^^, j^^^.,, ^^-^,

Take , from

204. Solve the following equatioua:

(2) {a + b){a-x)=^a{b-x).

(3) -i^ + r2=2i "S^
— ^"-^

205. Solve tha following equatious:

,,, ^ 35-3.J? ,,
(1) 6a! + = 44.
^ X

(2) 4 (j;2 + 3^)_ 2 ^(.f2 + 3j;) ^ 12,

(3) a;2^.^j,= 15^ y'- + xy = \'^

206. A person walked out from Cambridge to a viTIago

at the rate of 4 miles an hour, and on reaching the railway

station had to wait ten minutes for the train which was*

then -4^ miles off. On arriving at his rooms which were
a mile from the Cambridge station he found that he liaJ

been out 3j hours. Find the distance of the village.

207. The tens digit of a number is less by 2 than the

units digit, find if the digits are inverted the new number
is to the former as 7 is to 4 : find the number.

208. A sum of money consists of shillings and crowns
and is such, that the square of the number of crowns ^s

equal to twice the numl)cr of shillings; also the sum m
worth as many florins as there are pieces of monev: inni

t'le sum.

209. Extract the square root or

Ax* + Sax^ + Aa-x^ + IQU'-x- + l&ab'^x + 1 (W.

210. Find the arithmetical progression uj ww.cn uie

first term is 7, aud the srm of twelve terms i.3 3tcj.



294 MISCELLANEOUS EXAMPLES.

211. Divide 6ar'-25a;^y + 47a;V-49a;V + C2x3/*-45y»

by 2a?«-7a;y + 9y».

212. Multiply

3+«'—4T7i— ^y«-2^""3^:4r--

213. Reduce to its lowest tenns

4a:^-45a;»+162.r-185

jr* - 1 5a;^ + 81 J?- - 1 S5j; + 160
'

214. Solve the following equations:

c« ^-^^=»-

(2) a?+-y=l7, y+-«=8.

.. 1 11 1 1_4 1 l_i.
^^^ ar'^y~2' i «~9' y z~18*

216. Solve the following equations :

^ -^ X x + Z 6

(2) I0ary-7a:2= 7^ 52/2_3ary= 20.

(3) d; + y = 6, :c* + y* = 272.

216. Divide ;£34. 4*. into two parts such that the num-
ber of crowns in the one may be equal to the number of

shillings in the other.

217. A number, consisting of three digits whose sum is

9, is equal to 42 times the sum of the middle and left-hand

digits; also the right-hand digit is twice the sum of the

otlier two : find the number.

218. A person bought a number of railway shares wlion

they were at a certain price for .£2tJ25, and aftorwurdfi

when the price of each share was doubled, sold tliem all

but five for £4000 : find how many shiu-es he bought
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219. Four numbers are in arithmetical progression.;

their sum is 50, aiul the product of the second and third 13

156: find the numbers.

220. Extract the square root of 17 + 12 J2.

221. Divide s^-\ by .y^- 1 ; and

m {qa^— rx) +p {rna? — no;'') — n {qx— r) by mx— n,

222. Simplify

ax^— baf*'^
, a2 + ('2 + c-f2a& + 2ac+2&<;

. a^bx—b^A^
'

d^-b'—€^—2bc
*

223. Find the l. c. m. of 7.^;^-4jr2-21.f+ 12 and
21;i;^-26^ + S.

224. Solve the following equations ;

(2) llx-Uij^UA, 23jr + 19// = S90.

(3)
i^-^i, ^1 = 1, i_-^.A.

' X y S .c z 9 z y 72

225. Solve the following equations

:

^ ' 100 25x 4

(2) 0075^ + -75^ = 150.

(3) sl{x + y)^.J{x-y) = Jc,

b{x- a) + aib -y) = 0.

226. A person walked out a certain distance at tlie

rate of 3^ miles an hour, and then ran part of the way back
at the rate of 7 miles an hour, walking the remaining dis-

tance in 5 minutes. He was out 25 minutes : how far did
he run ?

227. A man leaves his property amounting to £7500
to be divided between his wife, his two sons, and lii ; tiireo

daughters a.s follows: a son is to have t^vice as much aft



296 MISCELLANEOUS EXAMPLES.

ii daughter, and the widow £500 more than all tlie five chil-

dren together : find how much each person obtained.

228. A cistern can be filled by two pipes in 1^- hours.

The larger pipe by itself will fill the cistern sooner than
the sniiilier by 2 hours. Find what time each will sepa-

rately take to fill it.

229. The third term of an arithmetical progression n
four times the first term ; and the sixth term is 17 : fimi

the series.

230. Sum to n terms 3^ + 2^ + 1 g + . ..

231. Simplify the following expressions

:

h a + b a^+h-

a + b 2a 2a{a-h)'

a'-aJb + W a^—b^

a^--Sabia-b)-¥ a^' + b^'

j2 + Wx-i- 30
232. Reduce to its lowest terms —-^ ; ,— —- .

233. Solve the following equations:

1 1__1 _ 7

X '2x 'ix
" 3(1)

(2)
3 _

l+x"^ 1

,„. Ax-\-?iV 2x-v „ 1

234. Solve the following equations :

^^^ ^ + 3 .r + 10 •

(2) (ux^ + b^ + c^-^a^ + 2bc+ 2{b-c)xja,

(3) V(-^+i/) + v/(-P-y)-4, x' + if-^il.
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235. A body of troops retreating before tlie enemy,
from which it is at a cei-tain time 20 miles distant, mai ehes

18 miles a day. The enemy pursues it at the rate of 23

miles a day, but is first a day later in starting, then after

two days' march is forced to halt for one day to repair a
bridge, and this they have to do again after two days' more
marching. After how many days from the beginning of the

retreat will the retreating force be overtaken ]

236. A man has a sum of money amounting to £23. 155^.

consisting only of half-crowns and florins ; in all he has 20O
pieces of money : how many has he of each sort 1

237. Two numbers are in the ratio of 4 to 5 ; if one is

increased, aTid the other diminished by 10, the ratio of the
resulting numbers is inverted : find the numbers.

238. A colonel wished to form a solid square of his

men. The first time he had 39 men over; the second time

he increased the side of the square by one man, and then

he found he wanted 50 men to complete it. Of how manj
men did the regiment consist ?

239. Extract the square root of

and of a^ + AW + 9c2 + 4a& + 6rtc + 12fec.

240. Multiply x^y- - 2xy + Ax^y^ by x^ + 2y^.

241. Simplify

^(ixy-{Qx-Sy){fix + '2i/)-{Ay-^x){\5x-^-4ty\

J l + « \—x l-a; + a;* l+x + x"^ ^
and

:;
+, ; 5 ; T- + 2.l-x 1+a; \+x^ l-x-

242. Find the g.c.m. of x/^-^ax^ + 2a\v''-^2a^x^a\
and .»* -k-aofi-^ 2a\c^ + Sd^x + ab-x + a* + aW.

243. Two shopkeepers went to the cheese fair witii the
Bame sum of money. The one spent all his money but z^a.

in buying cheese, of which he bought 250 lbs. The other
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bought at the same price 350 lbs., but was obliged to

borrow 35s. to complete the payment. How much had
they at first ?

244. The two digits of a number are inverted ; the
number thus formed is subtracted from the first, and
leaves a remainder equal to the sum of the digits; the dif-

ference of the digits is unity: find the number.

245. Find three numbers the third of which exceeds
the first by 5, such that the product of their sum multi-

plied by the first is 48, and the product of their sum mul-
tiplied by the third is 12«.

246. A person lends £1024 at a certain rate ot

interest ; at the end of two years he receives back for his

capital an" I compound interest on it the sum of £'1150:

find the rate of mterest.

247. From a smn of money I take away £50 more
than the half, then from the remainder £'^0 more than the

fifth, then from the second remainder £20 more than the
fouitli [)art; at last only £10 remains: find the original

sum.

248. Find such a fraction that when 2 is added to tlie

numerator its value becomes -, and when 1 is taken fron

the denominator its value becomes - .

4

24!). If I divide the smaller of two numbers by the

greater, the quotient is "21, and the remainder is 04162 ; if

I divide the greater number by the smaller the quotient is

4, and the remainder is 742 : find the numbers.

250. Shew that
(-^^^^^-^•-^-^^^^•^ ^^,.

251. Simplify

r,a + [4a- {8& - (2a -- 4?>)- 22&} - 76]

- [76 4- {8a - (36 4- 4a) + 86}+ 6a].

2.'>2. Mul tiply a— ;r successi vcly hya + x,a* + jr, a* +^,
if+ x'^; also multiply «""" 6"~' by a"~"'6''~*c
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253. Find the q.cm. oi ^iba^x + ^a^x^-^ax^-irQx* 2Jx^

254. Solve the following equations :

,,. x-2 a?+23 10 + a?

(3) a-x^J{a--xJ'^Aa^-lx'^)].

255. Divide the number 208 into two parts, such that
the sum of one quarter of the greater and one third of the
less when increased by 4, shall equal four times the diffe-

rence of the two parts.

256. Two men purchase an estate for £9000. A
could pay the whole if B gave him half his capital, while B
could pay the whole if ^ gave him one-third of his capital:

find how much money each of them had.

257. A piece of groxmd whose length exceeds the
breadth by 6 yards, has an area of 91 square yards : find

its dimensions.

258. A man buys a certain quantity of apples to divide
among his children. To the eldest he gives half of the whole,

all but 8 apples; to the second he gives half the remainder,
all but 8 apples. In the same manner also does he treat the
third and fourth child. To the fifth he gives the 20 apples
which remain. Find how many he bought.

259. The sum of two numbers is 1."), the difference of

their squares is 39 ; find the numbers.

260. A horse-dealer buys a horse, and sells it again for

/144, and gains just as many pounds per cent, as the horse

had cost him. Find what he gave for the horse.

261. Simplify

{a-\-b){ci—h) - {a + b - c - {p -a- c} + {h + c - a)] {a - b ~ c).
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262. Multiply ^-^ + j,-« 4 ^ -(- a;- + 1 by x^~\; aii<i

] l)y -f 1,

X a a X

263. \Vha,t quantity, when multiplied by a; -
, wiU

264. Simplify the following expressions:

3x^-l:u- + 23^-21
~6j;^ + A--- 44:^ + 21 '

J
a + 6 _ a-h llr 'Xa— b

12 (a-6)
~ 27o + fc)

*
a2- Z;2]

^26""

265. Solve the following equations

:

5a;->-3 2^-3
«-r'*"2a;-l

,,, 5a:-»-3 2^-3 ^
(1) -;;:-,- -»-«r;r-T=^ 6-

(2) ^(3 + a;)+^/;e= ''

^/(3 + ar)•

(3) ^+ 9y = 91, ^^ + 9j; = 167.

266. Solve the following equations

:

(1) a^-a;-6 = 0.

,„, x^\ x + 2 2a;+13
(2) — -f =
^ ^ x-l x-2 x+l

(3) a.^-xy + y-=1, x + 7/ = 5.

267. The ratio of the sum to the rlifTeroiice of two
numbers is that of 7 to 3. Shew that if half the k's< be
added to the greater, and half the greater to the less, tlie

rntio of the numbers so formed will be that of 4 to 3.

268. The price of barley per quarter is 15 shillings

less than that of wheat, and the value of 50 quarters of

barley exceeds that of 30 quarters of wheat by £7. iOt,:

find the price per quarter of e:\cli.
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S69. Shew that

{bed + cda + dab + abcf - (a + 6 4- c + d)*abcd

= (be- ad) {ca- bd) {ab - ed).

270. Extract the square root of

ar-i-x^ + -

.

12 3 9'

ii.aof 33-20;v/2.

271. If a-y + z— 2x, b = z-\-x — 2y, and c=«+y— 2«,

S-.id the value of b'^-^c^ + ^bc— a^.

272. Divide ar'-21a; + 8 by l-3ar + a;«.

273. Add together ,
, and -s s

.

_ , 3a + a; , 27a* + 3rt;r + 7.^2

Take „ from -—-^ —^ .

3a -a; 15a- + «a;— 2a:-

274. Multiply 30.-^^-3^ by 4;r—g^^-2^.

Divide 1-^-^ by 1+j^,.

275. Simplify ^
l^-L^'y

a^ T and ^-j ^.

c + a <v ax or

276. Solve the following equations

:

(2) 5y-3.r = 2, 8t/-5a;=l.
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277. Solve the followiug equations:

(1) a\x-ay= V^{x-\rdf.

_^ S^r + l^
^ ' X--2 ar + 3

(3) v^(13.r-l)-V(2x-l) = 5.

278. A person walked to the top of a mountain at the
rate of 24 miles an hour, and down the same way at the
rate of 3| miles an hour, and was out 6 hours: how far

did he w^k altogether ?

279. Shew that the difference between the sqoare of a
number, consisting of two digits, and the square of the
numbei- formed by changing the places of the digits is divi-

sible by 99.

280. If a : & :: c : rf, shew that

281. Find the value of ^^r/^-p> + vn5a-(a-»;}

when a = 3, 6 = 4.

282. Subtract {b-a){c-d) from (a - &) (c - J) : what ia

the value of the result when a- •2ft, and «?= 2c 1

283. Reduce to their simplest fonns

:

x-—2ax-24a' . x—y x y
-5—;:

—-: and + —^—

.

ar-7aJ?-44a* x+y x—y y—x

284. Solve the equations

:

(1) -A--i = i-.
^ ' 3+ ;r X Ix

^' r. 2 ' 3 2~ •

(3) ^/,2.c-l) + v'k3j; + 10) = V(llJ + 9).
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255. Solve the equations

:

(1) 10.i;+-^ = 9.

« a-f-o(-M)--
(3) a^-xy + y' = -,, f,x-2y= Q.

256. In a time race one boat is rowed over the course
at an average pace of 4 yards per second ; another moves
over the first half of the course at the rate of 3^ yards per
second, and over the la.?t half at 4^ yards per second,

reaching the winning post 15 seconds later than the first.

Find the time taken by each.

587. A rectangular picture is surrounded by a narrow
frame, which rae:v5ures altogetlier ten linear feet, and costs,

at three shillings a foot, live times as many shillings as
there are square feet in the area of the picture. Find the
length and breadth of the picture.

•288. \f a : h :: c : d, shew that

a + b + c + d : a^-h-c-d :: a— b + c -il : a — b — c + d.

289. The volume of a pyramid varies jointly as the
area of its base and its altitude. A pyramid, the base of

^liich is 9 feet square, and the height of which is 10
feet is found to contain 10 cubic yards. Find the height
of a pyramid on a base 3 feet square that It may contain

2 cubic yards.

290. Find the sum of n terms of the arithmetical pro-

1 1 1
gression

l+x' 1-x" 1

291. Find the value of a^-l/^ + c^ + 2cihc, when a = '03,

•1, c=07.
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292. Simplify
'^-^

k—^o ~ ~^^ *"*^ ^^^^ ^^^

5o (62 - c«) + ca {f -dF) + ab (a^- fc^)

? 3. If r? + &+<: = 0, shew that a'^-^h'^-iK?=.Zabc.

2y4. Reduce to its lowest terms

295. Solve tlic following equations:

IO.r + 17 _ 1 2:c + 2 _ 5j;-4
^

^
18 13«-16~ 9

(2) %x-by = \, y-x=l2.

(3) g+S2/ = 66, ^+8a; = 129.

896. Solve the following equations:

,., .c + 1 3ir+l
,

(2) V(2;t + 2)^(4;c-3) = 20.

(3) V(3^ + 1)-n/(2.»-1) = 1.

297. A siphon would empty a cistern in 48 minutes,

R cock would fill it in 36 minutes ; when it is empty both
begin to act : find how soon the cistern will bo filled.

298. A waterman rows .SO miles and bnck in 12 hourti,

;.nd he finds that he can row 5 miles with the stream in

the same time as 3 against it. Find the times of rowing
up and down.

299. Insert three Arithmetical means between a-b
and a + 6.

300. Find ar if 2**
:
2*« :: 8 : 1.
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VIII. 1. 8ar». 2. I2a\ 3. ^a'?;"

4. 15.iV^- 5. AOxU/z*. 6. 12a-*6-y.<i»

7. 24a*-27a»&. 8. 6;»V- Sa;V + IOj^^^s,

10, 4a-y«* + 6.Ty^2_io^^^8,a jj^ 2jr«+ 3a:y-22/»

12. 6.f'-9G. 13. af'-2a;-H.

14. l-2ar-31;e2 + 72.j,-3-30a;*. 15. a?'-41a;- 120.

16. ar' + 151;?;-234. 1?. 2.r'- l&j;* + 39;j;'-25a^ + J?+L
18. «« + 100.S.r + 720.

19. 4a;^-5.t-'4-8a-*-10.c3-8d?^-5;j;-4.

20. a;» + 2a;«+ 3.t;*+ 2a;*+l. 21. j^-9a*j;.

22. a'» + 4a2.c + 4a*^-A-*. 23. -1063-oft- + 26a2?i-7a*.

24. a'^-aW-rlaW-lK 26. a* + 3a*Z>2+ 4j4.

S,o. 124:*-]7.cV + 3^^2 + 27/3. 27 jr'-:cy + a;y-j^»

88. G.-?;* + 1 liv^ + 26:c2j^2 + 19^/ + 4;^.

29. ^^i^ + '^xy-lx-ly-^L 30, a;'-32j^.

31. 243;c=-sr5. 32. x'-^'i^-VX^yx—ixK

33. a3 + a=64-rt?»2 + &^ + 2Ri;-(a-6)«».

34. rt3 4.^3 + c3-3fl^c. 35. o*4.8^V(rt^-2) + 16^>*-.^:*.

36. rt^-2rt-&'^ + ?y*+ 4a&c»-c*. ?7. a;*- 'tf\

38. .^ + X'{a + & + c) + .r (oJ + ^(^ + &c) -*- .i^c.

39. .^^+ Jfrt* + rtl 40. .j;*-5a-.*- + 4a*.

IX. 1. 5.r3. 9. -3.^3^ 3. ^xif.

4. -Sa^ft^cS. 5. 4^-^%'. 8. .'t»-2j;)-4.

7. -a'4-4a-5. 8. x^-Zxy-ir^y*. 9. 5a'o' + ai^-4
10. 15rt''ft''-12a6»+9ai>6-3-;-c*. 11. x-A. 12. ar-8.

13. x^-^-x^Z. 14. 3a'^-2.»+4. 15. 3j;»+ 2a + 1.

16. a:'-3a;+7. 17. a;*+.r« + «* + a:' + :jr-M.

18. a^^ab-b^. 19. ^c^ + 3^.1^ 4. g^^j ^. 27y».

20. x^— x^y + xy"*. 21. .r^ + jr3j^-»-4:V'-*--rv'-^l'*'

22. rt^ - 2a^ft + 4aV>* - Sdfi^ + iqi*.,

23. 2a^-6a*6+18a&"-'-27&'. 24. 4r» + a^+ y».

25. a- + 2.ry + 3y'. 26. «-''-2a' + 2. 27. a^-o^-t.

2S. «*-5.i; + 6. 29. .¥='-4* + ^ SO. ^r*^^-^*.
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31. ar»-T-19. 32. \-^x + 2x*-jfi

33. a^ + 2ji^ + -ix* + i2x+\. 34. a^ + 2aJ + 3&'.

35. a'-4-2a''& + 2rtZ>» + &». 36. a;* - Sitr" + 4j; + 1.

37. a!^+ 2afi + ^x*-k-2x-{-\. 38. a;* - a;' + 2jr» - 2.

39, «-c. 40. ax^-^hx-^c. 41, a^-lxy-V]^.

42. «' + a;(t/+l) + 2/*-y+l. 43, 1x+ 4z.

44. a + & + c. 45. a + 26 + c.

46. a' + a(26-c) + &»-6c + c*. 47. a{b + c)-bc.

48. j;''-ar(a + &) + a&. 49. a; + y-z. 50. a; + y + ^,

X. 1. 225x^+ 42Qxy + 196y\ 2. 49.r*- 70.rV + 25?/<.

3. x*+ 4x^-8x + 4. 4. a:^-10ar' + 39a;2-70.r + 49.

5. 4;r*-12a^-7.r* + 24^+16.
6. x^ + 4y- + 9z- + 4xy + 6.cz + 1 2yz. 7. x* + 23?y + x'y^ - y^.

8. x*-\-xP-y'^+ y*. 9. x* — x"y- — 2xy^ — y*.

10. ai^-x^y^ + 2xy^-y*. 11. a:« + 2.1-4 + 5.^8-1.

12. ar*-18,c- + 81. 13. a* - 4a2t- _ 4a?>»- 1*

14. 16.r* + 96.r3y+144.rV''-8l3/*. 15. a*x*-bY-
1 6. aV - IcC-lP'X-y'^ + 6y.

XL 1. a' + i» + c». 2. a» + 6«+ c».

3. a' + &' + c- + rf*+2a<: + 26rf. 4. 6(a + 6 + c).

6, 2(a + 6 + c), 6. 26(.r + y). 7. 6j: + a?/ + (a + &)z.

8. a;(2a + c) + y(26 + a) + 2(2c + 6).

9. 2(a + & + c)(a? + ^/ + ^).

10. 2(a' + 6' + r«-^6-6c-ca). 11. 6-lIa.

12. h^-(P. 13. 2a + 4&y. 14. [x + aj^. 15. a.

16. 2a-56 + 4e. 17. 6. 18. a;* + x*y + ar^' + 2/^.

19. a?-\-a^y-^xy'*+ y^. 20. 12a&c. 21. a + 6 + c+ rf.

22. 36, 23. 9rt«-30a6 + 256».

24. -6<r' + c(9a+ 46i-6rt6. 25. {x^ + xy ¥ y^j*

.

26. {x'-xy + y'f. 27. a'-2a6 + 36».

2a a^-Sxy + Uy*. 29. a*~a*b^ + b*. 30. a*--t«.

31. 2a»-3ti6-i-46». 32. x-l. 33. (ar-l)(x + 4;

20—2
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34. a + x. 35. a*+ 6*. 36. x*-ax-^a^.

37. (a; + 4)(d?4-5). 38. (a; + 5) (a; + 6).

39. (a;-5)(d?-10). 40. (a;- 10)'. 41. (a;-ll)(a;+12).

42. (a; + 4)(a;-ll). 43. (dJ-3)(a? + 3)(a;'+9).

44. (a; + 5)(«*-5;j?+25).

45. («-2)(# + 2)(a;"+ 4)(a;*+ 16).

46. (a?-2)(a? + 2)(a;2+ 2.c + 4)(a;2-2.r + 4).

47. (a+46)(a + 5&). 4S. (.r-6y)(a;-7y).

49. (a + &-5c)(a + 5-6c).

50. {2x-¥2.y-a-l){x + y-2a-Zh).

XII. 1. 3;c».

4.
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17. 24 (a -.6) (a' + 63). 18. \(i5ab\a + h){a-h).

19. a^-\. 20. a^ \ 21. a;"-i.

22. (ar+l)(a; + 2)(.r + 3). 23. {x+l){pi; + 2){£' + 2x-Z\
24. (a:'-19j;-30)(:c'+ 5ar+10).

4r Ac "ih

XIV. 1.3^+^. 2. 4ac+^. 3. 2a+^.
7 9 4a

4. 2;r-/. 5. a;+ -. 6. 2j; --.

7. a:» + 3a;r + 3a»+-^. 8. a;-l ^•*'"^

x—2a'
'

x^~x-^\'

2 4rt^
9. a^-¥x'^ +x+\+ -. 10. oi^-x^-\rX~\. 11. -r.

a;^ 1 30

12. ^M±^. 13. ?i^. 14.
3(a+6)

•

2(a + 6)* (.r-l)-'(a:+l)*

.. Ax 2a + 2b ,. 2(a-&) (:c»-l)(;g+l )

^^' 3y- ^^- a + & • ^^- SuTr^r ^^- .r^+l *

a + b „ « + 6 2iT:r
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,„ 9^^ „, 4(;i;-l )
a{x + a)

36. ^i3^i ,... 37.
(^.-^1).

.-..

o (a;' + a;r + a*) .r^ + aaj + a^
38. 3 i 4... 3".

40.
x—c

{x-a){x-b){x'~c)*"'

6rt-G&-c ^ 2a „ a'^ + 2ab-b'
XVI. 1.

4 ' "' a2-&2* "• a«-6»

2c6_ a+& + c 1 12;r

8. ^L±£. 9. ,^,. 10. -^. 11. ?^^^.
aj; 2d-2o a + x c.ac

,„ a ,„ a^+GaJ^x^+x* ,„
*>

16. -5—T5. 17. 7—i
. 18.

a2_&2' " o*-«* • (a: + l)(ar + 2)(.r + 3)'

5a:^-7;g 4:^' 2^^ ^
*''•

(;c2-l)(a;-2)* y{x^-y')' 1 -V 'd^s^i-

21 2a2 2fl^a2j« ^g^
'^'*-

a?(a!2-a2)-
^*"

a^-6* *
^^'

af-l'
ia'-{a^-a.v + x'') 4(.g + 10) 2.e»-9jr + 44

^^-
rt*-.r* • ^^- >^16 •

^^'
;r* + 64 "

"

a;*— 4tw;— a* 2a .r2-2ar
=' -^::r„.,=

- '»• J^.- 31. I. 32. ^j,— . 33.

,, 8 „3 J ,„ _^
x{x + l){x*-2)' (l+x'){l+x')' °- x'+y''

3,. ^.. 38. ;|f±^. 3». iig^-rf •

x^'^y^ x* + X'+l a*x*-b*i/*

40. -^t-T- ^^ 0- «• -1^.- «• ^M-a" + a;-* +

1

x*-a* a^~h*

48a3 246*
**• (4S-*.';(x»-ya2; *•"•

a(a*-62;(aS-4t«)'

•dki
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iR
g .7

^ 40 ^•(<^ + &)-a6
"••

(^TT^K^Zfe)- *'• (a;-a)(ar-6)-
*'' {x-a){x-hy

49. 7 V- L^' 60-
, ''~w~^^ • 51- 0-

(a-c){e-b) {c-a){c-h)

S2. p TT i^ • 53. 1. 64.
c(c-a)(<;-6)" ' '

' {x-a){x~b){x~c)

00. T" T- TV"; —c

.

Ob.
{x— i.i){'ie-^b){x-c)' *

(a; — a) (d;-6) (:t:-c)

XVII. 1. t. 2.1. 3. ^SV 4.
1

6a' x^)/z^' ' (-c-l)(a; + 2)'

5. x-€k 6. —^i—

.

7. -i—7^. §.

9. (f^. 10. £±£. 11. -^-
. 12. ^^^J::^'.x- + y^ x + b x — y abe

.., .t'^-aa;' + «*.-<; -a' .. x^ a? y"- IP' ,- ,

^"^- —;*^
—- ^^- 52^^«^p-y^- ^^-

^

XVIII 1 ^-^ 2 ^^ 3 -1- 4
^^^-^^'

_ jp(« + 2*) „ 2x _, a + * „ .jp-ft
5. -^—

a

. 6. . 7. . 8. .

a^ x— y x+ y x—a

9. ^±^^ 10. 1
. 11. (^Y. 12. ^-rf!.

c + a-0 x^—y' \x — S/ v'

13. 5.-1. 14. «-l±i?±i. 15. l^iti'!)lf!±^r

16. ^^. 17. ^::^. 18. ^^±i^i±ii\ 19. t±^.
xa y ax 2ax

«*— 3«'a+3a'ir + a* , _, ir-4
20. .-. . 21. 1. 22. -:

a'ar x-5
1 «. x'-a' ^. 1

23, ;. 24. -, , r—=-. 25. 1x + l x{a + b + c)— bc x+l

86. iii,. 27. «+l. 28. i±^. 29. ^)'
so. X 31. 1. 32. ("".i^-'. 33. t £.. *.
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60. 50. 61. 25. 62. ^^ . 63. {a-bf. 64. Oi
ol

XXI. 1. 30. 2. 2. 3. 13, 20. 4. 35, 50, 70.

5. 17, 31. 6. 28, 14. 7. 28. 8. November 20th.

9. 52. 10. 36, 27. 11. 48, 36. 12. 14, 24, 38.

13. 28, 32. 14. 103. 15. 54, 21. 16. 8.

17. 8, 12. IS. 10. 19. 36, 9. 20. 36, 12.

21. 100, 88. 22. 14. 23. 24, 76. 24. 21.

25. 36, 24. 26. 24, 60, 192. 27. 840. 28. 30000.

29. 420. 30. 24. 31. 500. 32. 10, 14, 18, 2?, 26, 30.

33. 36, 26, 18, 12. 34. 50, 100, 150, 250. 35. 5, 6.

36. 24, 36, 56. 37. 88, 44. 33. 130, 150, 130, 90.

39 13, 27. 40. 75, 25. 41. 85, 35. 42. 1000.

43. 18, 3, 3. 44. 24000. 45. 80. 46. 26, 16, 32, 27, 42.

47. X140. 48. 10^

XXII. 1. 72. 2. 20, 30. 3. 200 miles from

Edinbm-gh. 4. 12, 16. 5. 8, 16. 6. 32, 16.

7. 48. 8. 30. 9. 9, 16. 10. 30. 11. 18,22, 10, 40.

12. 6, 24. 13. 10, 15, 3, 60. 14. 10 sliillings. 15. 55, 45.

16. At the end of 56 hours. 17. 27, 17. 18. 168, 84, 42.

19. 16,25,7,42. 20. 240, 180, 144 days. 21. 15,21.

22. 2560. 23. 36, 54. 24. 60. 25. 12. 26. 8 pence.

27. 875, 1125. 28. 25, 29. 10, 20. 30. 20, 80.

31. 5j\. 32. 40, 50 33. 11, 17. 34. 28.

35. 24. 36. 1024. 37. 450, 270. 38. 2200, 1620,

1100,1080. 39. 60. ^0. 7 + 12 + 32. 41. 30.

42. 60. 43. 240. 44. 3(i ^d. Is. 4d. 45. 50d.

46. £133|. 47. 24. 48. 60. 49. £12t.'000.

50. 25. 51. 4i, 3^. 52. 39. 53. 40
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54. 200000000. S."). 6s. 56. 48. 57. 49tV minutM
past three. 5S. 32^^ minutes past tliiee. 59. £288.

fiO. 2 seconds. 61. 40 minutes past eleven.

62. £300 and X200. 63. 14. 64. 640.

XXIir. 1. 10; 7. 2. 17; 19. 3. 2; 13.

4. 4 ; 1. 5. 5 ; 5. 6. 21 ; 12. 7- 20; 10.

8. 2; -3. 9. 3; 2. 10. 3 ; 2. 11. 3^ ; 4.

12. 10; 7. 13. 19; 2. 14. .38^; 70. 15. 6; 12.

!«• IS?; \ij- 17. 10; 5. 18. 12; 12. 19. 20; 2a
20. 13; 5. 21. 9 ; 7. 22. 10; 4. 2.3. 4; 9.

24. 5; 7. 2.5. 2| ; 1. 26. '2 ; -2. 27. 10 ; 8.

28. 12; 3. 29. 3 ; 2. 30. 63 ; 14. 31. 3 ; 2.

32. 2 ; 3. 33. 4 ; 12. 34. a;b. 35. tf ; 5.

ah (ib „„ . „„ ab'C a'bc
^'-

r^-b' aT6- '' ^'^- 3^- a^Tb'-'^M^-'

39. -^, -^. 40. -1^:0. 41. a; 6.
a + b a + b a + b

*2. a + h; a-b. 43. (a + b'f; (a-b)'-, 44. —^ ; —^.
a+o a+o

XXIV. 1. 2 ; 1 ; 3. 2. 3 ; 4 ; 6. 3. 2 ; 1 ; 3.

4. 9; 11 ; 13. 5. 4 ; ; .5. G. 5; -5; 5.

7. 45;-21;l. 8. 10; 7; 3. 9. 51;76;1.

10. - ; -
; . II. ar= , ?> + c-rt\ &C,

3 4 5 2

2 1

12. x= {(i4-b + c)-a, Sic. 13. a-= (t + tf), &c.

abc , _ .

14. a; = !/ = z=-i—7 . 15. x-a,y= b, z-c^ ab-^bc + ca " '

K). ?-^3,«= 4, y = 5, x:===2.

XXV. 1. 42; 26.

4. 24 ; GO. 5. 30.7.; Sd. 0. 49; 21.

XXV. 1. 42; 26. 2. 12 ; 16. 3. 116; 166

4

15

iS. 45; 63. 9. l'l\ CO. 10. 30t/.; Ijrf. 11. 5*.; 3*.
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12. 20; 62. 13. 70; 50. 14. ~. 16. (24-1)20.

10. 15; 65. 17. 12; 5 18. 14; 10. 19. 24.

20. 1 ; 2. 21. 59. 22. 100 lbs. 23. 150 yards;

30, 10 yards per minute. 24, 21 ; 11. 25. 50 ; 75.

20. 70; 42; 35. 27. 90 ; 72 ; 60. 28. 12 miles.

29. 4 miles walking, 3 miles rowing, at first. 30. 33j

miles per hour ; 48J distance. 31. 45 ; 30 miles per hour,

32. 30; 50 miles per hour. 33. 60 miles; passenger

train 30 miles per hour. 34. 150; 120; 90. 35. 3|«.

;

3«. ; 2^*. 36. 4; 59; 55. 37. 120; 80; 40. 38. 432.

39. 420 ; 35 ; 21 shillings. 40. 2 ; 4 ; 94.

XXVI. 1. ±4. 2. ±25. 3. ±7. 4. ±9.

5.
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53. 4,0. 54. 1^,0. 55. 13,^. 56. 6,-3^.

57. 5, - 1t%. 58. 5, li. 69. 5, - 1^. 60. 25, 0.

61. a±^ 62. (a±6)l 63. =•= s/(a&). 64. a, -^^^

.

a -v \ / ' 2a +

XXVII. 1. ±2, *3. 2.' 49. 3. 4 4. ±4.

5. 5,-3. 6. 3,-2. 7. 6,0. 8. 12,-3.

9. 9,-12. 10. ±3. 11.2,-15.^ 12. 4, 111.

1.3. If. 14. 16. 15. 1. 1^- ^' ^- !"• '*•

IS. 4. 19. l(±t&X^. 20. ^. 21. Za\
{a—Vf 2

22. 0, ±-^. 23. 0, ±5. 24. 0, ± ^2- 25. 2, ±1.

26. 0, ± ^(a&). 27. a, -2a, -2a. 28. «. ^» -|-

XXVIII. 1. 36, 24. 2. 36, 2t. 3. 30, 24.

4. 18, 12, 9. 5. 12, 10. 6. 4, 6. 7. 193.

8. 3, 4g. 9. 11. 10. 7. 11. 6,12. 12. M.

13. 24. 14. 27 lbs. 15. 8s. !"rf., 7*. 16. £20.

17. 126,96. 18. M. 19. 10, 9 miles. 20. 56.

21. li)2, 128. 22. 9 gallons. 23. 64. 24. Equal.

25. 4 per cent.

XXIX. 1. 5, -4; 4, -5. 2. 4, -^;1, -^.

•.V :t8; ±6. 4. 6, 12; 2, -4. 5. 7, -4; 4, -7.

48 , 41 „ „, 6 ,„ 4 „ ^ 4 ^ ).]

29 5^ o •}

9. 2, -oi ; ^' - 6" • 10. 6, ;
.-,, 0. H- 3. ; ],,

0.

lii 11 (r + 6rt + ?>

12.3,6;-,:;. 13.4,^;8,,. 14.-— ,0;—r-,0. Vo.a,b.
o u o 4 a
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2ftfl*

r
(36-o)a . {2a-h)h _ 2rt&» . 2hc

IG. a, '^ :~- ; &, r^ . 17. a, -5—r» ; ^ -9

7 1
18. a, 0; 0,6. 19. i4, ± ,^; ±3, -. 20. ±5; ±4,

21. ±7; *6. 22, ±15; ±7. 23. ±4, ±14; ±1, =f4.

23
24. ±9; ±4. 25. ±3, ±36; ±5, =f- . 2G. ±9; ±3.

27. ±8; ±6. 28. ±2; ±1. 29. ±9, ±Sj-2; ±7, ± ^2.

30. ±4; ±1. 31. 0, 1, ^; 0, 2, g^^-

^^- * ^(2a^ + 2)' =*=^(2a^ + 2)- ^^ ='''' "=
^/2 '

*
^'

=*=

^2
*

a+1 a—\
34. ±a, ±-^ ; ±1, ± -^. 35. 6, -4 ; 4, -6.

36. 5, 4; 4,5. 37. 4, 2 ; 2, 4. 38. 4, -3; 3,-4.

39. 1,2; 2,1. 40. ±4, ±3; ±3, ±4. 41. 1,\;\,\.

43. 2, 1, -1,-2; 1,2, -2, -1.

46. 5, -„;2, -{.

.^-.1 .0.319^973
47- 2;1. 48. 4,2;:^,-^;2,-,-^,-.

- -^—"-^;^-^- - -3^-3.

51. ±^; ±26. 52. 0, a+6,|(a-6)±2v'{(« + 36)(a-6)};

^»« + &>2(«-&)T2-N/{(a + 3&)(a-6)}. 53. a;= a -4- ^(a6c); &c.

64. {x+ y){y-^z){z+x)=*abc', &c. 65. *1; ^2; ±3.

r/,
8 3 3 8

'''•
3' 2- 2' 3' "'•

42.



SIS ANSWERS.'

XXX. 1. 11; 7. 2. 6; 18. 3. 8; 24. 4. 8; 16.

5. 10; 15. 6. 10; 12. 7. 7 ; 5. 8. 18; 8: 6; 16.

9. 5; 3. 10. 4; 2. 11. 2; 2. 12. 4; 6.

13. 7; 4. 14. 12; 8. 15. 20; 15. 16. 30 ; 40.

17. 60; 10. 18. 6-4. 19. 160 ; ;£2. 20. 24;4#.;3.».

21. 756 ; 36 ; 27. 22. 4^ walking ; 4f rowing at first

23. 10 ; 12 miles per hour. 24. 6 miles.

XXXI. 1. Sx'^y^z^K 2. -Sa^y^z^. 3. S\a*Wc^\

4x* _64^ £^
9y*' 27y*' ®' yV

9. o'-3a^&''-4-3a-'fe^-6«. 10. l-3.c + 3jr=-.r».

11. S + Ux + ear'+x'. 12. 27-54« + 36j:"-8j^.

13. I + 4x + dX' + 4.v^ + X*. 14. a;*-8Jr^+24a;2-32d?+16.

16. 16.r^ + 96a^+216.ir' + 216a; + 81. 16. 2a^x' + 6axb"-y\

17. 2rt*.r«+12a2.y;2jy+ 2&V- 18- 2{5x+l6x^-t-x^.

19. l-4.r2 4.g^_4_j.6^^_ 20. 1 + 2;r + 3J^* + 2j;* + jr*.

22. l+2;c-a;^-2.2^ + a:*. 23. 1 +6a; + 13x2+ 12ar» + 4j;*.

24. l-6.r+15.r''- 18^:^ + 9J?*. 25. 2(4 + 25.»»+16j;*).

26. l + 3j + 6x2 + 7ar» + 6ar» + 3.jr' + a;«.

28. l + -Sx-5x^ + 3:^~x^.

29. l + 9j; + 33a;- + 63a;'+66a;* + 36a-' 4-8.1;*.

30. l-9a; + 36a-2-81jr'' + 108ar*-Sljr' + 27;r«.

31. 2(36.r + 171:c'+144j;=). 32. \-2x+ Zx^-a^+ 2x' + a^

33. 1 + 4.r + 1 0.r^ + 20.r' + 25.r* + 24.r« + 1 6x^.

34. 4{ab + a(l + bc + cd). 35. 2(a'^ + 2ac-^c^+l>'+ 2i>d->-iP),

36. l + Cx+l5x'^ + 20j^+lnx* + 6x' + x^.

37. 1 - 1 2j; + eo.r" -160** + 240jr* - 1 92j^+ Qiafi.

38. 1 + 8j? + 26x'- + 56x''+ 70u7* + SGx' + 2Sa^+ ^r'+ ar*.

39. 1 - 3ar^ + 3.t* - .t». 40. \ *-3x^ + Gx*+1x^ + 6jf+ Sx"> + x'«.

XXXII. 1. 3rt'6>. 2. 2rt?). 3. -4ab\ 4. 2.7*-c».

5. -a6V. 6. ,r-r. 7. --TT. 8. j-. 9. -^,.
7c' 6o^ 6c 26*
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18.

21.

24,

27.

30.

33.

37.

41.

45.

49.

53.

57.

61.

65.

6S.

71.

74.

77.

S3.

88.

12. 7a-- 6&.

. 16.
^'^^-\

5a + 2c -Ix - 3

l-a; + 2;c'. 19. ar^4-3a.-+ 8. 20. a^~'2.x-2,

l-2d;+3.i-2. 22. 2x*-x^~2. 23. a;'-<M?-f2a2

ai'-ax+b\25.i(i^-6x-+12x-S.2G.x^ + 2ax^-2a*x-a^
2x 4lX 'Sy

3y 5z 4z
32. x'~{a + b)x+ab.

l-x+x^-a^+ s*. 28.

2a?- 3r/. 31. l-x+x\

13. ear'+l.

17. ;r2 + i- + l.

29. l + .r.

34.

38.

42.

46.

50

54.

x+1.
61.

123.

6-42.

620-1.

12007.

•75416.

•65574.

18-63488.

12:c= + 42^.

x^—ajt—a\

l-af+jr'-af*.

27. 78. 35.

138. 84. 148.

•604. 89. 1111

x^~xy + y\ 35. 34,

72. 39. 87.

321. 43. 407.

•914. 47. 1234.

70-58. 51. 8-008.

504-06. 55. 1^8042.

58. 443329. 59. •948G8.

C2. -09233. 63. 4^12310.

66. 119-5G331.

G9. x-a-b.
72. 2x^ + 4cx-3c\

75. 1 + 2.C.

79. 54. 80. 61.

85. 378.

90. 2755.

36. 45.

40. 99.

44. 55-5.

48. 5420.

5-2. *4937.

56. 2^i:n9.

60. 2-49198.

64. 11-35781.

67. 2:?; + .3?^.

70. ae-+x+\.

73. l-3ar + 4:c-.

76. a.F-1.

81. 88. 82. 92.

SG. 39-2. 87. 5-76.

91. 45045. 9-2. 17479.

1 1 I
xxxiii. 1. ;. 2. ^. s. ^. 4 ioo. 5.

3 8 10 'li

6. a~\ 7. a*. & a-\ 9. a-\ 10. a^V 11. x^-y^^

12. a -6. IB. x^ + 2x^ + x-4:. \4. x' + l + x-^ 15.a-'-l.

16. a2-3a^ + 3a-3_rt-2. jy, a^+ 2ah^ -i-ab - x^yK

18. x^ + x^y-xy^-y^. 19. xKx^y^ + x^y^ -^yK

20. a^-i-ah^ + b\ 21. 16jj~^ - Ux'^y-^ + 9y~K
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22. ar + y. 23. a^-ah^+lr\ 24. a* + 6*-A
25. a;^ + 2Ja^ + 3^*a + 2j;y + a2. 26. x^-^x^y* -^y^,

27. a;^-2.T"^. 28. x-2-x-\ 29. a;" - 2j;^ + d;i.

30. 2;!75 -3 + 4;r~i

XXXIY. 1. 7^/2. 2. 94/4. 3. ^^3. 4. !^-.

g 13^5 ^ 5|2 7.2 + 2^2-2^3. 8.2 + ^^6.

9. 4 + 1^2. 10. 5 + 2^6. 11. ^^^^j^

12. ^^18 + 9^6 + 4^15 + 6 VlOJ- 13. 3+^5,

14. 3-^7. 15. ^/6+j2. 16. j\-J\
17. ^/3-^/2. 18. 2 + ^/3. 19. J3. 20. ^/lO.

XXXV. 1. ? 2. 1, ^ \ \, \. 3. ^,.
9 12 8 3 4' 9 27

4. 14, 21. 5. 24, 30. 6. 20, 32. 7. 1.

8. 15, 10. 9. 6, 8. 10. 35, 42. 11. 4.

12. .. 13. 50,60,90. 14. 0,2:5.
a + 6 '

'

XXXVI. 1. 14. 2. 18. 3. 15. 4. 12. 5. 4.

G. 4. 7.2,2^. 8. 5. 9.1,-1. 13. 45,60,80.

14. 4, 6, 9.

XXXVIT. 1. 4 3. 5:2.
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XXXVIII. 1. 936. 2. 77i. 3. 69. 4. 139^.

6. 37^. 6. -115. 7. 14, 16, 18. 8. 14^ 14|,...

9. 6i, 5,... 10. -|, |,... 11. 10,4. 12. 82.

13. 5, 9, 13, 17. 14. 5, 7, 9. 15. 1, 2, 3, 4, fc.

16. 18, 19. 17. 7. 18. 6. 19. 1, 4, 7. 20. 1, 2.

XXXIX. 1. 1365. 2. 13f 3. 40f. 4. 63(;,^/2 + l),

665 463 3 4 2
^- 648- ^- -96"- ^- 4- ^- 3- ^- 3' ^^-

**•

5 41 212 557
^^- 33' ^^' 3"33* *^- 495- ^'^^

1980-

15. 4,16,64. 16. 8,12,18,27. 17. -9,27,-81,243.

18. 3, 12, 48; or 36, -54. 81. 19. 1. 3, 9,... 20. 3, 6, 12.

XL 1 ^ ^ 1 2 * -^ ^- 3 3^^^-
^- 2' 5'^- ^- 5' 13' 2- ^- ^' 5

4. ~, j^, ^. 5. 6, 12. 6. 36, 64. 7. 1, 9. 8. 3, 9.

XLI. 1. 134596. 2. 5040. 3. 126. 4. 30240.

5. 11. 6. 1900. 7. 15504; 3S76. 8. 27; 99.*

XLII. 1. a" - \2a}'^x + lSa}\%^ ... - 78a2.c" + 1 3aa;'« - .r".

2. 243 -810.c'4- 1080.»' - 720.c' + 2^0x - 32.P*!

3. 1 - 142^+ 84^2_ 2802^^ + 5602^- 672?^ + 448/- 1 2St/- .

4^2 fw ll f/i *^^

4. a;" + 2HA'"-*t/ + 2«(«-l)«"-V+ ., "''.r"~V.

5. l + 4a?+ 2.-7-2-8.i'^-5;ir« + 8;c' + 2.T''-4.rVa;''. 6. l + .5a;

+ 1.5.C2+ 30a^ + 45.1'^+ 51.^'*+ 45a;«+ 30a-^-i- 15.r«+ 5.c''+ x^\

7. 1 - 8a;+ 28a;2- 56.c^ + 70a;* - 56.e* + 2Sa-«- Sa;^ + a*.

8.5922. 9.1590. 10.a; = 2,y = 3, « = 5. ll.a; = 4,?/ = ^^> "= 8.

*" ** ~ "

2 8 16 128 '

.p ,1.2 7 «/».3

IX l + ^ + f.+ i£!^. 14. l+2a; + 4^ + 8a.-»+...
2 3 54

21
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3.7.11.15.19,, ,_3_^.
15. r+1. lb*. -~^ (3;r)-f-V.

_Li _1_? _li 1040 10 4Q40 '•
17. a »+10a "ft + esa ^V^^ ~a"^b^-^-^ a~ *h^

XLIIl. i. 2042132. 2. 22600. 3. 11101001010

4. 2076. 5. M592. 6. Radix 8. 7. Radix 6

8. 9e21 ; <0. 9. Radix 5. 10. eee.

XLIV. 1. -. 3. n= -.
a r

Miscellaneous. 1. 729,369,1,41. 2. 41x-5\y,

3. 9-30a; + 37a^-20a^+4ar». 4. l+ar-ar^-ar*.

l_.^ + ^_a;4. 6. ^^^^F^- 6. (40^-9) (9:ir«-4>

7.
"^.

8. 3. 9. 240,360. 10. £2, i:2g.

14. 2x^-xy-2y'^. 15. '
,
~

, •

59
16. (;r-10)(a:+l)(a. + 3). 17.

(^_io)(:..n)(;r^3)-

15. 5. 19. 7. 20. £40. 21. 2a-2h-x-2y,

a + 36 + 4.r + 4y. 22. II. 23. x^-a\ 24. T" + !i
"

^ .

26. j1^2. 27. (16«»-l)(xi-4).

29. 145, 21», 52.J». 30. lOa

32. (.T2-a»)(j2_&-'), (j;-a)(ar-&).

25.
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83, ^a!^-1x^y + xY-xr/+^. 34. x-2.

35. ^i^r^L . 36. 1. 37. 4. 38. 2. 39. 30 minutes.

40. ;£18, ^o. 41. 10^+lOz. 42. lx'^-23cy + y\
-x^-exy+ly^, 12x*-\0x^y-a!^^ + 20xy^-l2y\

43. a + b-c. 44. ,r*+l. 45. -^. 46. (i)fi-4){if^-9\
x+1

*7. A^^^. 48. 1. 49. ^. 50. 30 lbs.
2ar+ x—l 25

51. 3a*-5a'&-12a262_a53 + 3j4^ 3a^-8a'b-4ab'' + 3b\

55. 1; 2. 56. 3

a' + b* a^ + V

52. ar-5. 53. 2. 54. (^±^. 55. 1.2. 56. 3; (J.

57. 5; 8. 58. 4; 5-; 2. 59.
am + &« ' bm — an

'

60. |. 61. a?* + jr2+ 1+1 + 1.

62. -4^^^. 63. 4^. 64. 1. 65. 4; .3.

66. 2; 4. 67. 3; -3. 68. 3. 69. 2.

70. 20; 40 years. 71. 1. 72. ^^-4, «•
2.r— 1 5

73. (a?-2)(:B-l), {x-2){x-f>\ {x-\){x-h). 74. 0.

2 174
75. - . 76. — ,

- . 77. 3 shillings, 2 shillings.

78. 3*2-^7+1. 82. (ar'-4?/')^ 83. 3; -2.

84. 5. 85. 47 or 74. 86. 45 gallons.

87. 4a^-.3j?j^2 + 5?/3. SB. 52^. 89. 4-85409. 91. x-y.

92. BC.r' + «/•); 48(ar*-y*). 93.^^^. 94.1. 95.4,5,6.
X —y^

96. 3, - ^ . 97. 20 miles. 98. Present price 3 pence

per dozen. 99. 18M--gj; 18. 100. 4, 8, 16.



324 ANSWERS.

101. a!*-\, l + ar^ + .Ti 102. {a^'-a^{af'-aP). 103. a.

104.1. 105. 13, * v/^- 106. *3; ±4; t5:

or =fc3; *5; =f=4. 107. 20 shiHings.

108. 48. 109. -H»1-^. 111. «"+l+,a?-".

"'• ^M:2i^T3:^' r ^^3- 7>7- 114. lor -3.

115. ±2; ±1. 116. \, \; \, \.
3 ' 2' 2' 3

117. \. 118. -x-\ 119. 612.

,„, 2a^»-a&' + a«-3a6+fc^
^^''

2ah^-l^^a-h 122. 3^-5^ + 2y».

123. x{^ + 4){x-6). 124. ^. 125. 2, |

.

126. 5, -^|; 4,^ 127. 1, g ; 2 ; |. 129. 3.

130. 3(3"-l). 131. -. 132. 2a;(3r + 4).

133. 4, -3. 134. a;2-a;-6 = 0. 135. ar*=a« or -^.

136. ±2. 137.8-19615. 138. 7-2 J3. 139.^^.

uo. ^±^:::^«, (a±^^±6^)
^.^^ /

h— a 2(6-a) ' '

142. 197, Za^-lx^'-bx-Z. 143. a («» + J2)^ -^^^

.

144. (1) 4. (2) 0, 5. (3) 5; 7. 145. (1) 3,
f^-

(2) &

(3) ±7; ±5. 146. 16; 16. 147. 20. 148. 16, 24.

149. J, 169. 150. As 5 to 1. 151. a?. 152. a»+4&

153. ;c-3. 154. (1) 5. (2) 3. (3) 7; 4.

155. (1) 8. (2) 9. (3) *9; ^7. 156. 30 pence.
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157. 80. 158. ^20. 159. x + 2a.

161. a, 21a- 276 + 6c, a"""'. 162. Z{a-x).

163. n{x-y)\a^ + y'). 164. (1) 9. (2) 8. (3) 12.

(4) 20; 2. 165. (1) 6, |. (2) 11. (3) ±11, ±13.:

± 13, ±11. (4) ±2; =p1. 166. 12 days. 167. 4, 8. 168. -**^

.

170. 208; 400. 171. 23&-18fl.. 172. 2,p^,x'">.

173. a?-Zax'^ + 2a''x-a\ 174.(1)13. (2)4. (3) 6; 10.

(4.) 3. 175. (1)2,4. (2) ±5; ±4. (3) ±1, ±7;

=f1, ±5. (4) 1, 5; ."j, 1. 176. 16^*^ minutes after 12.

177. 36. 178. 40,23. 179. Sefl-^j, 36.

180. 7-V6. 181. 15. 182. ^_^^_^̂. 184. (1) 9.

(2) 6; 8. (3) 4, -^. 185. (1) 13, -15. (2) 7. (3) 2,-1.
4

186. 288, 224. 187. 29 miles. 188. On the first day

A won 8 games and lost 4 games. 190. -Srji.

18^+12:»»-43a^+ 36a;-18 ^a^-IOx^ + x +M
191.

144 ' 4

(2) 7. (3) 40; 16. 195. (1) |, -\. (2) 13. (3) 2,4;

4,2. 196. 56 miles. 197. 24. 198. 23+15.

199. a*-db + h\ a^+h\ 200. 2,4,8,16.

201. 1±|^ZH£!. 202. a^-2x + 4. 203. j^^,,3(7-2«) (2 + 3-"/'

804. (1) 9. (2) %. (3) 6; a
l+a;' + ;j?*'
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205. (1) 7, ?. (2) 1, -4. (3) ±3; ±2. 206. 10 mile*,
o

207. 24. 20S. 6 cro>vns+ 18 shillings.

209. 2x'^ + 2ax+ AV. 210. 7, 11, 15, ...

211. ;a^.2ar^y^Zxy^-r,f. 212. -
,,^,f_,8^,

-

213. .^f'^^tr^^. • 214. (1) 9. (2) 16 ; 4.
a:!»-10d?'' + 31.r-30 ^

(3) 3; 6; 9. 215. (1) 3, -6. (2) ±7; ±5. (3) 2, 4; 4, 2.

216. ri4ofeach. 217. 126. 218. 21. 219. 11,12,

13,14. 220. 3 + 2 »/2. 221. a^ + ar^ + l, pa:*+ ga;-r.

222. ,f~\ . ,
'~~. 223. (7*-4)(3a;-2)(*»-3.\

224. (1)9. (2) 23; 19. (3)12; -24; 36. 225. (1)28, -3.

(2) 100, -200. (3) ,^, , ^„, ; z „ ^; . , ,,
.

7
226. ^TiOfanule. 227. 50); 1000; 4000. 228. 2 hours;

4 hours. 229. 2,5,8,.... 230. r|(9-n).

231 aP--^^^^
b(a^ + b^) a'+ b^

' a(a^-62)' (a-6)2(aa+62)'

^^9^:^3- =33. (1)1. (2)4. (3)
i;'.

234. (1) 5, % (2)^—. (3) 6; ±4. 235. 19.

236. 150,50. 237. 40,50. 238. 1975.

239. a' + a^b + ab^ + b^, a + 26 + 3c. 240. xh/^' + Sx^i/^.

241. 14xy,^-S}Lt—~JLJ, 242. x + a. 243. 105 ahil-

lings. 244. 54. 245. 3, 5, 8. 246. 6} per cent.

247. 2200 248. ^. 249. 5*678, r234. 251. 2a -b.
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252. a"-«^', & 253. a;(3a + 2A'). 254. (1) 5.

(2) 114; 77. (3) 0, 1

.

255. 112; 96. 256. ^ has

X5400, B has ^7200. 257. 7; 13. 258. 80.

259. 8; 5. 260. £80. 261. c^ + 2hc.

262. ar^'-l, -^,(2a,'* + 3aar'-4aV-3a'a>+2a*).

263. ^-^*l*\*'^. =«*-^^S^3.'- 265.(1)^.

(2)1. (3) 18; 9. 266.(1)3,-2. (2)5,^. (3) 2, 3; 3, 2.

X 1
268. 45 shillings, 30 shillings. 270. 3^ +-- -^ 5-2 ^2.

^ o

271. 0. 272. x^+3x + 8. 273. \ '
,

12a'-8aa;-H5A-' 4^^ , .

15a'- + a.c-2;»*
•

' (4a-3;»j(5a-2a;) '
*^ *^'

275. J!f;.f^^ , ,

t^a^^
_

(2).,,:.
(3,4;f.

2-7.0)^'. 2|^'. (2,4,7.

S4
(3)5. 278. 7 + 7 miles. 281. |-. 282. 2 (a -&)(«- <fj,

-2^'^- ^^- ;.^'-^- 284.(1)4. (2) 6; 4.

(3) 5, |. 285. (1) \,
l. (2) 2a, -a, a, -|. (3) 1, |

;

47-2,—. 286. Second boat 1« minutes. 287. 3 feet;

2 feet. 289. 18 feet. 290. J / -?_ + fcl)^1
2 (.1 + * l-a;2 J

291. 0. 20-2. ft-. 294. -^——

—

.r'-t-2,r + 3
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295. (1) 4. (2) 61; 73. (3) 16; 8. 296. (1) 7, -8.
29

(21 7, •^—. (3) 1,5. 297. 144 minutes,
4

298. 4^ hours with the stream, 7^ hours against the

stream. 299. a- h, a, a-<r b^ 300. 3,-1.

THE END.

PBINTKD AT THl'. STRAM mRRS FSTABLISHMPNT OF COPP, CLaUK * CO

CuLBURN'li: !>TllLtT, TUUuNTO.
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